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Preface 



A significant sector of the development of spectral theory outside the 
classical area of Hilbert space may be found amongst at multipliers defined 
on a complex commutative Banach algebra A. Although the general theory 
of multipliers for abstract Banach algebras has been widely investigated by 
several authors, it is surprising how rarely various aspects of the spectral 
theory, for instance Fredholm theory and Riesz theory, of these important 
classes of operators have been studied. This scarce consideration is even 
more surprising when one observes that the various aspects of spectral the- 
ory mentioned above are quite similar to those of a normal operator defined 
on a complex Hilbert space. 

In the last ten years the knowledge of the spectral properties of multipli- 
ers of Banach algebras has increased considerably, thanks to the researches 
undertaken by many people working in local spectral theory and Fredholm 
theory. This research activity recently culminated with the publication of 
the book of Laursen and Neumann [214], which collects almost every thing 
that is known about the spectral theory of multipliers. 

The beautiful book of Laursen and Neumann has as a main motivation 
that of providing a modern introduction to local spectral theory and a par- 
ticular emphasis is placed on the applications of the general local spectral 
theory to convolution operators on group and measure algebras. This book 
contains also several results on Fredholm theory. However, most of the as- 
pects of Fredholm theory which are developed in this book are those that 
may be particularly approached through the methods of local spectral the- 
ory. 

In this book I will try, in a certain sense, to reverse this process. In- 
deed, our first major concern is with the Fredholm theory, in particular the 
interested reader will find here a distinct flavor of this theory, which is em- 
phasized by the chapters devoted to the Kato decomposition, to the abstract 
Fredholm theory in semi-prime Banach algebras, and by the chapter devoted 
to inessential operators between Banach spaces. 

A second concern of this monograph is that of showing how the interplay 
between Fredholm theory and local spectral theory is significant and beau- 
tiful. It should be clear that relative to the part on local spectral theory, the 
content is rather limited, and the notions developed in this monograph are 
those which are of interest for the applications to multipliers of commutative 
semi-simple Banach algebras. 
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The deep interaction between the Fredholm theory and local spectral 
theory becomes evident when one consider the so called single-valued ex- 
tension property. This property, which dates back to the early days of local 
spectral theory, was first introduced in 1952 by Dunford and has received 
a systematic treatment in the classical Dunford and Schwartz book [97]. It 
also plays an important role in the book of Colojoara and C. Foia§ [83], 
in Vasilescu [309], and in the recent book of Laursen and Neumann [214]. 
This single-valued extension property is one of the major unifying themes 
for a wide variety of linear bounded operators in the spectral decomposition 
property. This property is, for instance, satisfied by normal operators on 
Hilbert spaces and more generally by decomposable operators. Examples 
of non-decomposable operators having this property may be found amongst 
the class of all multipliers of semi-simple Banach algebras. In fact, every 
multiplier of a semi-prime Banach algebra has the single-valued extension 
property and there exist examples of convolution operators which are not 
decomposable. 

A third aim of this book is to present some important progress, made 
in recent years, in the study of perturbation theory for classes of operators 
which occur in Fredholm theory. This subject is covered by several excel- 
lent books, such as the monographies by Kato [183], by Heuser [160], by 
Caradus, Pfaffenberger, and Yood [76], by Pietsch [263], but naturally they 
do not present the more recent results. Some of these new results solve very 
old open problems in operator theory and this book may be intended as a 
complement of the books mentioned above. 

For those unacquainted with the subject matter, examples and motiva- 
tions for certain definitions are mentioned in order to give some feeling for 
what is going on. 

Now we describe in more detail the architecture of this monograph. This 
book consists of seven chapters. 

The first chapter is devoted to the Kato decomposition for bounded 
operator on Banach spaces. This decomposition property arises from the 
classical treatment of perturbation theory of Kato [182], and its flourishing 
has greatly benefited from the work of many authors in the last ten years, in 
particular from the work of Mbekhta [226], [227], Muller [240], Rakocevic 
[274] and Schmoeger [290]. The operators which satisfy this property form 
a class which includes the class of semi- Fredholm operators. This is an im- 
portant result of Kato and here we present the proof given by West [324]. 
We shall develop, quite systematically, the properties of some important 
subspaces which play an important role in this decomposition theory, such 
as the analytical core, the quasi-nilpotent part, and the Kato resolvent of an 
operator. We shall also introduce the concepts of semi-regular, essentially 
semi-regular, and Kato type of operators. All these concepts generate distin- 
guished spectra, and particular emphasis is placed on the spectral mapping 
theorems for these spectra. 

The second chapter deals with a localized version of the single-valued 
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extension property at a point and relates it, in the third chapter, to the 
finiteness of some classical quantities associated with an operator. These 
properties, such as the ascent and the descent of an operator, are the ba- 
sic bricks of Fredholm theory, so the third chapter may be viewed as the 
part of the book in which the interaction between local spectral theory and 
Fredholm theory comes into focus. In fact, for semi-Fredholm operators the 
single-valued extension property at a point may be characterized in several 
ways, and some of these characterizations lead to the localization of some dis- 
tinguished part of the spectra originating from Fredholm theory. Moreover, 
some classical spectral mapping theorems related to semi-Browder spectra 
and to the Browder spectrum, as well as the classification of the open con- 
nected components of the Fredholm, or the semi- Fredholm, region being 
able to be obtained via the localized single-valued extension property. The 
third chapter also deals with another important class of operators, the class 
of Riesz operators. Many of the results related to these operators are here 
revisited through the single- valued extension property at a point. 

The fourth chapter is devoted to the basic ingredients of the theory of 
multipliers of commutative semi-simple Banach algebras. Our intention is 
to make this book as much self-contained as possible, so we shall give in 
our exposition of the elementary theory of multipliers the proofs of all the 
results needed in the subsequent chapters. Of course, part of the material 
concerning the basic theory of multipliers may be found in some books on 
the subject, for instance in the monograph by Larsen [199], or the book by 
Laursen and Neumann [214]. However, some parts of this chapter seems to 
be new, and the basic material treated here is that strictly related to the 
study of spectral properties of multipliers. The theory of multipliers may 
also be developed for non-commutative Banach algebras. We shall not in- 
vestigate this case extensively but instead shall restrict our study essentially 
to the commutative algebras. In this case the Gelfand theory permits to rep- 
resent every multiplier on a commutative semi-simple Banach algebra as a 
bounded continuous complex-valued function, the Helgason-Wang function 
defined on the regular maximal ideal space of the algebra. By means of this 
representation it appears evident how the spectral properties of a multiplier 
are related, in a certain measure, to the range of the Helgason-Wang func- 
tion. In this chapter we shall also give an account of the multiplier theory 
of various algebras: group algebras, Banach algebras with an orthogonal 
basis, commutative H* algebras and commutative C* Banach algebras. In 
particular, we describe the multiplier algebras and the ideal of all compact 
multipliers of these algebras. The characterizations of compact multipliers 
will permit to us to characterize the Fredholm operators which are multipli- 
ers for several concrete Banach algebras. 

The initial part of the fifth chapter is devoted to the introduction of 
some basic ingredients of the abstract Fredholm theory on a not necessarily 
commutative Banach algebras. It should be mentioned that the interested 
reader may find a more complete treatment of this theory in the monograph 
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by Barnes, Murphy, Smyth, and West [62], although our approach to the 
abstract Fredholm theory is somewhat different. The central notion of this 
chapter is that of inessential ideals. These ideals will be introduced by using 
some ideas of Aupetit [53]. 

An abstract Fredholm theory on a Banach algebra A is essentially the 
theory of all invertible elements of A modulo an essential ideal, i.e., an ideal 
of A for which the spectrum of every element is a finite or a denumerable set. 
The classical Fredholm theory for operators on Banach spaces corresponds 
to the Fredholm theory of the semi-simple Banach algebra A := L(X) of all 
bounded operators on a Banach space X with respect to the inessential ideal 
of all bounded finite rank operators. However, the abstract Fredholm theory 
in Banach algebras is not merely a generalization of the classical Fredholm 
theory for operators. An illuminating example which strengthens this as- 
sertion is given, in fact, by the theory of multipliers of semi- prime Banach 
algebra. Indeed, in a semi-prime Banach algebra, the Fredholm theory of 
multipliers is exactly the Fredholm theory of the semi-prime multiplier alge- 
bra with respect to the socle of the algebra, or, which is the same thing, with 
respect to the socle of the multiplier algebra. This result allows us to give 
a description of multipliers which are Fredholm operators by involving only 
objects of the same class, not involving operators which are not multipliers. 
As a consequence we can obtain a very clear description of convolution op- 
erators of group algebras which are Fredholm. 

We shall focus our attention on the inessential ideal of the socle, which 
corresponds in the case of the Banach algebra of all bounded linear oper- 
ators to the ideal of all bounded finite rank operators. Subsequently we 
shall consider the theory of Riesz algebras of Banach algebras, developed 
by Smyth [304]. We shall give further information on the Fredholm theory 
of multipliers of commutative regular Tauberian Banach algebras. These 
results deal to the complete description of Fredholm convolution operators 
acting on group algebras. 

The content of the sixth chapter concerns some other important tools 
of local spectral theory. The first part of the chapter concerns the class of 
all decomposable operators, but we shall avoid the duality theory of these 
operators, since this theory requires two functional models for operators on 
Banach spaces, and to develop this argument in this book would lead too 
far afield. Another important part of Chapter 6 concerns the study of the 
property of decomposability within the theory of multipliers of commutative 
semi-simple Banach algebras. In this framework the Fredholm theory, the 
Gelfand theory, the local spectral theory, and harmonic analysis are closely 
intertwined. This part is strongly based on the work of Laursen, Neumann 
[210], [243], and Eschmeier, Laursen, and Neumann [112]. 

The concluding chapter of the book concerns some perturbation classes 
of operators which occur in Fredholm theory. In this theory we find two 
fundamentally different classes of operators: semi-groups, such as the class 
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of Fredholm operators, the classes of upper and lower semi- Fredholm opera- 
tors, and ideals, such as the classes of finite dimensional, compact operators. 
A perturbation class associated to one of these semi-groups is a class of op- 
erators T for which the sum of T with an operator of the semi-group is still 
an element of the semi- group. Here the concept of inessential operator re- 
veals its significance in operator theory: the ideal of all inessential operators 
is the perturbation class of some important semi- groups, for instance the 
semi-group of Fredholm operators. 

The notion of inessential operator is, in this chapter, extended to oper- 
ators acting between different Banach spaces, and our presentation includes 
several examples of inessential operators acting between classical Banach 
spaces. These examples require the knowledge of the structures of the Ba- 
nach spaces involved. For many pairs of classical Banach spaces the class of 
inessential operators is the space of all bounded operators. This property 
contrasts, curiously, with the historical denomination given at this class. 
The class of inessential operators, as well as the class of Riesz operators, 
presents also an elegant duality theory, and to make this clear we shall in- 
troduce two useful classes of operators, the classes f7+(X) and f7_(A), which 
are in a sense the dual of each other. 

The third section of Chapter 7 addresses the study of two other impor- 
tant classes of operators, the class of all strictly singular operators and the 
class of all strictly cosingular operators. Both these classes of operators are 
contained, respectively, in the perturbation class of upper semi-Fredholm 
operators and the perturbation class of lower semi-Fredholm operators. For 
many classical Banach spaces these inclusions are actually equalities, but we 
shall also give a recent example of Gonzalez [ 131 ] which shows that these 
inclusions are, in general, proper. This counterexample, which solves an old 
open problem in operator theory, is constructed by considering the Fredholm 
theory of a very special class of Banach spaces: the class of indecomposable 
Banach spaces. 

An indecomposable Banach space is a Banach space which cannot be 
split into the direct sum of two infinite dimensional closed subspaces. The 
existence of indecomposable Banach spaces has been a long standing open 
problem and was raised by Banach in the early 1930s. This problem has 
been positively solved by Gowers and Maurey [ 137 ], who constructed an 
example of a reflexive hereditarily indecomposable Banach space. 

A part of the chapter is also devoted to the improjective operators be- 
tween Banach spaces. This class of improjective operators contains the class 
of inessential operators for all Banach spaces, and for several years it has 
been an open problem if the two classes coincide. We shall give the recent 
counterexample given by Aiena and Gonzalez [ 21 ], which shows that if Z is 
an indecomposable Banach space which is neither hereditarily indecompos- 
able nor quotient indecomposable then the ideal of inessential operators is 
properly contained in the set of improjective operators. In the last section 
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of the chapter we shall briefly discuss two notions of incomparability of Ba- 
nach spaces which originate from the class of all inessential and improjective 
operators. In particular, from the theory of indecomposable Banach spaces 
we shall construct a counterexample which shows that these two notions of 
incomparability do not coincide. 

We conclude this preface by remarking that this monograph in intended 
for professional mathematicians and graduate students, especially those 
working in functional analysis. Of course, it is not possible to make a 
presentation such as this entirely self-contained, so a certain background 
in operator theory is required, specifically the classical Fredholm theory for 
operators. However, several ideas from Fredholm theory may be extracted 
from the chapter dedicated to the abstract Fredholm theory. 

The present monograph is the result of intensive research work during 
the last ten years. There are several friends and colleagues to whom I am 
indebted for suggestions and ideas. In particular, I thank Manolo Gonzalez, 
Kield Laursen, Michael Neumann, and Mostafa Mbekhta. I also thank the 
participants of the Analysis Seminar of the Department of Mathematics of 
the Universidad de Oriente (Cumana, Venezuela), and of the Department of 
Mathematics of the Universidad UCLA (Barquisimeto, Venezuela), where I 
gave several talks on some of the topics contained in this book. In particu- 
lar I wish to thank Ennis Rosas for his numerous invitations and generous 
hospitality. 

Finally, I would like to express my deep gratitude to my wife Maria 
and my sons Marco and Caterina for all the love, patience, and encourage- 
ment which they generously provided over the years. Without their presence 
writing this book would have been more difflcult. 
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The Kato decomposition property 



The spectrum of a bounded linear operator can be divided into subsets 
in many different ways, depending on the purpose of the inquiry. In this 
chapter we shall look more closely to the spectrum of a bounded operator 
on a Banach space from the viewpoint of Fredholm theory, by introducing 
some special parts of the spectrum and, in the same time, acquiring grad- 
ually some basic tools and techniques needed for local spectral theory. In 
particular, we shall consider a part of the ordinary spectrum native from 
the Fredholm theory, the semi-regular spectrum, in literature also known as 
Kato spectrum, and some other spectra to it related. 

The semi-regular spectrum was first introduced by Apostol [48] for op- 
erators on Hilbert spaces and successively studied by several authors in the 
more general context of operators acting on Banach spaces. The study 
of this spectrum was originated by the classical treatment of perturbation 
theory owed to Kato [182], which showed an important decomposition for 
semi- Fredholm operators. 

Throughout this chapter all linear spaces or algebras will have the com- 
plex field C as their field of scalars. The first section of this chapter deals 
primarily with the basic properties of some important invariant subspaces 
associated with an operator. These subspaces, the hyper-range, the hyper- 
kernel and the algebraic core of an operator are introduced in the purely 
algebraic setting of a vector space. The importance of the role of these sub- 
spaces becomes more evident when one considers a special class of bounded 
operators on Banach spaces, the class of all semi-regular operators which 
will be introduced in the second section. In this section we shall also in- 
troduce the analytical core of a bounded operator on a Banach space X, 
a subspace of X which may be thought as the analytic counterpart of the 
algebraic core. 

The concept of semi-regularity, amongst the various concepts of regu- 
larity originating from Fredholm theory, seems to be the most appropriate 
to investigate some important aspect of local spectral theory. This concept 
leads in a natural way to the above mentioned semi-regular spectrum ase{T), 
an important subset of the ordinary spectrum which is defined as the set of 
all A G C for which XI — T is not semi-regular. 

In the main results of the third section we establish many important 
properties of ase{T), as well as of its complement pse{T). In particular we 
shall see that this spectrum is a non-empty compact subset of C. We shall 
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also establish non-element ary property of the Kato resolvent pse{T): the 
analytical cores K(XI — T) are constant when A ranges through a connected 
open component fl of pse{T). The proof of this property requires quite tech- 
nical methods of gap theory. Another relevant result is that the semi-regular 
spectrum cTse(T) contains the boundary da{T) of the spectrum. Moreover, 
cTse(T) obeys a spectral mapping theorem, in the sense that the semi-regular 
spectrum ase{f{T)) coincides with f{ase{T)), for every analytic function / 
dehned on an open set containing the spectrum of T. 

The hfth section addresses an important decomposition property, the 
generalized Kato decomposition for bounded operators on Banach spaces, 
originating from the work by Kato. A bounded operator T on a Banach 
space X has this property if X is the direct sum of two closed T invariant 
subspaces M and N, where T acts as a semi-regular operator on M and acts 
as a quasi-nilpotent operator on N. Further, we shall give a closer look at 
the more special cases in which the operator T is of Kato type, namely the 
restriction T|A^ is nilpotent, or T is essentially semi-regular, that is T\N is 
nilpotent and N is hnite-dimensional. We shall establish some perturbation 
results, for instance, if T is of Kato type, then XI — T is semi-regular for all 
A G C which belong to a punctured open disc centered at 0. 

Two important classes of operators in Fredholm theory are the classes 
of upper semi- Fredholm and lower semi- Fredholm operators. These opera- 
tors are a natural generalization of Fredholm operators and one of the most 
important result of this chapter is that every semi-Fredholm operator is 
essentially semi-regular. To show this property we need to introduce the 
concept of the jump of a semi-Fredholm operator. We shall see that the 
semi-Fredholm operators which are semi-regular are exactly those having 
jump equal to zero. 

All the classes of operators mentioned above motivate the study of some 
other distinguished parts of the spectrum, the semi-Fredholm spectra, the 
Kato type of spectrum ak(T), and the essentially semi-regular spectrum 
(Tes(T). We shall see how these spectra are related and show that a spectral 
mapping theorem holds for (Jes{T), i.e. the spectrum aes{T) behaves canon- 
ically under the Riesz functional calculus. 

The last part of the chapter concerns another invariant subspace related 
to a bounded operator T G L{X) is the quasi-nilpotent part of T. To- 
gether with the basic properties of these subspaces we shall prove the local 
constancy of the closure of the quasi-nilpotent parts Hq{XI — T) on the 
connected components of pse{T). 



1. Hyper-kernel and hyper-range of an operator 

The kernels and the ranges of the power T" of a linear operator T on a 
vector space X form the following two sequences of subspaces: 

ker = {0} C ker T C ker C • • • 
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and 

T°(X) = X D T{X) D t'^(X) D • • • . 

Generally all these inclusions are strict. In Chapter 5 we shall consider 
operators for which one or both of the two sequences becomes constant. 

Definition 1.1. Given a vector space X and a linear operator T on X, 
the hyper-range of T is the subspace 

T°°{X) = Pi T”(X). 

nSN 

The hyper-kernel of T is the subspace 

J\f^{T) := IJ ker T”. 

nSN 

It is easy to verify that both T°°(X) and A/"°°(T) are T-invariant sub- 
spaces of X. 

The following elementary lemma will be useful in the sequel. 

Lemma 1.2. Let X be a vector space and T a linear operator on X. If 
Pi and p2 are relatively prime polynomials then there exist polynomials qi 
and Q 2 such that pi{T)qi(T) + p 2 {T)q 2 {T) = I. 

Proof If Pi and qi are relatively prime polynomials then there are polyno- 
mials such that pi{p)qi{p) + P2{h)Q2{p) = 1 every ^ e C. ■ 

The next result establishes some basic properties of the hyper-kernel and 
the hyper-range of an operator. 

Theorem 1.3. Let X be a vector space and T a linear operator on X. 
Then we have: 

(i) (A/ -f T)(A/'“(T)) = A/'“(T) for every A 0; 

(ii) A/'“(A/ + T)C {pi + T)“(X) for every p. 

Proof (i) It suffices to prove that {XI + T)(ker T") = ker T” for every 
n e N and A yf 0. Clearly, {XI + T)(ker T") C ker T" holds for all n e N. 
By Lemma 1.2 there exist polynomials p and q such that 

{XI + T)p{T) + g(T)T” = /. 

If a; € ker T" then {XI + T)p{T)x = x and since p{T)x € ker T" this implies 
ker T” C (A/-f T)(ker T”). 

(ii) Put S ■.= XI + T and write 

pi + T = {p- X)I + XI + T = {p - X)I + S. 

By assumption ^ — A yf 0, so by part (i) we obtain that 

{pi + T){M^{XI + T)) = {{p-X)I + S){M^{S))=M^{XI + T). 

Prom this it easily follows that {pi + T)"(A/"°°(A/ -|- T)) = A/"°°(A/ -|- T) for 
all n e N, and consequently A/"°°(A/ -|- T) C {pi + T)°°(X). ■ 
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Lemma 1.4. For every linear operator on a vector space X we have 

T™(ker T™+") = T™(X) n ker T” for all m, n e N. 

Proof If a; e ker then T"^x e T™(X) and T”(T™x) = 0, so that 

T™(ker T™+”) C T"^(X) n ker T". 

Conversely, if j/ G T™(X) n ker T" then y = T"^{x) and x G ker 
so the opposite inclusion is verified. ■ 

The next result exhibits some useful connections between the kernels 
and the ranges of the iterates T" of an operator T on a vector space X. 

Theorem 1.5. For a linear operator T on a vector space X the following 
statements are equivalent: 

(i) ker T C T™(X) for each m G N; 

(ii) ker C T{X) for each n G N; 

(hi) ker T" c T™(X) for each n G N and each m G N; 

(iv) ker T" = T™(ker for each n G N and each m G N. 

Proof The implications (iv) => (hi) =^> (ii) are trivial. 

(ii) ^ (i) If we apply the inclusion (ii) to the operator T™ we obtain 
ker T""” C T™(X) and hence ker T C T™(X), since kerT C kerT™”. 

(i) => (iv) If we apply the inclusion (i) to the operator T" we obtain 
ker T” C (T")™'(X) C T™(X). By Lemma 1.4 we then have 

T"*(ker T™+”) = T™(X) n ker T” = ker T”, 
so the proof is complete. ■ 

Corollary 1.6. Let T be a linear operator on a vector space X . Then the 
statements of Theorem 1.5 are equivalent to each of the following inclusions: 

(i) ker T C T“(X); 

(ii) Af^{T) C T{X); 

(hi) A/'“(T) C T“(X). 

The following subspace, introduced by Saphar [284] , is defined in purely 
algebraic terms. 

Definition 1.7. Let T be a linear operator on a vector space X. The 
algebraic core C(T) is defined to be the greatest subspace M of X for which 
T{M) = M. 

Trivially, if T G L{X) is surjective then C{T) = X. Clearly, for every 
linear operator T we have C(T) = T^{C{T)) C T”(X) for all n G N. From 
that it follows that C(T) C T°°(X). 

The next result gives a precise description of the subspace C(T) in terms 
of sequences. 
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Theorem 1.8. For a linear operator T on a veetor spaee X the following 
statements are equivalent: 

(i) a; e C{T); 

(ii) There exists a sequenee (u„) C X sueh that x = uq and Tun+i = Un 
for every n e Z+. 

Proof Let M denote the set of all a; G X for which there exists a sequence 

(un) C X such that x = uq and Tun+i = Un for all n G Z+. We show first 
that C(T) C M. 

Let X G C{T). Prom the equality T{C{T)) = C{T), we obtain that 
there is an element u\ G C{T) such that x = Tu\ . Since u\ G C{T), the 
same equality implies that there exists U 2 G C{T) such that ui = Tu 2 - By 
repeating this process we can find the desired sequence (wn), with n G Z+, 
for which x = uq and Tu„+i = Therefore C(T) C M. Conversely, 
to show the inclusion M C C{T) it suffices to prove, since M is a linear 
subspace of X, that T{M) = M. 

Let a; G M and let (w„), n G Z+, be a sequence for which x = uq and 
Tun+i = Un- Define (w„) by 

Wo ■= Tx and Wn ■= Un-i, n G Z_|_. 

Then 

'^n ~ '^n—1 ~ TUfi = TWn-\-l^ 

and hence the sequence satisfies the definition of M. Hence wq = Tx G M, 
and therefore T{M) C M. 

On the other hand, to prove the opposite inclusion, M C T{M), let us 
consider an arbitrary element a; G M and let {un)nez+ be a sequence such 
that the equalities x = uq and Tun+i = Un hold for every (n G Z+). Since 
X = uo = Tui it suffices to verify that ui G M. To see that let us consider 
the following sequence: 

Wo ■= Ul and Wn ■= Un+l- 

Then 

Wn = Un+l = TUn+2 = TWn+1 for all n G Z+, 
and hence ui belongs to M. Therefore M C T{M), and hence M = T{M). 



The next result shows that under certain purely algebraic conditions the 
algebraic core and the hyper-range of an operator coincide. 

Lemma 1.9. Let T be a linear operator on a veetor spaee X. Suppose 
that there exists rn G N sueh that 

her T n T™(X) = her T n T™+^(X) for all integers k>0. 

Then C{T) = T“(X). 
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Proof We have only to prove that T°°{X) C C{T). We show that 
T(T“(X)) = T“(X). Evidently the inclusion T(T“(X)) C T“(X) holds 
for every linear operator, so we need only to prove the opposite inclusion. 

Let D ■.= her T fl T™(X). Obviously we have 

D = her T n T™(X) = her T n T“(X). 

Let us now consider an element y G T°°[X). Then y G T”(X) for each 
n G N, so there exists Xk & X such that y = for every fc G N. If we 

set 

:= (ken), 

then Zk G T™(X) and since 

Tzk = - T'^+’^Xk = y-y = Q 

we also have Zk G ker T. Thus Zk G D, and from the inclusion 
O = ker T n T™+'=(X) C ker T n 
it follows that Zk G This implies that 

T^xi = Zk + T’^+’^-^Xk G T'^+k-i^x) 
for each A: G N, and therefore T™xi G T°°[X). Finally, from 

TiT'^xi) = = y 

we may conclude that y G T{T°°{X)). Therefore T°°{X) C T{T°°{X)), so 
the proof is complete. ■ 

Theorem 1.10. Let T be a linear operator on a veetor spaee X. Suppose 
that one of the following conditions holds: 

(i) dim ker T < oo; 

(ii) codim T{X) < oo; 

(hi) ker T C T"(X) for all n G N. 

Then C{T) = T“(X). 

Proof (i) If ker T is finite-dimensional then there exists a positive integer 
m such that 

ker T n T™(X) = ker T n T^+>^{X) 
for all integers k >0. Hence it suffices to apply Lemma 1.9. 

(ii) Suppose that X = F ® T{X) with dim F < oo. Clearly, if we let 
Dn ■= ker T n T"(X) then we have 2 Dn+i for all n G N. Suppose 
that there exist k distinct subspaces There is no loss of generality in 
assuming Dj yf Hj+i for j = 1, 2, . . . fc. Then for every one of these j we can 
find an element Wj G X such that T^Wj G Dj and T^wj Hj+i- By means 
of the decomposition X = F © T{X) we also find uj G F and vj G T{X) 
such that Wj = Uj + Vj . We claim that the vectors ui , • • • ,Uk are linearly 
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independent. 

To see this let us suppose ~ 0- Then 

k k 

i=i i=i 

and therefore from the equalities T^w\ = • • • = T^Wk-i = 0 we deduce that 

k k 

= t\Y. XjVj) e T\T{X)) = T’^+^X). 
j=i i=i 

Prom T^Wk G her T we obtain X^T^Wk G Tlfc-i-i, and since T*^Wk ^ D^+i 
this is possible only if Xk = 0. Analogously we have Afc_i = • • • = Ai = 0, so 
the vectors ui, ... ,Uk are linearly independent. From this it follows that k 
is smaller than or equal to the dimension of F . But then for a sufficiently 
large m we obtain that 

her T n T“(X) = her T n T'"+^'(X) 



for all integers j > 0. So we are again in the situation of Lemma 1.9. 
(hi) Obviously, if her T C T"(A) for all n G N, then 

her T n T”(X) = her T n T”+^(X) = her T 



for all integers fc > 0. Hence also in this case we can apply Lemma 1.9. ■ 



2. Semi-regular operators on Banach spaces 

All the results of the previous section have been established in the purely 
algebraic setting of linear operators acting on vector spaces. The concept of 
semi-regular operators arises in a natural way when we consider operators 
acting on Banach spaces. 

Definition 1.11. Given a Banach space X, a bounded operator T G 
L{X) is said to be semi-regular if T[X) is closed and T verifies one of the 
equivalent conditions of Theorem 1.5. 

Trivial examples of semi-regular operators are surjective operators as 
well as injective operators with closed range. Later other examples of semi- 
regular operators will be given amongst semi- Fredholm operators. Some 
other examples of semi-regular operators may be found in Mbekhta [233] 
and Labrousse [193]. 

A semi-regular operator T has a closed range. It is evident that it is 
useful to find conditions which ensure that T{X) is closed. For a bounded 
operator T G L(X,Y), X and Y Banach spaces, the property of having T 
as a closed range may be characterized by means of the following quantity 
associated with the operator T. 
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Definition 1.12. If T G L{X,Y), where X and Y are Banach spaces, 
the reduced minimum modulus of a non-zero operator T is defined to be 

-f{T) := inf - — 

xfkBx T dist(a;,ker T) 

IfT = 0 then we take j{T) = oo. 

Note that 7(T) = 7(T'*) for every T e L{X) (see Kato [183, Theorem 
5.13]), where T* denotes the dual of T. 



Theorem 1.13. Let T e L{X,Y), X and Y Banach spaces. Then: 

(i) 7(T) >0 4^ T{X) is closed; 

(ii) T{X) is closed 44 T*{X*) is closed. 



Proof (i) Let X := X/ker T and let T ■. X ^ Y denote the continuous 
injection corresponding to T, defined by 

T X := Tx for every x (z x. 

Clearly TX = T{X). From the open mapping theorem it follows that T X 
is closed if and only if T admits a continuous inverse, there exists a constant 
(5 > 0 such that ||T i|| > <5||x|| for every x G X. From the equality 

llT^ tII 

7(T) = inf — ^ ^ 
x^o \\x\\ 

we then conclude that T X = T{X) is closed if and only if j{T) > 0. 

(ii) It is obvious from the equality q(T) = j{T*) observed above. ■ 



Theorem 1.14. Let T e L{X), X a Banach space, and suppose that 
there exists a closed subspace Y of X such thatT{X)riY = {0} and T{X)®Y 
is closed. Then T{X) is also closed. 



Proof Consider the product space X x Y under the norm 
||(a;,y)|| := ||a;|| + ||y|| {x e X,y e Y). 



Then X x T is a Banach space, and the continuous map S : X x Y ^ X 
defined by S{x,y) := Tx + y has range S{X x T) = T(X) © Y, which is 
closed by assumption. Consequently by part (i) of Theorem 1.13 we have 



7(5') := inf 

{x,y)(ker S 



ll>S'(a;,i/)|| 

dist((a;, j/),ker5) 



Clearly, ker5 
over. 



kerT x {0}, so that if a; ^ kerT then (a;,0) ^ ker5. More- 
dist((x, 0), ker S) = dist(x,ker T), 



|Ta;|| = ||5(a;,0)|| > 7(5) dist((a;, 0), ker 5)) 

= 7(5) dist(x,ker T). 



and therefore 
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This implies that 7(T) > 7(6'), and therefore T has closed range. ■ 

Corollary 1.15. Let T € L{X), X a Banach space, and Y a finite- 
dimensional subspace of X such that T{X) Y is closed. Then T{X) is 
closed. In particular, if codim T{X) < 00 then T{X) is closed. 

Proof Let Yi be any subspace of Y for which Yi nT(X) = {0} and T{X) + 
Yi = T{X) + Y. From the assumption we infer that T{X) © Y\ is closed, 
so T{X) is closed by Theorem 1.14. The second statements is clear, since 
every finite-dimensional subspace of a Banach space X is always closed. ■ 

Let M be a subset of a Banach space X. The annihilator of M is the 
closed subspace of X* defined by 

:= {/ € X* : f{x) = 0 for every x € M}, 

while the pre- annihilator of a subset W of X* is the closed subspace of X 
defined by 

'^W := {x e X : f{x) = 0 for every / e W}. 

Clearly ^{M^) = M if M is closed. Moreover, if M and N are closed 
linear subspaces of X then (M + TV)-*- = M-*- H N-^. The dual relation 
M-*- + iV-*- = (M n iV)-*- is not always true, since {M H iV)-*- is always closed 
but M-*- + N-^ need not be closed. However, a classical theorem establishes 
that 

M“*“ + iV-*- is closed in X* 4^ M N is closed in X, 
see Kato [183, Theorem 4.8, Chapter IV]. 

The following standard duality relationships between the kernels and 
ranges of a bounded operator T on a Banach space and its dual T* are well 
known, see Heuser [159, p.l35j: 



(1) 


ker T =-L T*{X*) 


and 


-^ker T* = T{X), 


and 








(2) 


T(X)'^ = ker T* 


and 


T*{X*) C ker T-^. 



Note that the last inclusion is, in general, strict. However, a classical 
result states that the equality holds precisely when T has closed range, see 
Kato [183, Theorem 5.13, Chapter IV]. 

Theorem 1.16. Suppose that T € L{X), X a Banach space, is semi- 
regular. Then 7(T") > 7(T)". 

Proof We proceed by induction. The case n = 1 is trivial. 

Suppose that 7(T") > 7(T')". For every element x G X, and u e 
ker T”+i we have 

dist(a;,ker T”+i) = dist(a; - w, ker T”+i) 

< dist(a; — w, ker T). 
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By assumption T is semi-regular, so by Theorem 1.5 ker T = T"(ker T"+^) 
and therefore 

dist(T”x,ker T) = dist(T”a;, T”(ker T"+i)) 

= inf ||T"(x — u)|| 

uGker T^+i 

> 7 (T'”) • inf dist(x — u, ker T") 

uSker T"+l 

> 7 (T”) dist(a;,ker T”+i). 

From this estimate it follows that 

||T”+^a;|| > 7 (T) dist(T"a;,ker T) > j{T) 7 (T”) • dist(a;,ker T”+^). 
Consequently from our inductive assumption we obtain that 

7(T"+1) > 7(r)7(T)" = 7(r)"+\ 

which completes the proof. ■ 

Corollary 1.17. IfT e L{X), X a Banach space, is semi-regular then 
T" is semi-regular for all n e N. 

Proof If T is semi- regular then by Theorem 1.16 S = T" has closed range. 
Furthermore, S°°{X) = T°°{X) and, by Theorem 1.5, ker 5* C T°°{X) = 
S°°{X). From Corollary 1.6 we conclude that T" is semi-regular. ■ 

Corollary 1.18. Let T e L{X), where X is a Banach space. Then T 
is semi-regular if and only if T'^[X) is elosed for all n G N and T verifies 
one of the equivalent conditions of Theorem 1.5. ■ 

Theorem 1.19. Let T e L[X) , X a Banach space. Then T is semi- 
regular if and only if T* is semi-regular. 

Proof Suppose that T is semi-regular. Then T{X) is closed so that 7 (T) > 
0 by part (i) of Theorem 1.13. From Theorem 1.16 we then obtain that 
7 (r") > 7 (T)" > 0 and this implies, again by part (i) of Theorem 1.13, 
that T"(X) is closed for every n G N. The same argument also shows that 
T"*(X*) = T*”(X*) is closed for every n G N, by part (ii) of Theorem 1.13. 
Therefore from the relationships (1) and (2) it follows that the equalities 

(3) ker = T*”(X*) and -^ker T*” = T”(X). 

hold for all n G N. 

Now, since T is semi-regular then ker T C T"(X) for every n G N and 
therefore C ker T^ = T*{X*). Moreover, from the second equality 

of (3) we obtain ker T*” = so that ker T*" C T*{X*) holds for 

every n G N. This shows, since T*{X*) is closed, that T* is semi-regular. 

A similar argument shows that if T* is semi-regular then also T is semi- 
regular. ■ 
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3. Analytical core of an operator 

The following subspace has been introduced by Vrbova [313] and is, in 
a certain sense, the analytic counterpart of the algebraic core C{T). 

Definition 1.20. Let X be a Banaeh space and T G L{X). The analyt- 
ical core ofT is the set K{T) of all x G X such that there exists a sequence 
(un) C X and a constant 5 > 0 such that: 

(1) X = uo, and Tun+i = Un for every n G Z_|_; 

(2) ||wn|| < for every n G 

In the following theorem we collect some elementary properties of K{T). 

Theorem 1.21. Let T G L{X), X a Banach space. Then: 

(i) K[T) is a linear subspace of X; 

(ii) T(K{T)) = K{T); 

(in) K{T)CC{T). 

Proof (i) It is evident that if x G K(T) then Xx G K(T) for every A G C. 
We show that if x,y G K{T) then x + y e K{T). If x G K{T) there exists 
(5i > 0 and a sequence (n„) C X satisfying the condition (1) and which is 
such that ||w„|| < <5i”||x|| for all n G Z+. Analogously, since y G K{T) there 
exists (52 > 0 and a sequence (x„) C X satisfying the condition (1) of the 
definition of K{T) and such that llxnlj < (ij llz/|| foi" every n G N. 

Let (5 : = max {(5i,(52}. We have 

\\Un + Vn\\ < jjWnll + ||^’n|| < <5r||x|| -|- (5^ |b|| < <5”(l|a;|| + ||y||)- 

Trivially, if x -|- y = 0 there is nothing to prove since 0 G A (T) . Suppose 
then x + y ^ 0 and set 

Ikll + l|y|| 

^ •= II , II 

|x -|- y\\ 

Clearly ^ > 1, so /x < and therefore 

\\un + Vn\\ < ((5)"^||x + y|| < ((5^)"||x -h y\\ for all n G Z_|_, 

which shows that also the property (2) of the definition of A(T) is verified for 
every sum x + y, with x, y G K{T). Hence x -|- y G K{T), and consequently 
K(T) is a linear subspace of X. 

The proof (ii) of is analogous to that of Theorem 1.8, whilst (iii) is a 
trivial consequence of (ii) and the definition of C{T). ■ 

Observe that in general neither K{T) nor C{T) are closed. The next 
result shows that under the assumption that C(T) is closed then these two 
subspaces coincide. 

Theorem 1.22. Suppose X a Banach space and T G L{X). 

(i) If F is a closed subspace of X such that T{F) = F then F C K{T). 

(ii) If C{T) is closed then C{T) = K{T). 
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Proof (i): Let Tq : F ^ F denote the restriction of T on F. By assumption 
F is a Banach space and T(F) = F, so, by the open mapping theorem, Tq 
is open. This means that there exists a constant <5 > 0 with the property 
that for every x G F there is u G F such that Tu = x and ||u|| < <5||a;||. 

Now, if X G F, define uq := x and consider an element wi G F such that 

Tui=uo and ||wi|| < <5||wo||- 

By repeating this procedure, for every n G N we find an element Un & F 
such that 

TUn — Un—1 and ||nn|| ^ ill* 

Prom the last inequality we obtain the estimate 

ll^tnll < <^”IKo|| = foi" every n G N, 

so X G K{T). Hence F C K{T). 

(ii) Suppose that C{T) is closed. Since C{T) = T{C{T)) the first part of 
the theorem shows that C{T) C K{T), and hence, since the reverse inclusion 
is always true, C{T) = K{T). ■ 

Theorem 1.23. Let T G L[X) he a semi-regular operator on a Banaeh 
spaee X. If x G X, then Tx G C{T) if and only if x ^ C{T). 

Proof Clearly the equality T{C{T)) = C{T) implies that Tx G C{T) for 
every x G C{T). Conversely let Tx G C{T). By Theorem 1.10 we have 
that C{T) = T°°(X), consequently for each n G N there exists y-n & X 
such that = Tx, hence z := x — T'^Pn G her T C T”(X). Then 

X = z + F"x G F"(X) for each n G N, and consequently x G C{T). ■ 

Theorem 1.24. Let T G L{X), X a Banaeh spaee, he semi-regular. 
Then C{T) is elosed and 

C{T) = K{T) = T“(X). 

Proof The semi-regularity of T gives, by definition, ker T C F"(X) for 
all n G N. Hence by Theorem 1.10 we have T°°(X) = C{T). By Corollary 
1.17 T" is semi-regular for all n G N, so F"(X) is closed for all n G N and 
hence T°°(X) = F"(X) is closed. By part (ii) of Theorem 1.22 then 

we conclude that K{T) coincides with C{T). ■ 

Theorem 1.25. Let T G L{X), where X is a Banaeh spaee. Then T is 
semi-regular if and only if there exists a elosed suhspaee M of X sueh that 
T{M) = M and the operator T : X/M X/M, indueed hy T, is injeetive 
and has elosed range. 

Proof IfT is semi-regular then by Theorem 1.24 the subspace M := T°°[X) 
has the required properties. 

Conversely, let M be a closed subspace such that T{M) = M and 
suppose that T : X/M — > X/M is injective and has closed range. Then 
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M C C{T) C T°°(X). Moreover, if x e kerT then Tx = 6, and therefore 
the injectivity of T implies x e M. Hence kerT CMC T°°(X). 

To show that T is semi-regular it remains to prove that T{X) is closed. 
Let TT : X ^ X/M be the canonical quotient map. We show that T{X) = 
tt~^{T{X/M)). If y e T{X) then y = Tx for some x e X, so ny = Tx = 
fx e f{X/M). Hence T{X) C 7r-i(f (X/M)). ^ _ 

On the other hand, let y e X be such that Try e T{X/M). Then y = Tx 
for some x € X and from the inclusion M C T{X) we infer that y € T{X); 
which shows the reverse inclusion. Therefore T[X) = tt~^{T{X/M)), and 
this set is obviously closed since T{X/M) is closed and tt is continuous. ■ 



Theorem 1.26. Suppose that T,S G L{X), X a Banach space, com- 
mute and TS semi-regular. Then T and S are semi-regular. 

Proof Clearly we need only to show that one of the two operators, say T, 
is semi- regular. From the semi- regularity of we obtain 

OO OO 

(4) ker T C ker {TS) C p| (T”S'”)(X) C p| T”(X). 

n=l n=l 

At this point we need only to show that T(X) is closed. Let (y„) := 
(Tx„) be a sequence of T{X) which converges to some yo. Then 5'y„ = 
STxn = TSxn G {TS){X) and (Syn) converges to Syo. By assumption 
(TS){X) is closed, thus Syo G (TS){X) = (5T)(X). Hence there exists an 
element zq G X such that Syo = STzq. Consequently yo — Tzq G ker S C 
ker (TS). From (4) we obtain 

OO 

yo-Tzoe f| T"(X) C T(X). 

n— 1 

From this it follows that yo G T{X), so T{X) is closed. Hence T is semi- 
regular. ■ 

The following example, owed to Muller [240], shows that the product 
of two semi- regular operators, also commuting semi- regular operators, need 
not be semi-regular. 



Example 1.27. Let H he a Hilbert space with an orthonormal basis 
(eij) where i,j are integers for which ij < 0. Let T G L{H) and S G L{H) 
are defined by the assignment: 

T^g. . / 0 if i = 0, j > 0 

' ( Si+ij otherwise, 

and 

5'g. . .= / 0 if y = 0, i > 0 
' I otherwise. 
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Then 

. - QT^. . - / ^ if * = 0, j > 0,or j = 0, 4 > 0, 

1^ otherwise. 

Hence TS = ST and, as it is easy to verify, 

kerT= \/{e*.o}cr“(i7), 
j>0 

where Vj>o{®oj} denotes the linear subspace of H generated by the set 
{cj : j >0}. Analogously we have 

ker5= V{e,,o}c5“(H). 
i>0 

Moreover, since T and S have closed range it follows that T, S are semi- 
regular. 

On the other hand, eo,o G ker TS and eo,o ^ (TS){H), thus TS is not 
semi-regular. 



The next example, owed also to Muller [240], shows that the set of all 
semi-regular operators need not be an open subset of L{X). 

Example 1.28. Let H he a Hilbert space with an orthonormal basis 
(cij) where i,j are integers and i > 1. Let T be defined by: 

Tp — / if j ^ 

\ 0 if j = 0. 

Clearly T{H) is closed and 

kerT= V{eoj}cT“(H), 
i>l 



SO that T is semi-regular. 

Now let e > 0 be arbitrarily given and define S G L{H) by 



Sci^j . — 



- eifi if j = 0, 

0 ifj/O. 



It is easy to see that H^jj = e. Moreover, S' is a compact operator having 
an infinite-dimensional range, thus S{H) is not closed. Let M denote the 
subspace generated by the set {eifi '■ i > !}■ Then T{H) is orthogonal to M 
and hence to S(iL), since S(iL) C M. Moreover, {T+S){H) = T{H)+S{H), 
so that (T -|- S){H) is not closed and hence T -|- S is not semi-regular. 



4. The semi-regular spectrum of an operator 

Among the many concepts dealt with in Kato’s extensive treatment of 
perturbation theory [182] there is a very important part of the spectrum 
defined as follows: 
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Definition 1.29. Given a Banach space X, the semi-regular resolvent 
of a bounded operator T is defined by 

Pse{T) := {A e C : A/ — T is semi-regular). 

The semi-regular spectrum, known in the literature also as the Kato 
spectrum, ofT is defined to be the set ase{T) := C \ pse{T). 

Obviously 

O’se(r) C cr(T) and p{T) C Pse{T). 

Later we shall see that crse{T) is a non-empty compact subset of C and that 
for some important classes of operators the inclusions above are equalities. 

An operator T e L{X) is said to be bounded below if T is injective and 
has closed range. It is easy to show that T is bounded below if and only if 
there exists K > 0 such that 

(5) ll^2:|| > K\\x\\ for all x e X. 

Indeed, if ||T'a;|| > A'||a;|| for some K > 0 and all a; G X then T is injective. 
Moreover, if (x„) is a sequence in X for which (Txn) converges to y G X 
then (xn) is a Cauchy sequence and hence convergent to some x (E X. Since 
T is continuous then Tx = y and therefore T{X) is closed. 

Conversely, if T is injective and T{X) is closed then, from the open 
mapping theorem, it easily follows that there exists a AT > 0 for which the 
inequality (5) holds. 

Clearly, if T is bounded below or surjective then T is semi- regular. The 
next result shows that the properties to be bounded below or to be surjective 
are dual each other. 

Lemma 1.30. Let T G L{X), X a Banach space. Then: 

(i) T is surjective (respectively, bounded below) if and only if T* is 
bounded below (respectively, surjective); 

(ii) IfT is bounded below (respectively, surjective) then XI— T is bounded 
below (respectively, surjective) for all |A| < 7 (T). 

Proof (i) Suppose that T is surjective. Trivially T has closed range and 
therefore also T* has closed range. From the equality ker T* = T(X)-*- = 
X-*- = {0} we conclude that T* is injective. 

Conversely, suppose that T* is bounded below, then T* has closed range 
and hence by Theorem 1.13 also the operator T has closed range. Prom the 
equality T{X) =-*- ker T* =-*- {0} = X we then conclude that T is surjective. 
The proof of T being bounded below if and only if T* is surjective is analo- 
gous. 

(ii) Suppose that T is injective with closed range. Then 7 (T) > 0 and 
from definition of 7 (T) we obtain 
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Prom that we obtain 

||(A/-T)a;|| > ||Ta;|| - |A|||x|| > {j{T) - |A|)||a;||, 

thus for all |A| < j{T), the operator XI — T is bounded below. 

The case that T is surjective follows now easily by considering the adjoint 
T*. m 



Theorem 1.31. Let T e L{X), X a Banach space, he semi-regular. 
Then XI — T is semi-regular for all |A| < j{T). Moreover, Pse{T) is open. 

Proof First we show that C{T) C C{XI — T) for all |A| < 'y{T). Let 
To : C{T) C{T) denote the restriction of T to C{T). By Theorem 1.24, 
C{T) is closed and To is surjective. Thus by Lemma 1.30 the equalities 

{XI - To)(C(T)) = {XI - T){C{T)) = C{T) 

hold for all |A| < 7 (Tq). 

On the other hand, T is semi-regular, so that by Theorem 1.10 ker T C 
T°°(X) = C{T). This easily implies that 7 (To) > l{T), and hence 

{XI - T){C{T)) = C{T) for all|A| < 7 (T). 

Note that this last equality implies that 

( 6 ) C{T) C C{XI - T) for all |A| < 7 (T). 

Moreover, for every A yf 0 we have T(ker {XI — T)) = ker {XI — T), so 

from Theorem 1.24 and Theorem 1.22 we obtain that 

ker {XI - T) C C{T) for all A 7 ^ 0. 

Prom the inclusion ( 6 ) we now conclude that the inclusions 

(7) ker {XI - T) C C{XI - T) C {XI - T)”(X) 

hold for all |A| < 7 (T), A 7 ^ 0 and n e N. Of course, this is still true for A = 0 
since T is semi-regular, so the inclusions (7) are valid for all |A| < j{T). 

To prove that XI — T is semi-regular for all |A| < j{T), it only remains 
to show that {XI — T){X) is closed for all |A| < 'y{T). Observe that as 
a consequence of Lemma 1.30 we can limit ourselves to considering only 

the case C{T) 7^ {0} and C{T) 7 ^ X. Indeed, if C{T) — {0} then ker T C 

C{T) = {0}, and hence T is bounded below, whilst in the other case C{T) = 
X the operator T is surjective. 

Let X := X/C{T), and let T : X ^ X be the quotient map defined by 
T X := Tx, where x G x. Clearly T is continuous. Moreover, T is injective 
since from T x = Tx = 0 we have Tx G C{T), and this implies by Theorem 
1.23 that X € C{T), which yields x = 0. 

Next we show that T is bounded below. We only need to prove that T 
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has closed range. To see this we show the inequality 7 (T) > j{T). In fact, 
for each x G X and each u € C{T) we have, recalling that kerT C C{T), 

||a;|| = dist(x, C(T)) = dist(x — u, C(T)) 

< dist(x — u,ker T) < — — ||Tx — Tu||. 

7(J ) 

From the equality C{T) = T{C{T)) we obtain that 

IIT^II = inf \\Tx - Tull for all u e C(T), 
ueC(T) 

so that ||x|| < l/ 7 (T)||Ta;|| from which we obtain that 7 (T) > 7 (T). 

|T|| < 7 (T)“^||T a;|| and, consequently, j{T) > 'y{T). Hence T is 
bounded below. By Lemma 1.30 XI — T is then bounded below for all 
|A| < 7 (T) and a fortiori for all |A| < 7 (T). 

Finally, to show that {XI — T){X) is closed for all |A| < 7 (T) let us 
consider a sequence (x„) of {XI — T){X) which converges to x € X. Clearly, 
the sequence (x„) converges to x and Xn G {XI — T){X). The last space is 
closed for all |A| < 7 (T), and hence x € {XI — T){X). Let x — {XI — T)v 
and t> G u. Then 

x-{XI- T)v G C(T) C {XI - T){C{T)) for all|A| < 7 (T), 

and so there exists u G C{T) for which x = {XI — T){v + u), hence x G 
(A/— T)(X) for all |A| < 7 (T). Hence {XI —T){X) is closed for all |A| <j{T), 
and, consequently, XI — Tis semi-regular for all |A| < j{T). Therefore Pse(T) 
is an open subset of C. ■ 

The semi- regular resolvent Pse{T) is open therefore it can be decomposed 
into (maximal, open, connected, pairwise disjoint) non-empty components. 
Next we want to show that C{XI — T) = K{XI — T) is locally constant on 
each component Q, of pse{T). To show this property we first need to show 
some preliminary results on the gap between subspaces. 

Let M, N be two closed linear subspaces of the Banach space X and set 
6{M, N) := sup{dist(u, N) : u G M, ||u|| = 1}, 

in the case that M ^ {0}, otherwise we define <5({0}, N) = 0 for any subspace 

N. 

The gap between M and N is defined by 

6{M,N):= max{6{M,N),6{N,M)}. 

The function <5 is a metric on the set C{X) of all linear closed subspaces of 
X, see [182, §2, Chapter IV] and the convergence > M is obviously 

defined by 6{Mn, M) ^ 0 as n ^ oo. 

Remark 1.32. Note that for two closed linear subspaces M and iV of X 
we have 

S{M,N) = 6{N-^,M-^) and 6{M, N) = 6{N^ , M^), 
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see Kato book [182, Theorem 2.9, Chapter IV]. From these equalities it 
easily follows, as n ^ oo, that ^ M if and only if ^ M-*-. 

Moreover, 

(8) ?(M, iV) < 1 => dim M = dim N, 

see Corollary 2.6 of [182, §2, Chapter IV]. 

Lemma 1.33. For every operator T e L{X), X a Banach space, and 
arbitrary A, € C, we have: 

(i) 7 (A/ — T) • <5(ker {p,I — T), ker {XI — T)) < |^ — Aj; 

(ii) min{ 7 (A/-T), 7 (^/-T)} •?(ker(A/-T),ker(M/-T)) < ]/i- A]. 

Proof The statement is trivial for X = pL. Suppose that A yf ^ and consider 
an element 0 x G ker {pi — T). Then x ^ ker {XI — T) and hence 

7 (A/-T) dist(x,ker(A/-T)) < |l(A/-r)x|] 

= |l(A/-r)x-(M/-r)x|l 
= [A — ^1 |[x|j. 

Prom this estimate we obtain, if B := {x G ker {pi — T) : |)x|j < 1}, that 
7 (A/ — T) ■ sup dist (x, ker {XI — T)) < ]A — ^j, 

xEB 

and therefore 

7 (A/-T) •5(ker(A/-T),ker(^/-T)) < A]. 

(ii) Clearly, the inequality follows from (i) by interchanging A and p. ■ 

Lemma 1.34. For every x G X and 0 < e < 1 there exists xq G X such 
that X — xo G M and 

(9) dMy„,JV) > ((1 II,,, ||. 

Proof If X G M it suffices to take xq = 0. Assume therefore that x ^ M. 
Let X := X/M denote the quotient space and put x := x + M. Evidently, 
|jx|j = inf^gj Ijzjj > 0. We claim that there exists an element xq G X such 
that 

|]x](|l = dist(xo,M) > (1 - e)|lxoI|. 

Indeed, were it not so then 

ll^ll = ll^ll < (1 ~ every z G x 

and therefore 

ll^ll < (1 — s) inf 11-211 = (1 ~ ^)l|3i||) 

zEx 

and this is impossible since |jx|j > 0. 

Let p := dist(xo, N) = inf„gjv ||a^ 0 “w||- We know that there exists y G X 
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such that ||a;o — y|| < /4 + e||a;o||. Prom that we obtain ||y|| < (1 + £)||xo|| +/i- 
On the other hand, we have dist(j/, M) < 6{N, M) ■ ||y|| and hence 

(l-£)||xjf|| < dist(a;o,M) < l|a;o -y|| +dist(j/,M) 

< fj, + e\\xo\\+6{N,M)-\\y\\ 

< ^ + £||xo|| +<5(A^,M)[(1 + £)||xo|| + y\. 



From this we obtain that 



M > 



1 - £ - 6{N, M) 
1 + 6{N, M) 



l|a:o 



Since £ > 0 is arbitrary, this implies the inequality (9). 



Lemma 1.35. Suppose that T e L{X), X a Banach space, is semi- 
regular. Then 

(10) 7 (A/-T) > 7 (T) -3|A| for every XeC. 

Proof Obviously, for every T G L{X) and |A| > j{T) we have 
7(A/-T) >0>7(T)-3|A|, 

so we need to prove the inequality (10) only in the case that A < j{T). 

Suppose that T is semi-regular and hence, by Theorem 1.24, C{T) = 
T“(X). If C(T) = {0} then ker T C T“(X) = {0}, so that T is injective, 
and since T{X) is closed it follows that T is bounded below. Prom an 
inspection of the proof of Lemma 1.30 we then conclude that 

7(A/-T) >7(T)-|A| >7(T)-3|A| 

for every |A| < j{T). 

Also the case C{T) = X is trivial. Indeed in such a case T is surjective 
and hence T* is bounded below, and consequently 

7(A/ -T)= 7(A/* - T*) > 7(T*) - 3|A| = j{T) - 3|A|. 

It remains to prove the inequality (10) in the case that C(T) yf {0} and 
C(T) 7 ^ X. Assume that |A| < y(T) and let x G C(T) = T{C{T)). Then 
there exists u G C{T) such that x = Tu and therefore 

dist(u,ker T) < ( 7 (T))“^||Tw|| = ( 7 (r))“^||x||. 

Let £ > 0 be arbitrary and choose w G ker T such that 

\\u — tc|| < [(1 — £) 7 (T)]“^||x||. 

Let ui := u — w and y := {1 — e)"f{T). Clearly, u\ G C{T), Tu\ = x and 
I ■Will < /x“^||x||. Since u\ G C{T), by repeating the same procedure we 
obtain a sequence {un)nez+j where uq := x, such that 

Un G C{T), TUn+l = Un and llUnll < /x“"||x||. 
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Let D := {A e C : |A| < and let us consider the function / : 

OO 

/(A) :=^A"u„. 



X 



n=0 



Clearly /(O) = x and /(A) e ker (A/ — T) for all |A| < /i. Moreover, 



n=l ^ 



Prom this we obtain 



dist(x,ker {XI — T)) < 



|A| 



|A| 



which yields 

6{ker T,ker (A/-T)) < 



M-|A| (l-e)7(T)- 

for every |A| < /r. Since e is arbitrary then we conclude that 



(11) (i(ker T,ker (A/-T)) < 



7(T) - |A| 



for every|A| < 7 (T). 



If we let 6 := 5(ker T, ker {XI — T)), by Lemma 1.34 to the element u 
and e > 0 there corresponds v G X such that z := u — v G ker {XI — T) and 

dist(u, ker T) > | ^ ^ (1 — e)||ul|. 

Prom this it follows that 

||(A/-T)u|| - ||(A/-T)u|| > ||Tu|| - |A|||u|| 

> 7(T) • dist(u, ker T) — |A| ||u|| 

- -e)ll^'ll - |A|||u||. 

By using the inequality (11) we then obtain 
||(A/-T)u|| > [(l-e)(y(r)-2|A|)-|A|]||ul| 

> [(l-£)(7(r)-2|A|)-|A|]||u-z|| 

> [(1 - £){i{T) - 2|A|) - |A|] • dist(u,ker(A/ - T)). 

Prom the last inequality it easily follows that 

7(A/-T) >(l-e)(7(T)-2|A|)-|A|, 

and since £ is arbitrary we conclude that 'y{XI — T) > j{T) — 3|A|. ■ 

In the following result we show that the subspaces C{XI—T) are constant 
as A ranges through a component of pse{T). Note that C{XI — T) = 
K{XI -T) = {XI - T)“(X) for all A e Ps^T). 
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Theorem 1.36. Let T e L{X), X a Banach space, and consider a 
connected component Ll of pse{T). If Xq G Ll then C{XI — T) = C{XoI — 
T) for every A e 12. 

Proof Observe first that by the first part of the proof of Theorem 1.31 we 
have C(T) C C{51 — T) for every |<i| < 7 (T). Now, take |(5| < \'y{T) and 
define S := 61 — T. By Lemma 1.35 we obtain 

7(5)=7(<J/-T)>7(T)-3|<5|>|<i| 
and hence, again by the observation above, 

C{61 -T) = C(S) C C(6I -S) = C(T). 

Prom this it follows that C(6I — T) = C(T) for 6 sufficiently small. 

Consider now two arbitrary points A, /r G O. Then A/ — T = (A — p-)I — 
(T — pi) and the previous argument shows that if we choice A, p sufficiently 
close to each other then 

C{XI -T) = C((X - p)I - (T - pi)) = C{pl - T). 

Finally, the next standard compactness argument shows that C{\I — T) = 
C{pl — T) for all X,peLl. 

Join a fixed point Aq G with an arbitrary point Ai G by a polygonal 
line P c LI and associate with each p G P a disc in which C{pl — T) is 
constant. By the classical Heine-Borel theorem already finitely many of 
these discs cover P, so C{XoI — T) — C{XiI — T). Hence the subspaces 
C{\I — T) are constant on LI. ■ 

Lemma 1.37. Let X be a Banach space and suppose that T G L[X) 
has a closed range. Let Y be a (not necessarily closed) subspace of X. If 
Y + ker (T) is closed then T(Y) is closed. 

Proof Let us denote by x the equivalence class x + ker T in the quotient 
space X/ker T and by T : X/ker T ^ X the canonical injection defined by 
T{x) := Tx, where x & x. Since T{X) is closed T has a bounded inverse 
T~^ : T(X) ^ X/ker T. Let Y := {y : y e Y}. Clearly T{Y) = T{Y) is the 
inverse image of Y under the continuous map T , so T(Y) is closed if Y is 
closed . 

It remains to show that Y is closed if T + ker T is closed. Suppose 
that the sequence (x„) of Y converges to x G X/ker T. This implies that 
there exists a sequence (x„) with G such that dist (a;„ — x,ker (T)), 
the distance of a;„ — x to ker T, converges to zero, and so there exists a 
sequence (z„) C ker T such that Xn — x — Zn 0. Then the sequence 
{xn — Zn) C T + ker T converges to x and since by assumption Y + ker T is 
closed, we have x G X + ker T. This implies x G X; thus X is closed . ■ 

The next result shows that the semi-regularity of an operator may be 
characterized in terms of the continuity of certain maps. 
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Theorem 1.38. For a bounded operator T on a Banaeh spaee X and 
Ao G C, the following statements are equivalent: 

(i) XqI — T is semi-regular; 

(ii) 7 (Aq/ — T) > 0 and the mapping A ^ j{XI — T) is eontinuous at the 
point Ao; 

(iii) 7 (Aq/ — T) > 0 and the mapping X ker {XI — T) is eontinuous at 
Ao in the gap metrie; 

(iv) The range {XI — T){X) is elosed in a neighborhood of Aq and the 
mapping X {XI — T){X) is eontinuous at Aq in the gap metrie. 

Proof There is no loss of generality if we assume that Ao = 0. 

(i) ^ (ii) By assumption T is semi-regular and hence has closed range, 
so that j{T) > 0. Moreover, for every |A| < 7 (T), the operator XI — T is 
semi-regular, by Theorem 1.31. Consider |A| < ^{T) and |^| < j{T). Then 
by Lemma 1.35 we have 

|7(A/-T)-7(m/-T)| <3|A-/i|, 

and this obviously implies the continuity of the mapping A ^ 7 (A/ — T) at 
the point 0. 

(ii) => (iii) The continuity of the mapping A ^ 7 (A/ — T) at 0 ensures 
that there exists a neighborhood U of 0 such that 

7 (A/ - T) > for all XeU. 

Prom Lemma 1.33 we infer that 

<5(ker {p,! — T), ker {XI — T)) < — — — |A — p\ for all X, p 

7(J ) 

and in particular that 

<5(kerT,ker {XI — T)) < — — |A| for all X & U. 

7(J ) 

From this estimate we conclude that ker {XI— T)) converges in the gap metric 
to kerT, as A ^ 0. Hence the mapping A ^ ker {XI — T) is continuous at 0. 

(iii) ^ (i) It is clear that ker {XI — T) C T"(X) for every n. For every 
X G ker T, n G N, and A yf 0 we then have 

dist (x,T”(X)) < dist(a;,ker (A/ — T)) < <5(ker T, ker (A/ — T)) • ||x||. 
From this estimate we deduce that 

dist {x,T^{X)) < ?(kerT,ker(A/-T)) • j|a;||. 

The continuity at 0 of the mapping A — > ker {XI — T) then implies that 
X G T”(X) for every n. Hence kerT C T"(X) for every n = 1, • • • . 

To establish the semi-regularity of T it suffices to prove that T"(X) is 
closed for n G N. We proceed by induction. 

The case n = 1 is obvious, from the assumption. Assume that T"(X) is 
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closed. Then ker T C T"(X) = T"(X) and hence kerT + T”(X) = T”(X) 
is closed. By Lemma 1.37 we then conclude that T(T"(X)) = T"+^(X) is 
closed. Hence (i), (ii) and (hi) are equivalent. 

(i) ^ (iv) If T is semi-regular and Ii)(0,7(r)) is the open disc centered 
at 0 with radius 7 (T) then (XI — T) is semi-regular for all A G D(0,7(T)), 
by Theorem 1.31. In particular, (XI — T)(X) is closed and this implies that 
ker (A/ - T*)-^ = (XI - T)(X) for all A G D(0,7(T)). 

Now, T* is semi-regular by Theorem 1.19, and, by the first part of the 
proof, this is equivalent to the continuity at 0 of the mapping 

A ^ker(A/-T*) = (XI-T)(X)^. 

But from Remark 1.32 we know that 

5(T(X)^, (XI - T)(X)^) = 6(T(X), (XI - T)(X)), 

and consequently the mapping A ^ (XI — T)(X) is continuous at 0. 

(iv) ^ (hi) Let U a neighborhood of 0 such that (XI — T)(X) is closed 
for every X G U. Then j(T) > 0. Again, from Remark 1.32 we infer that 

?(kerT*,ker(A/-T*)) = ?(^ker T*,-^ ker (A/ - T*)) 

= d(T(X),(XI-T)(X)), 

and hence the mapping A ^ j(XI — T*) = j(XI — T) is continuous at 0. ■ 



Theorem 1.39. Suppose that XqI — T g L(X), X a Banach space, is 
semi-regular and the component of pse(T) containing Aq. If (Xn)nei.+ *■5 « 
sequence of distinct points of H which converges to Aq, then 

OO OO 

(12) K(T) = f| (Xnl - T)(X) = f| (Xnl - T)(X). 

n=0 n=l 



Proof We show first the second equality in (12). Trivially, the inclusion 
o(An/ - T)(x) C i(An/ - T)(x) hold for every T G L(X). 

To show the opposite inclusion, suppose that x G P|^^(A„/ — T)(X). 
Then 

dist (x, (Xol - T)(X)) < 6((XnI - T)(X), (Xol - T)(X)) ■ ||x|| 



for every n G N. Because A„ — *• Aq, from Theorem 1.38 it follows that 
X G (Aq/ — T)(X) = (Aq/ — T)(X). Therefore the equality 



(13) f|(A„/-T)(X)= f|(A„/ 

n=0 n=l 



is proved. 

By Theorem 1.36 we now have 



T)(X) 



K(XoI -T) = K(XnI - T) C (Xnl -T)(X), n G N. 



Hence 
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oo 

K{XoI-T) C f|(A„/-T)(X). 

n—1 

Conversely, assume that x e — T)(X). From the equality (13) 

we know that x G (Aq/ — T){X) so that there exists an element u G X 
such that X = (Aq/ — T)u. Write x = {Xnl ~ T)u + (Aq — A„)u, where 
n G N. Since x G (A„/ — T){X) for every n G N then (Aq — A„)u belongs to 
~ T){X). Now, by assumption, A„ yf Aq for every n G N, so that 
u G — T){X). This shows that 

OO 

X = (Ao/ - T)u G (Ao/ -T)(f] {Xnl - T){X)), 

n—1 

and therefore the inclusion 

OO OO 

f| {Xnl - T){X) C (Ao/ - T)( f| {Xnl - T){X)). 

n=l n=l 

is proved. The opposite inclusion is clearly satisfied. By Theorem 1.22 we 
then conclude that 

OO 

f|(A„/-T)(X) CiF(Ao/-T); 

n—1 

which concludes the proof. ■ 



5. The generalized Kato decomposition 

In this section we introduce an important property of decomposition for 
bounded operators which involves the concept of semi-regularity. 

Definition 1.40. An operator T G L{X), X a Banach space, is said 
to admit a generalized Kato decomposition, abbreviated as GKD, if there 
exists a pair of T -invariant closed subspaces {M, N) such that X = M ® N , 
the restriction T\M is semi-regular and T\N is quasi-nilpotent. 

Clearly, every semi-regular operator has a GKD M = X and N — {0} 
and a quasi-nilpotent operator has a GKD M = {0} and N = X. 

A relevant case is obtained if we assume in the definition above that 
T\N is nilpotent, there exists / G N for which {T\N)‘^ = 0. In this case T is 
said to be of Kato type of operator of order d. 

An operator is said to be essentially semi-regular if it admits a GKD (M, N) 
such that N is finite-dimensional. Note that if T is essentially semi-regular 
then T\N is nilpotent, since every quasi-nilpotent operator on a finite di- 
mensional space is nilpotent. 

Hence we have the following implications: 

T semi-regular => T essentially semi-regular => T of Kato type 
^ T admits a GKD. 
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Some of the properties already observed for semi-regular operators may 
be extended to operators which admit a GKD. 

Theorem 1.41. Suppose that (M,N) is a GKD for T e L{X). Then 
we have: 

(i) K{T) = K{T\M) and K{T) is elosed; 

(ii) her T|M = her T n M = K{T) n ker T. 

Proof (i) To prove the equality K{T) = K(T\M), we need only to show 
that K{T) C M. Let x e K{T) and, according the definition of K{T), let 
(un), n e Z+, be a sequence of X and <5 > 0 such that 

X = uo, Tun+i = Un, and ||u„|| < ^"||a;|| for all n e N. 

Clearly T'^Un = x for all n G N. Prom the decomposition X = M ® N 
we know that x = y + z, Un = yn + Zn, with y,yn & M and 2 , G N. Then 
X = T'^Un = T^yn + T'^Zn, hencc, by the uniqueness of the decomposition, 
y = T^yn and 2 = for all n. Let P denote the projection of X onto N 
along M. Prom the estimate 

we infer that also (T|iV)P is quasi-nilpotent, since, by assumption, T|iV is 
quasi- nilpotent. Therefore, if £ > 0, there is a positive integer no such that 
||( 2 .jj)n||i/n ^ ||((r|fV)P)"||V" < £ for all n > no- Now we have 

(14) ||z|| = ||T”z„|| = ||T”Pn„|| = ||(TP)"n„|| < e^6^\\x\\, 

for all n > no- Since £ is arbitrary the last term of (14) converges at 0, so 
z = 0 and this implies that x = y G M . 

The last assertion is a consequence of Theorem 1.24, since the restriction 
T\M is semi- regular. 

(ii) This equality is a consequence of (i). Indeed, K{T) C M and, since 
T\M is semi- regular, from Theorem 1.10 and part (i) we infer that 

ker(T|M) C (T|M)“(M) = K{T\M) = K{T). 

Prom this we conclude that 

K{T) n ker T = K{T) n M n ker T = K{T) n ker (T|M) = ker (T|M), 

so part (ii) also is proved. ■ 

The property that the hyper-range and the analytical core coincide for 
every semi-regular operator may be extended to the more general situation 
of operators of Kato type. 

Theorem 1.42. Let T G L{X), X a Banach space, and assume that T 
is of Kato type of order d with a GKD {M, N). Then: 

(i) K{T) = T“(X); 

(ii) ker (T|M) = kerTnT°°(X) = kerrnT"(X) for every naturaln > d; 
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(iii) We have T{X) + kerT" = T{M) © N for every natural n > d. 
Moreover, T(X) + ker T" is closed in X. 

Proof (i) We have (T\NY = 0. For n> d we have 

(15) T”(X) =T”(M)©T”(7V) = T”(M) 

and consequently T°°{X) = (T|M)°°(M). By Theorem 1.24 the semi- 
regularity of T\M gives (T|M)°°(M) = K{T\M) and the last set, by Theo- 
rem 1.41, coincides with K{T). 

(ii) Let n > d. Clearly, T”(X) = T'^{M). Prom the equalities (15) and 
part (ii) of Theorem 1.41 we obtain 

ker (T|M) = kerT niL(T) C ker T n T”(X) = kerT n T”(M) 

C ker T n M = ker (T|M). 

Hence for all n> d, ker (T|M) = kerT n T”(X). 

(iii) It is obvious that if n > d then N C kerT", so T{M) ® N C 
T{X) + kerT". Conversely, if n > d then 

ker T" = ker (T|M)" © ker (T|Af)" = ker (T|M)" © N 

and from the semi-regularity of T\M it follows that kerT" C T{M) © N . 

Since T{X) = T{M)®T{N) C T{M)®N we then conclude that T(X) + 
kerT" C T(M) © N. Hence T{X) + kerT" = T(M) © N. 

To complete the proof we show that T(M) ® N is closed. Let M x N 
be provided with the canonical norm 

j|(x,y)|| := ||x|| + ||y|| {x e M,y e N), 

Clearly, M x N with respect to this norm is complete. Let ^ : M x N ^ 
M ® N = X denote the topological isomorphism defined by 

'^{x,y) ■.= X + y for every x G M,y G N. 

We have 4'(T(M), iV) = T{M) © N and hence, since (T{M),N) is closed in 
M X N, the subspace T{M) © TV is closed in X. ■ 

Note that the equality K{T) = T°°(X) need not be verified if we assume 
only that T admits a GKD. In fact, as we will see later, for every quasi- 
nilpotent operator we have K{T) = {0}, whilst there are examples of quasi- 
nilpotent operators for which T°°(X) 7 ^ {0}, see Example 2.80. 

Theorem 1.43. Assume that T e L{X), X a Banach space, admits a 
GKD (M,N). Then is a GKD for T*. Furthermore, if T is of 

Kato type then T* is of Kato type . 

Proof Suppose that T has a GKD (M,N). Clearly both subspaces iV-*- 
and M"*- are invariant under T*. Let Pm denote the projection of X onto M 
along N. Trivially, Pm* is idempotent and from the equalities M = Pm{X), 
N = ker Pm we obtain that 

Pm* {X*) = {ker Pm)'^ = and ker Pm* = [Pm{X)]-^ = M-^ . 
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Hence 

X* = Pm*{X*) © ker Pm* = N-^®M-^. 

Now, if Ppf := I — Pm then TPjv = PnT is quasi-nilpotent and therefore 
also T*Pj^* = Pj^*T* is quasi-nilpotent, from which we conclude that the 
restriction is quasi-nilpotent. 

To end the proof of the first assertion we need only to show that T*|X-’- 
is semi-regular, that is T*{N-^) is closed and ker (T*|fV-*-)" C T*(iV-*-) for 
all positive integer n G N. 

From assumption T{M) = TPm{X) is closed, and therefore, by Theorem 
1.13, (Pm*T*){X*) is closed. Prom the equality T*Pm* = Pm*T* it then 
follows that 

{TPm)*{X*) = {T*Pm*){X*) = T*{N^) 
is closed. Furthermore, for all n G N we have 

ker = ker (T*)” n iV-^ = T”(X)-^ n iV-^ = [T”(X) + N]^ . 

Prom the equalities 

ker (TPm) = ker T|M + N C T^{M) + N C T”(X) + N , 
we then conclude that 

ker (T*|X-^)” = [T”(X) + N]^ C [ker = T*Pm*{X*) = T*{N^) 

for all n G N, thus is semi-regular. This shows that if T has a GKD 

(M,N) then T* has the GKD (iV-*-, Af-*-). Evidently, if additionally T\N is 
nilpotent then is nilpotent, so that T* is of Kato type. ■ 

Theorem 1.44. Suppose that T G L{X), X a Banach space, is of Kato 
type. Then there exists an open disc II)(0,£) for which XI — T is semi-regular 
for all A G D(0,£) \ {0}. 

Proof Let (M, N) be a GKD for T such that TjiV is nilpotent. 

First we show that (A/ — T){X) is closed for all 0 < |A| < 7 (T|M), 
where 7 (T|M) denotes the minimal modulus of T|M. Prom the nilpotency 
of T\N we know that the restriction XI — T\N is bijective for every A yf 0, 
thus N = (A/ — T){N) for every A yf 0, and therefore 

{XI - T){X) = {XI - T){M) © {XI - T){N) = {XI - T){M) © N 

for every A yf 0. By assumption T|M is semi-regular, so by Theorem 1.31 
{XI — T)|M is semi-regular for every |A| < 7 (T|M), and hence for these 
values of A {XI — T){M) is a closed subspace of M. 

We show now that {XI — T){X) is closed for every 0 < |A| < 7 (T|M). 
Gonsider the Banach space M x N provided with the canonical norm 

||(a;,y)|| := ||a;|| + ||y||, x e M, y e N, 

and let'k:MxiV^M©fV = X denote the topological isomorphism 
defined by 4'(x,y) x y for every x G M and y G N. Then for every 
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0 < |A| < 7 (T|M) the set 

^[{XI - T){M) xN] = {XI - T)(M) © iV = {XI - T){X) 

is closed since the product {XI — T){M) x iV is closed in M x iV. 

We show now that there exists an open disc D(0,e) such that 

Af°^{XI-T) C (A/-T)“(X) for all A e D(0,e) \{0}. 

Since T is of Kato type, the hyper-range is closed and coincides with K{T), 
by Theorem 1.41 and Theorem 1.42. Consequently T{T°^{X)) = T°°(X). 
Let To := T|T°°(X). The operator Tq is onto and hence, by part (ii) of 
Lemma 1.30, also XI — Tq is onto for all |A| < 7 (Tq). Therefore {XI — 
T)(r°°(X)) = T°°(X) for |A| < 7 (To), and hence, since by Theorem 1.22 
the hyper-range T°°{X) is closed, we infer that 

T“(X) C K{XI - T) C {XI - T)“(X) for all |A| < 7 (To). 

Prom Theorem 1.3, part (ii) we then conclude that 

(16) A/'“(A/-T) CT“(X) C (A/-T)“(X) for all 0 < |A| < 7 (Tq). 

The inclusions (16), together with {XI — T){X) being closed for all 0 < |A| < 
7 (T|M), then imply the semi-regularity of XI — T for all 0 < |A| < e, where 
e := min { 7 (To), 7 (T|M)}. ■ 

For every bounded operator T e L{X), X a Banach space, let us denote 
by 

(Tk(T) := {A e C : A/ — T s not of Kato type} 
the Kato type of spectrum, and by 

(Tes(T) :={AeC:A/ — Tis not essentially semi-regular} 

the essentially semi-regular spectrum. The spectrum aes(T) is an essential 
version of the semi-regular spectrum ase(T) and, as we shall see, is very 
closely related to the semi-Fredholm spectra which will be studied later. 
Evidently 

O'k(T) C CTes(T) C (Tse(T). 

As a straightforward consequence of Theorem 1.44 we easily obtain that 
these spectra differ of at most countably many points. 

Corollary 1.45. // T € L{X), X a Banach space, then crk(T) and 
CTes(T) are compact subsets of C. Moreover, the sets crse{T) \ crk(7") o,nd 
CTes(T) \ (Tk(7") consist of at most countably many isolated points. 

Proof Clearly pk{T) := C \ Uk(T) and Pse(T) := C \ CTse(T) are open, 
by Theorem 1.44, so Pk{T) and ase(T) are compact. Furthermore, if Aq G 
crse(T)\a'k(T') then XI— T is semi-regular as A belongs to a suitable punctured 
disc centered at Aq. Hence Xo is an isolated point of (Tse(T). Prom this it 
follows that cTse(T) \ o-k(7") consists of at most countably many isolated 
points. ■ 
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If Ml and M2 are subspaces of X then we shall say that M\ is essen- 
tially contained in M2, shortly M\ Ce M2 if there exists a finite-dimensional 
subspace F of X for which M\ C M2 -\- F. Obviously 

Ml Ce M2 dim Ml/ (Ml fl M2) < 00. 

Lemma 1.46. Let T e L{X), X a Banach space, he an operator with 
closed range. Suppose that for every n e N there is a finite- dimensional 
subspace Fn C kerT such that kerT C T"(X) -|- F„. Then F"(X) is closed 
for all n e N. 

Proof We proceed by induction on n. For n = 1 the statement is true, by 
assumption. Suppose that T"(X) =T"(X). To show that is closed 

let y G T"+i(X) be arbitrarily given. Then there is a sequence (xj) C X 
such that ^ y as j — > 00. Prom the inclusion T"+^(X) C F"(X) 

we infer that y G F"(X) = T"(X), so we can find some x G X for which 
y = T'^x. Thus TfiT'^Xj — ^ 0 as j ^ 00. 

Consider the canonical injection T : X := X/ker T ^ X induced by T. 
The operator T is bounded below because it is injective and has range equal 
to T{X). Furthermore, T{T'^Xj — -|- kerT) ^ 0 as j ^ 0 , so that 

in the quotient space X the sequence (■u„)„gN, whose terms are defined by 
Un '■= T'^Xj — T"“^a; -|- kerT, converges to 0 as j > 0 . Hence there exists a 
sequence G ker T such that T"xj -|- zj T”“^x as j ^ 00 . Since 

Zj G ker T C T'^i^X) Fn and T”(X) -|- F„ is closed it follows that 

T"“^a; = T”u -|- / for some w G X and / G F„ C ker T. 
Therefore y = T^x = G T”+i(X), so T”+i(X) is closed. ■ 

Lemma 1.47. Let T G L{X), X a Banach space. Suppose that either 
of the two following conditions hold: 

(i) W“(T) Ce T“(X); 

(ii) W“(T) Ce T(X). 

Then for every n, m G N we have kerT” Ce T™(X). 

Proof Suppose that the inclusion (i) holds, namely, there is a finite- 
dimensional space F for which A/"°°(T) C T°°(X) -|- F. Since kerT" C 
X"°°(T) and T™(X) C T°°(X), for all n,m G N, we easily obtain that 
kerT" C T™(X) -|- F, for every n, m G N. 

Assume that the inclusion (ii) is fulfilled. Here we proceed by induction 
on m. The statement is immediate for m = 1 . Suppose that the inclusions 
kerT" C T^(X) -|- Fnj hold for every n and every j < m — 1 , where F„j is 
finite-dimensional and F„j C kerT" . Then 

kerT"+i CT™-i(X)+F„+i.„_i 

and hence 

T(kerT"+i) C T™(X) + T(F„+i,„_i). 




30 



1. THE KATO DECOMPOSITION PROPERTY 



Moreover, T(ker T"+^) = ker T" n T[X) and ker T" C T{X) + where 
Fn,i C ker T". Consequently 

ker T” C [T{X) n ker T”] + F„,i = T(ker T”+i) + 

C T"*(X) + T(F„+i,^_i) + = T"^(X) + Fn,m, 

where Fn^m Q T{Fn+i,m) + -Fn,i C ker T" is finite-dimensional. Hence the 
assertion is true also for n, thus the proof is complete. ■ 

The following result shows that T is essentially semi-regular when T{X) 
is closed and the inclusions of Theorem 1.5 and Corollary 1.6 hold in the 
essential sense. 

Theorem 1.48. Let T he a bounded operator on a Banach space X. 
Then the following conditions are equivalent: 

(i) T is essentially semi-regular; 

(ii) J\T°^{T) Ce T“(X) and T{X) is closed; 

(iii) A/'“(T) Ce T{X) and T{X) is closed; 

(iv) kerT Ce T°^{X) and T{X) is closed. 

Proof (i) => (ii) Note first that if T is essentially semi-regular then T{X) is 
closed. Indeed, if {M, N) is a GKD for T for which N is finite-dimensional 
then T{X) = T{M)®T{N). But T{M) is closed, since T|M is semi-regular, 
and T(N) is finite-dimensional, so the sum T(X) is closed. 

Now, as already observed in the proof of part (i) of Theorem 1.42, 
we have T°°(X) = (T|M)°°(M). The semi-regularity of T\M yields that 
ker (T|M)" C (T|M)°°(M) = T°°{X) for every n e N. By assumption there 
is d G N such that (T|iV)‘^ = 0 and hence for every natural n> d we obtain 

kerT” = ker (T|M)” © iV C T“(X) © N. 

This shows that A/"°°(T) Ce T°°(X), because N is finite-dimensional. 

The implications (ii) => (iii) and (ii) => (iv) are clear, since T°°[X) C 
T{X) and kerT C 

(iii) (i) By Lemma 1.47, for all n, m. G N there exist some finite- 
dimensional subspaces F^^m Q ker T” such that kerT" C T™(X) + Fn^m 
and hence kerT" Ce T™{X). Note that by Lemma 1.46 T"(X) is closed for 
every n G N. 

To show that T is essentially semi-regular, observe first that if kerT" C 
T°°(X) for all n G N then T is semi-regular since T{X) is closed, and hence 
essentially semi-regular. Therefore to prove the assertion (i) we may only to 
consider the case that kerT" is not contained in T°°[X) for some n. Let n 
be exactly the smallest natural with this property. Let Ti denote a subspace 
of X such that 

ker T = Yi® [ker T n T"(X)] . 

If k is the dimension of Yf then A: > 1. Since Yi C kerT C T"“^(X) we can 
find a subspace Yn having dimension k and such that T"“^( 17 t) = Yt. 
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Let Yj := T" ^(Yn) for every j = 1,2, ■ ■ ■ ,n. Clearly, for all j we have 

Yj C and Yj n = {0}. 

Prom this it follows that the subspaces Yi,Y 2 ,--- ,Yn and T”(X) are lin- 
early independent in the following sense: \1 x + y\ + ■ ■ ■ + yn = 0, yj e Yj, 
1 < j < R and X e T"(X) then x = yi = • • • = j/„ = 0. 

Consider a basis {ei,--- ,6^} in Y\. Since ei,--- ,Ck are linearly in- 
dependent modulo T"(X) + Y 2 Yn, we can find linear functionals 

/i, • • • , /fc e [T”(X) +Y 2 -\ Yn]-^ for which fi{ej) = dji, 1 < j,i < k. Set 

n—1 k n 

•= V U •= U 

j=o i=i i=i 

Clearly N\ is T-invariant, finite-dimensional and (T|iVi)" = 0. Furthermore, 
if X G Ml is arbitrarily given then 

(r*7,)(Tx) = (T**+Vi)7) = 0 for 0 < i < n - 2 . 

and (T*^-^fj){Tx) = fj{T^x) = 0, thus T(Mi) C Mi. 

Now choose Z\,Z 2 , ■ ■ ■ ,Zk&Yn such that Xj = T^~^Zj, where 1 < j < k. 
Then the set 

{T^Zj ■ 0 < i < n — 1,1 < j < k} 

forms a basis of fVi. Moreover, these elements together with the elements 
{T*"fj ■■0<i<n-l,l<j <k} 

form a bi-orthogonal system. Prom this it easily follows that X = M\ © fVi . 
Set Ti := T|Mi and T 2 := TlNi. Of course we have her T = kerPi ©Ni and 
T“(X) = Ti“(X). 

Ffom the inclusion A/"°°(T) Ce T{X) we know that 

A/'“(T) 

thus 

,. A/'“(T2) _ AA“(Ti) 

™ a/-oo( 7^2) n T 2 {x) ™ aA“(Ti) n Ti“(x) 

= r - dim =r-k<r , 

and we can repeat the same construction for T 2 . After a finite number of 
steps we obtain the required a GKD (M,N), with N finite-dimensional and 
T nilpotent, so T is essentially semi-regular. 

(iv) (i) Again, by Lemma 1.47 there exist, for every n,m G N, finite- 
dimensional subspaces Fn,m C ker T” such that kerT" C T™(A) + Fn,m, 
hence kerT" Ce T'”(A). Repeating the same construction as above we find 
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two closed T-invariant subspaces Mi,Ni such that X = M\ © Ni and such 
T 2 := T\Ni nilpotent. Set, as above, T\ := T\M\. By assumption 



dim 



her T 



< 00 



and hence 



dim 



her TnT“(X) 

her T 2 . . her T 



her T 2 nT 2 {X) 



= dim- 



< dim 



her TnT“(X) 
her T 



- k 



< 00 . 



her Tnr°°(x) 

As above, after a finite number of steps we obtain the desired decomposition, 
thus T is essentially semi-regular. ■ 



Corollary 1.49. IfTG L{X), X a Banach space, then T is essentially 
semi-regular if and only if T* is essentially semi-regular. 

Proof If T is essentially semi-regular and (M, N) is a GKD for which T\N 
is nilpotent and N is finite-dimensional then, see Theorem 1.43, is 

nilpotent and dim M-*- = codim M = dim N < (X), so T* is essentially 
semi-regular. 

Conversely, if T* is essentially semi-regular then T*{X*) and T*”(X*) 
are closed for every n G N and therefore also T{X) and T"(X) are closed, 
by part (ii) of Theorem 1.13. Moreover, T** is essentially semi-regular, by 
the first part of the proof, so kerT** Ce (T**)°°(X**). Prom the equalities 
kerT = kerT** fl X and T"(A) = (T**)"(X**) n X we then conclude that 
T“(X) = (T**)“(X**) n X and hence kerT Ce T“(X). 



Theorem 1.50. Suppose thatT and S are commuting bounded operators 
on the Banach space X for whieh TS is essentially semi-regular. Then both 
T and S are essentially semi-regular. 

Proof We show that T is essentially semi-regular. Clearly 

kerT C ker TS* Ce (T5')“(X) C T“(X). 

It remains only to prove that T(X) is closed. By assumption we know 
that there exists a finite-dimensional subspace F such that ker TS” C (T5')(X) + 
F. By Corollary 1.15 it suffices to prove that T(X) +T is closed. Let (a;„), 
{Vn) be two sequences of X for which Tx„ + j/„ ^ x as n ^ 00 . Then 
STxn + Spn Sx. Clearly (T5')(X) +6'(T) is closed, since ST is essentially 
semi-regular and S{F) is finite-dimensional, so that Sx G {TS){X) + S{F). 
Hence Sx = TSz -\- Sy for some 2; G X and y & F, and consequently 

Tz + y - X ekev S CkerTS C (T5')(X) + T C T(X) + F. 

Hence x G T(X) + F and therefore T(X) + T is closed. ■ 
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Corollary 1.51. IfTG L{X), X a Banach space, and n e N then T is 
essentially semi-regular if and only ifT^ is essentially semi-regular. 

Proof Suppose that T is essentially semi-regular. If (M, N) is a GKD for 
which T\N is nilpotent and N is finite-dimensional, then the same decompo- 
sition satisfies all required conditions for T". Conversely, if T” is essentially 
semi-regular , from Theorem 1.50 we easily conclude that T is essentially 
semi-regular. ■ 



6. Semi-Fredholm operators 

We now introduce some important classes of operators in Fredholm the- 
ory. Let X and Y are Banach spaces. In the sequel, for every bounded 
operator T e L{X,Y), we shall denote by a{T) the nullity of T, defined 
as a{T) := dim her T, whilst the defieieney (3{T) of T is defined (3{T) := 
codim T{X). 

Definition 1.52. Given two Banach spaces X and Y, the set of all 
upper semi-Fredholm operators is defined by 

^+{X, Y) := {T e L{X, Y) : a(T) < oo and T{X) elosed}, 

whilst the set of all lower semi-Fredholm operators is defined by 

<P-{X,Y) := {T e L{X,Y) : /3(T) < oo}. 

The set of all semi-Fredholm operators is defined by 

$±{X, Y) ~ <P+{X, Y) U ^-{X, Y). 

The elass d>(X, F) of all Fredholm operators is defined by 

$(X,F) =<P+{X,Y)n<P-{X,Y). 

We shall set 

T-+{X) :=<P+{X,X) and <?_(X) := <?_(X, X), 

whist 

$(X) := $(X,X) and <P±{X) := T>±{X, X). 

Note that T G L(X, Y) if and only if a{T) and (3{T) are both finite. 

The following theorem establishes an important characterization of Fred- 
holm operators. 

Theorem 1.53. (Atkinson characterization of Fredholm operators) If 
T G L{X, Y) then T G d’(X, Y) if and only there exist U\,U 2 G LiY, X) and 
finite- dimensional operators Ki G F{X), K 2 G F{Y) such that 

UiT = Ix-Ki and TU 2 = ly ~ K 2 . 

In particular, T G d*(X) if and only if T is invertible in L{X) modulo the 
ideal of finite- dimensional operators F{X). ■ 
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For a proof of this classical result we refer to Proposition 25.2 and Propo- 
sition 51.6 of Heuser [159] in the case X = Y ,ov to Theorem 2.1 of Schechter 
[287] for the more general case. It should be noted that in the characteriza- 
tion above the ideal F{X) may be replaced by the ideal K{X) of all compact 
operators, see also Chapter 5. 

The index of a semi- Fredholm operator T e F±[X, Y) is defined by 
ind T := a{T)~ (5{T). 

Clearly, ind T is an integer or ±cx). 



Remark 1.54. We shall make frequent use of the following basic and well 
known properties of the classes of semi- Fredholm operators. 

(a) If T e <P±{X,Y) then T{X) is closed, see Corollary 1.15. 

(b) Upper and lower semi-Fredholm operators are dual each other, 

T e ‘R+{X,Y) e <P-{Y*,X*), 

and 

T e ‘R-{X,Y) T* e <^+{Y*,X*). 

Moreover, 

a{T) = (3{T*) and (5{T) = a{T*), 

see Caradus, Pfaffenberger and Yood [76, §1.3, p.8] or Schechter [287, Chap. 
V, Theorem 4.1]. 

(c) If T e <P+{X,Y) and S' e <i>+{Y,Z), then ST e F+{X,Z). Anal- 
ogously, if T e F-{X,Y) and S e <^>-{Y,Z) then ST e <P-{X,Z). In 
particular if T e <P+{X) (respectively, T e <P-{X) then T" e <P+{X) for 
every n e N (respectively, T" e <P-{X)), see [76, Corollary 1.3.3] and [287, 
Chap. V, Theorem 6.6]. 

Again, if T e L{X,Y), S e L{Y,Z), and ST e ^X,Z) then T e 
^(X,Y) if and only if S e ^{Y,Z), see Theorem 13.1 of Lay and Taylor 
[217]. From this it follows that if T, S e L{X) and TS e d}{X), then either 
both T and S belong to <b(A) or neither of T, S belongs to d’(A). 
Analogously, if T e L(X,Y), S e L(Y,Z), and ST e <P^{X,Z) (respec- 
tively, ST e <P+ — (A, Z)) then T e d’+(A, Y) (respectively, S € d>_(V, A)). 
The sets <P^{X), ^_(A) and ^(A) are semi-groups in L{X). 

(d) Let T e ^+(A, Y). Then there exists e := e(T) > 0 such that 
S e L(A, Y) and |jS|j < e implies T -|- S e ^+(A, Y). Moreover, 

a{T + S) < a{T) and ind (T -|- S) = ind T. 

Analogously, if T e ^_(A, Y) then there exists e e{T) > 0 such that 
for every S € L(A, Y) with |1S|] < e we have T + S eF_{X, Y) and 

!3{T +S)< (3{T) and ind {T + S) = ind T. 
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The proof of this important result may be found in Caradus, Pfaffenberger, 
and Yood [76, p. 61], Heuser [160, p. 418]) or Schechter [287, Chap. V, 
Theorem 6.3 and Theorem 6.8]. From this it follows that Y) and 

<P-{X, Y) are open subsets of L[X, Y) and the index function 

ind : T e ^±(X) ^ ind T e Z U {±oo} 

is continuous and therefore constant on the connected components of the 
open set <P±{X,Y). Clearly <P^{X,Y), <P-{X,Y) and ^+(X, Y) are open 
subsets of L{X, Y). 

(e) If the perturbation S above is caused by a multiple of the identity we 
have the punctured neighbourhood theorem, see Kato [183, Theorem 5.31]: if 
T e <P^{X) then there exists e > 0 such that A/ + T e <P^{X) and a{XI + T) 
is constant on the punctured neighbourhood 0 < ]Aj < e. Moreover, 

(17) a{XI + T) < a{T) for all [A] < £ , 
and 

ind {XI + T) = indT for all [A] < £. 

Analogously, if T e <!>-{X) then there exists e > 0 such that A/ + T e 
<P-{X), (5{XI + T) is constant on the punctured neighbourhood 0 < [A] < e. 
Moreover, 

(18) P{XI + T) < (3{T) for all [A] < £, 
and 

ind {XI + T) = indT for all [A] < £. 

(f) If T e $+(Y, Y) (respectively, T e $_(X,Y)) and K e i(Y,Y) 
is a finite-dimensional or a compact operator, then T + K G <b-(-(A, Y) 
(respectively , T + K e ^-(A, Y)) see Heuser [160, Satz 82.5]. Moreover 
ind (T-|- AT) = ind (T) for every T e d’±(A, Y) and K e L{X, Y) compact. 

(g) If X is an infinite-dimensional complex Banach space then XI — 
T ^ 4>(X) for some A G C. This follows from the classical result that the 
spectrum of an arbitrary element of a complex infinite-dimensional Banach 
algebra is always non-empty. In fact, by the Atkinson characterization of 
Fredholm operators, XI — T ^ ‘I’(-^) if and only if T := T + K{X) is non- 
invertible in the Calkin algebra L{X) / K{X) . An analogous result hold for 
semi-Fredholm operators on infinite-dimensional Banach spaces: if X is an 
infinite-dimensional Banach space and T G L{X) then XI — T ^ <f>+(A) 
(respectively, XI — T ^ <f>_(A)) for some A G C. 

Definition 1.55. Let T G (I±{X), X a Banach space. Let e > Q as in 
(17) or (18). IfTe d>^{X) t/ie jump j{T) is defined by 

j{T) ■.= a{T)-a{XI + T), 0 < [A] < £, 

while, ifT& <P-{X), the jump j{T) is defined by 

j{T)~(3{T)-p{XI + T), 0<lA]<e. 
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Clearly j{T) > 0 and the continuity of the index ensures that both 
definitions of j{T) coincide whenever T G ^{X), so j{T) is unambiguously 
defined. An immediate consequence of part (b) and part (e) of Remark 1.54 
is that if T e <P±{X) then j{T) = j{T*). 

In the sequel we shall denote by T^c the restriction T|T°°(A) of T to 
the invariant subspace T°°[X) of a linear space X. Let x := x + T°°{X) be 
the coset corresponding to x in the quotient space X := X/T°°[X). If Y 
is a subset of A, we set R := {y : y G F}. Obviously Y coincides with the 
quotient jy + T“(A)]/T“(A). 

Let Too ■ X ^ X denote the quotient operator defined by 

Too X := Tx, X e X. 

It is easily seen that Too is well defined. In the next lemma we collect some 
elementary properties of Too- 

Lemma 1.56. Let T be a linear operator on a vector space X, and 
assume that a{T) < oo or f3{T) < oo. Then: 

(i) 

(ii) no'^ix) = {0}. 

Proof (i) From Theorem 1.10 we know that T(T°°(X)) = T°°(A). Let 
X G kerToo. Then Tx G T°°{X) = T{T°°{X)). Consider an element u G 
T°°(A) such that Tx = Tu. Clearly x — u G kerT, so x = u + v for some 
V G kerT, x G kerT + T°°{X) and hence x G kerT + T°°(A) = kerT. This 
shows the inclusion ker Too Q kerT. The opposite inclusion is obvious, so 
kerToo = kerT. Similarly ker (Too)” = kerT" for every n G N, and from 
this the equality (i) easily follows. 

(ii) It is easy to check that Too (X) = T"(A) for all n G N, and from 
we obtain that Too {X) = T°°(X) = {0}. ■ 

Note that if T G d>±{X) then T°°(A) is closed since T" G d>±{X) for 
every n G N, by part (c) of Remark 1.54. 

The following result reduces properties of semi-Fredholm operators to equiv- 
alent properties of Fredholm operators. 

Lemma 1.57. Let T G <P^{X), X a Banach space. Then: 

(i) Too is a Fredholm operator; 

(ii) Too is an upper semi-Fredholm operator. 

Proof (i) Since a{T) < oo, from Theorem 1.10 we have (3{Too) = 0, 
and from the inclusion kerToo C kerT we conclude that kerT is finite- 
dimensional, hence Too is a Fredholm operator. 
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(ii) Prom Lemma 1.56 we have kerToo = kerT and hence a{Toc) < oo. 
Moreover, it is easy to see that Toc{X) = T{X) is a closed subspace of X, 
thus Too G ^+{X). ■ 

The next result gives a characterization of the semi-Fredholm operators 
which are semi-regular. 

Theorem 1.58. Let T e ^±{X), X a Banach space. Then j{T) = 0 if 
and only if is semi-regular. 

Proof Since T{X) is closed it suffices to show the equivalence 
j(T) = 0 4^ A/'“(T) C T“(X) . 

Assume first T e d>^{X) and A/"°°(T) C T°°(X). Observe first that 

a{XI + T) = a{XI + Too) for all A G C. 

For A = 0 this is clear, since kerT C A/"°°(T) C T°°{X) implies that kerT = 
kerToo. For A 7 ^ 0 we have, by part (ii) of Theorem 1.3, 

kerTC A/'“(A/-f T) C T“(X), 

so that ker (A/ -\-T — ker (A/ -|- Too). 

Now, from Theorem 1.10 we know that /3{Too) = 0 and hence there 
exists e > 0 such that f3{XI -\-Too) = 0 for all |A| < e, see Lemma 1.30. Prom 
Lemma 1.57 we know that Too is Fredholm, so we can assume s such that 

ind (XI Too) = ind (Too) for all|A| < e. 

Therefore a(XI Too) = ot(Too) for all |A| < e and hence a(XI -\-T) = a(T) 
for all |A| < £, so that j(T) = 0. 

Conversely, suppose that T € <b+(X) and j(T) = 0, namely there exists 
e > 0 such a(XI -\- T) is constant for |A| < £. Then 

Oi(Too) < Oi(T) = a(XI -\-T) = a(XI -\- Too) for all 0 < |A| < £. 

But Too is Fredholm by Lemma 1.57, and hence, see Remark 1.54, part (e), 
we can choose £ > 0 such that a(XI -\- Too) < ct(Toc) for all |A| < £. This 
shows that a (Too) = o:(T) and consequently, A/"°°(T) C T°°(X). 

Consider now the case that T e (P-(X) and j(T) = 0. Then T* e 
<P^(X*) and j(T) = j(T*) = 0. Prom the first part of the proof we deduce 
that A/"°°(T*) C T*°°(X*). Prom Corollary 1.6 it follows that kerT*" C 
T*(X*) for all n G N, or equivalently T"(X)-*- C ker T-*- for all n G N. Since 
all these subspaces are closed then T"(A) D ker T for all n G N, so by 
Corollary 1.6 we conclude that A/"°°(T) C T°°(X). ■ 

Now we are interested in the case that A/"°°(T) is not contained in 
T°°(X). In this case, from Theorem 1.5 there exists a smallest integer 
n G N such that 



ker T"-i C T(X) but ker T" ^ T(X). 
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Hence there is an element y G X and a smallest n G N such that 

(19) ye ker T” but y ^ T{X). 

In the next result we examine the elements T^y, fc = 0, — 1. 

Lemma 1.59. Suppose that a linear operator T on a veetor space X 
verifies J\f°^{T) % T°°(X). Let y e X and n G N as in (19). Then 

T^y G ker \ T’^+\X) for all k = 0,1, ... ,n - 1. 

Furthermore, the elements y,Ty, . . . ,T'^~^y are linearly independent modulo 
the subspaee T"(X). 

Proof The case n = 1 is obvious. Suppose that n > 2 and let y e X, and 
that n G N verifies the conditions (19). Then Ty G T(ker T") C ker 
Suppose that Ty G T^(X). Let v e X such that Ty = T(Tv). Obviously, if 
w := Tv e T{X) then w — y e ker T, so there exists u G ker T such that 
w = y + u. But we also have u G ker T C ker C T[X) and this implies 
y G T{X), which is false, since by assumption ker T" \ T(X). Therefore 
Ty e ker \ T^(X) and the process can be continued for the elements 
T2y,...,T"-ly. 

In order to show the linear independence modulo T^(X), assume that 
there exist Afc G C, k = 0, l,...,n — 1, such that '^\=o^kT^y G T”(X). 
Applying T'^~^ to this sum we obtain 

AoT”“^y G t2"-1(X) C T”(X), 

which gives Aq = 0. A similar argument shows that A^ = 0 for every 
fc = 1, . . . , n — 1, so the proof is complete. ■ 

Lemma 1.60. Assume that T G L{X), X a Banach space, verifies 
Af°^{T) % T°°(A). Let y e X and n e as in (19). Then there exists 
f G ker T*" such that 

r*”/(T”“-^“iy) = dij for every 0<i,j <n-l. 

In particular, T*'^f = 0 and 

T*^f G kerT*”“'= \ T*''+^(X) for all k = 0,1, ... ,n - 1. 

Proof Since y, Ty, . . . , T^~^y are linearly independent modulo T"(A), the 
Hahn- Banach theorem ensures that there exists / G T"(A)-*- = kerT*” 
such that 

/(T”“iy) = 1 and f(T^y) = 0 for all 0 < j < n - 2. 

Clearly, T*f{T^~^y) = T*^f{y) = 0 and 

T*f{T^y) = /(T^'+^y) =0 for all 0 < j < n - 2, 

SO 

T*f{T^-'^y) = 1 and T*f{T^y) =0 for all 0 < j < n - 3. 
Continuing the process proves the lemma. The last assertion is obvious. ■ 
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Lemma 1.61. Let T e L{X), X a Banach space, and suppose that 
Af°^{T) % T°°(X). Let y he chosen as in (19). Then 

n—1 

P := ^ T*V ® 

j=o 

is a bounded projection which commutes with T. Furthermore, the range of 
P is the subspace Y spanned by the elements y, Ty, • • • T'^~^y, the restriction 
T\Y is nilpotent and j{T\Y) = 1. 

Proof P is idempotent by Lemma 1.60. Moreover, 

n—1 n—1 

TP = Y^ T*^f ® T*^f ® 

j=0 j=l 

and 

n—1 n— 2 

PT=Y ® T'^~^~^y = Y ® T^^~^-^y, 

i=o j=o 

hence PT = TP. Clearly, T\Y is nilpotent, o;(T|y) = 1, and j{T\Y) = 1, 
since Y is finite-dimensional. ■ 

Theorem 1.62. If T G <F±{X) then T is essentially semi-regular . 

Proof Let T G L>±{X). If T is semi-regular then the pair (M,N), with 
M = X and = 0, is a Kato decomposition which verifies the desired 
properties. If T is not semi-regular then j{T) > 0, by Theorem 1.58 and 
hence Af°^{T) C T°°(X). Let P be the non-zero finite-rank projection of 
Lemma 1.61. P commutes with T. The restriction T|kerP is semi- Fredholm 
and j(T|ker P) = j{T) — 1. Continuing this process a finite number of times 
reduces the jump of the residual operator to zero. ■ 

Remark 1.63. We have already noted that if T G <1'±(X) then A/ — T is 
still semi- Fredholm near 0. By Theorem 1.62 every semi-Fredholm operator 
is of Kato type and therefore, see Theorem 1.44, there exists a punctured 
open disc De centered at 0 for which XI — T is semi-regular for all A G D^. 
From Theorem 1.58 we then conclude that if a semi- Fredholm operator has 
jump j{T) > 0 then there is an open disc centered at 0 for which j (T) = 0 
for all A G ]D)e{0}. 

In the same vein the following result establishes that if T is essentially 
semi-regular, but not semi- Fredholm, then XI — T is essentially semi-regular 
and not semi- Fredholm in an open punctured neighbourhood of 0. 

Theorem 1.64. Let T G L{X), X a Banach space, be of Kato type of 
order d. Then there exists an open disc D(0, e) centered at 0 such that the 
following properties hold: 
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(i) The dimension of ker {XI — T) is constant for A ranging through 
D(0,e)\{0}. Precisely, 

dim ker (A/ - T) = dim ker T n T^{X) for all A e D(0, e) \ {0}; 

(ii) The codimension of {XI — T){X) is constant for X ranqinq throuqh 
D(0,e)\{0}. Precisely, 

codim {XI - T){X) = codim {T{X) + ker for all X e D(0, e) \ {0}. 
Moreover, ifT is essentially semi-regular and X € D(0,e) \ {0} then 

(20) A/-Te $+(X) <^Te $+(X), 

and 

(21) XI -T e^-{X) ^T e^-{X). 

In particular, 

(22) XI -T e<i>{X) <^T e<i>{X). 

Proof (i) Take e as in the proof of Theorem 1.44. Assume that A/ — T G 
^^(X) for A e D(0,e) \ {0}. If Tq := T|T°°(X) then, as observed in the 
proof of Theorem 1.44, Tq and XI — Tq are both onto and hence upper semi- 
Fredholm for all |A| < e < 7 (Tq). Moreover, ker {XI — T) C A/"°°(A/ — T) C 
T°°(X) for all A G D(0, e) \ {0}, by Theorem 1.3. Prom the continuity of the 
index and part (ii) of Theorem 1.42 we then infer that 

a{XI -T) = ind(A/ - Tq) = ind(To) 

= o;(To) = dim [kerT fl M] 

= dim [kerT nr'^(X)] 

for all A G ID(0, e) \ {0}. 

(ii) From the proof of Theorem 1.44 we know that {XI — T){X) is closed, 
and hence {XI — T){X) = ker {XI — T*)-^, for all A G ID(0, e) \ {0}. Therefore 
by part (i) we have 

(3{XI -T) = a{XI - T*) = dim [T*'^(X*) n ker T*] 

= codim [T*‘^{X*) n kerT*]-^ 

= codim[ T*'^(X*)-^ -h (kerT*)-^] 

= codim[kerT‘^-hT(X)], 

for all A G D(0,e) \ {0}. 

Now, assume that T is essentially semi-regular. If XI — T G d>+(X) for 
A G 1D)(0, e) \ {0}, then dim ker (A/ — T) = dim [ker T n T'^(X)] < oo. Prom 
Theorem 1.42 we obtain 

kerT = kerT|M©kerr|fV= [ker T n T"*(X)] © ker T|iV, 

and this implies, since by assumption kerT|X is finite-dimensional, that 
kerT is finite-dimensional. Moreover, T{X) = T{M) © T{N) is closed since 
T|M is semi-regular and T{N) is finite-dimensional. Hence T G d>+(X). 
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The opposite implication is a consequence of the fact that is open 

in L{X), so (20) is proved. 

To conclude the proof consider the case XI — T G for some 

A e D(0,e) \ {0}. Prom part (ii) we know that 

T{X) + ker T‘^{X) = T{M) © N 

is finitely-codimensional and from this, and from N being finite-dimensional, 
we conclude that T{M) is finitely-codimensional. This also shows that T{X) 
has finite-codimension, so that T G <f>_(X). The opposite implication is 
clear, since <k_(X) is open, so also the equivalence (21) is proved. 

The equivalence (22) is an obvious consequence of (20) and (21). ■ 

The two classes of semi- Fredholm operator lead to the definition of the 
upper semi- Fredholm speetrum of a bounded operator T on a Banach space 
X, defined by 

fTuf(T) :={AeC: A/-T^$+(X)}, 
and the lower semi-Fredholm speetrum of T defined by 
aif(T) := {A e C : A/ - T ^ $-(X)}. 

The semi-Fredholm speetrum is defined by 

a,f(T) :={AeC: A/-T ^ $±(X)}, 
while the Fredholm speetrum is defined by 

(Tf(r) := {A e C : A/ - T ^ $(X)}, 

Clearly, 

CTsf{T) = (Tuf(T) n crif(T) and af(T) = auf(T) U au{T). 
Furthermore, from part (b) of Remark 1.54 we obtain that 
<Tuf{T) = aif(T*) and ©f(T) = auf(T*). 

Again, from Theorem 1.62 we have 

(^es{T) c asf(T) C crf(T). 

The spectrum af(T) in the literature is often called the essential spee- 
trum of T. The two spectra cTuf(7^) and crif(T) are also known as the left 
essential speetrum and the right essential speetrum. These denominations 
are originated from the property that in a Hilbert space H, XI — T G <b+(i?) 
exactly when XI — T has a left inverse in L(H) modulo the ideal K{H) of 
all compact operators, and, symmetrically, XI — T G d>_(H) when XI — T 
has a right inverse in L(H) modulo K{H). 

It is easy to find an example of operator for which auf(T') yf crif(T). Let 
T be defined on t! 2 (N) by 

T{x) := (xi,0,a;2,0,a;3,0, . . .) for all x = (x„) G t' 2 (N). 
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Obviously, T is injective with closed range of infinite-codimension, so that 
0 e o-if(T), but 0 ^ auf(T). 

Note that from Remark 1.54, part (e) the resolvents 

p,f(T) :=C\asf(T), 

and 

Puf(T) := C \ auf(T), pif(T) := C \ aif(T), 
are open subsets of C and hence (Tuf(T), a\i{T) and (Ts({T) are compact 
subset of C. Moreover, as observed in part (g) of Remark 1.54, if X is 
infinite-dimensional then these spectra are non-empty. 

Theorem 1.65. For a bounded operator T on a Banaeh spaee X the 
following properties hold: 

(i) If Xq G dai{T) is non-isolated point of af{T) then Aq G crk(T); 

(ii) da{{T) C aes(T). Consequently, aes{T) is a non-empty eompaet 
subset ofC; 

(hi) The set (J{{T) \ ase{T) eonsists of at most eountably many isolated 
points. 

Moreover, similar statements hold if, instead of boundary points ofa{{T), 
we eonsider boundary points of auf{T), (r\f{T) and asf{T). 

Proof (i) Let Aq G daf{T) be a non-isolated point of ct{{T). Assume that 
Aq/ — T is of Kato type. Then by Theorem 1.64 there exists an open disc 
D(Ao,e) centered at Aq such that the dimension and the codimension of 
XI — T are constant as A ranges throughout lD)(Ao, e) \ {0}. But Aq G dcrf{T), 
so that XI — T is Fredholm for some A G D(Ao,e) and consequently XI — T G 
d>(X) for all A G D(Ao,e) \ {0}. This contradicts our assumption that Aq is 
non-isolated in U{{T). 

(ii) Suppose that Aq G dcrf{T) and Aq ^ aes{T). Then Aq/ — T is essen- 
tially semi-regular so that (Aq/— T)(X) is closed and there is a decomposition 
X = M ® N , M and N closed T-invariant subspaces, N finite-dimensional, 
such that {XoI — T)\M is semi-regular and {XoI — T)\N is nilpotent. Let (A„) 
be a sequence which converges at Aq such that A„/ — T G d*(X). Clearly, 

a((A„/-T)|M)) <a(A„/-T) <00. 

From part (hi) of Theorem 1.38, since (Aq/ — T)\M is semi-regular we know 
that ker ((A„/ — T)\M) converges in the gap metric to ker ((Aq/ — T)|M). 
Hence, see the implication (8) of Remark 1.32, dim ker ((Aq/ — T)|M) < oo. 

On the other hand, since N is finite-dimensional, ker (Xq! — T)\N is also 
finite-dimensional, so 

a{XoI -T)= a{{XoI - T)\M) + a{{XoI - T)\N) < oo. 

A similar argument shows that /3{XoI — T) < oo, therefore Aq/ — T g d*(A) 
and this is a contradiction, since by assumption Aq G er{{T). 

(hi) This is clear, again by Theorem 1.64. 
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The last assertion is proved in a similar way. ■ 

Note that if T is semi-Predholm operator and 7 (T) denotes the minimal 
modulus then the limit lim„^oo does exist and is equal to semi- 

Predholm radius of T, i.e.: 

hm 7 (r")i/" = dist {0,a,f(T)} 

n— ^oo 

= sup {r e C : A/ — T e $±(-^1) for all|A| < r}. 

This classical result is owed to Forster and Kaashoek [117] , see also Zemanek 
[332], We do not present it here, but just mention that similar formulas hold 
for semi- regular operators and essentially semi-regular operators. Precisely, 
if T is semi-regular then limit lim„^oo 7(2^")^^" does exist and 

(23) lim 7(T")1/"= dist {0,aes(T)}, 

n— ^oo 

whilst, if T is essentially semi-regular then 
lim 7 (T") V" = dist {0, aes(T) \ {0}} 

n— ^oo 

= sup {r € C : A/ — T is semi-regular for all 0 < |A| < r}. 

Formula (23) has been proved by Apostol [48] and Mbekhta [227] for 
Hilbert space operators. The formulas for semi-regular operators and essen- 
tially semi-regular operators on Banach space operators are due to Kordula 
and Muller [190]. 

7. Quasi-nilpotent part of an operator 

Another important invariant subspace for a bounded operator T G L{X), 
X a Banach space, is defined as follows : 

Definition 1.66. LetT G L{X), X a Banach space. T/ie quasi-nilpotent 
part ofT is defined to be the set 

Ho{T) :={xeX : lim \\T'^x\\^/'^} = 0. 

n— ^OO 

As usual, T G L{X) is said to be quasi-nilpotent if its spectral radius 
r(T) := inf \\T^\\^/^ = lim |[T”f/’" 

nSN n^oc 

is zero. 

Clearly Hq(T) is a linear subspace of A, generally not closed. In the 
following theorem we collect some elementary properties of Ho(T). 

Lemma 1.67. For every T G L{X), X a Banach space, we have: 

(i) ker (T™) C A/'“(T) C Hq(T) for every m G N; 

(ii) X G Ho(T) ^Txe Hq{T); 

(hi) ker (A/ — T) n Hq{T) = {0} for every A / 0. 
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Proof (i) If T™-x = 0 then T"x = 0 for every n>m. 

(ii) If xq G Hq{T) from the inequality ||T"rxj| < ||r||||T"x|| it easily 
follows that Tx G Ho{T). Conversely, if Tx G Hq{T) from 

we conclude that x G Hq{T). 

(iii) If X 0 is an element of ker (A/ — T) then T"x = A”x, so 

lim ||T”xj|i/”= lim |A|||x||i/”= |A| 

n— ^oo n— ^oo 

and therefore x ^ Ho(T). ■ 



Theorem 1.68. Let X be a Banaeh spaee. Then T G L{X) is quasi- 
nilpotent if and only if Hq{T) = X. 



Proof If T is quasi-nilpotent then lim„^oo ||T"||^/" = 0, so that from 
|T"x|| < ||r"||||x|| we obtain that lim„^oo ||T”x||^/” = 0 for every x G X. 
Conversely, assume that Hq{T) = X. By the n-th root test the series 



OO 



E 

n=0 



||T”x|| 



converges for each x G X and A yf 0. Define 



y ■■= 



OO 



E 

n=0 



T”x 

A"+i' 



It is easy to verify that (A/ — T)y = x, thus {XI — T) is surjective for all 
A yf 0. On the other hand, for every A yf 0 we have that 



{0} = ker {XI - T) n Hq{T) = ker {XI -T)r\X = ker {XI - T), 
which shows that XI — T is invertible and therefore cr{T) = {0}. 



The next result describes the quasi-nilpotent part of an operator T which 
admits a GKD. 

Corollary 1.69. Assume that T G L{X), X a Banaeh spaee, admits a 
GKD{M,N). Then 

Ho{T) = Ho{T\M) © Ho{T\N) = Ho{T\M) © N. 

Proof Prom Theorem 1.68 we know that N = Ho{T\N). The inclusion 
Ho{T) O Ho{T\M) + Ho{T\N) is clear. In order to show the opposite 
inclusion, consider an arbitrary element x G Hq{T) and let x = u + x, with 
u € M and x G X. Evidently N = Ho{T\N) C Hq{T). Consequently u = 
X - X G Ho{T) DM = Ho{T\M) and hence Hq{T) C Ho{T\M) + Ho{T\N). 
Clearly the sum Hq{T\M) + X is direct since M Ci N = {0}. ■ 
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The next result shows that for an essentially semi-regular operator T, 
the closure of the quasi-nilpotent part of T and of the hyper-kernel of T 
coincide. 

Theorem 1.70. For every bounded operator T G L(X), X a Banaeh 
spaee, we have: 

(i) Ho{T) K{T*) and K{T) i?o(T*); 

(ii) If T is essentially semi-regular, then 

(24) i?o(T) = A/'“(T) =-L K{T*) and K{T) Ho{T*). 

In partieular, these equalities hold for every T G or for every semi- 

regular operator. 

(hi) If T is semi-regular then Hq{T) C K{T). 

Proof (i) Consider an element u G Hq{T) and / G K(T*). From the 
definition of K{T*) we know that there exists <5 > 0 and a sequence (gn), 
n G of X* such that 

50 = /, T*gn+i = gn and ||5„|| < 5”||/|| 

for every n G Z+. These equalities entail that / = (T*)" 5 „ for every n G Z+, 
so that 

f{u) = {T*Ygn{u) = g„{T'^u) for every n G Z+. 

From that it follows that \f{u) \ < ||T"u|| \\gn\\ for every n G Z+ and therefore 

(25) |/(w)| < <5"l|/||||T'"u|| for every n G Z+. 

From u G Hq(T) we now obtain that lim„^oo = 0 and hence 

by taking the n-th root in (25) we conclude that f{u) = 0. Therefore 
Ho{T) K(T*). 

The inclusion K(T) C-*- Hq(T*) is proved in a similar way. 

(ii) Assume that T is essentially semi-regular and hence T* essentially 
semi-regular, by Corollary 3.11. Every essentially semi-regular operator has 
closed range, thus by Corollary 1.51 T*"(X*) is closed for all n G N. From 
the first part we also know that 

A/'“(T) C )Ho(^ C-L K{T*) K{T*), 

since -^K{T*) is closed. 

To show the first two equalities of (24) we need only to show the inclusion 
-^K{T*) C A/"°°(T). For every T G L{X) and every n G N we have ker T" C 
A"°°(T), and hence 

A/'“(T)-^ C ker = T*”(A*) 
because the last subspaces are closed for all n G N. 

From this we easily obtain that C T*°°(X*) = K{T*), where 

the last equality follows from Theorem 1.42. Consequently -^K[T*) C 
A/"°°(T), thus the equalities (24) are proved. 

The equality K{T) =-*- Hq{T*) is proved in a similar way. 
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(iii) The semi-regularity of T entails that A/"°°(T) C T°°(X) = K{T), 
where the last equality follows from Theorem 1.24. Consequently from part 
(ii) it follows that 

Ho{T) = Jf^{T) C K{T) = K{T), 

since K{T) is closed, by Theorem 1.24. ■ 

Corollary 1.71. Let T e L{X), X a Banach space, he semi-regular. 
Then T{Ho{T)) = Ho{T). 

Proof Clearly by (ii) of Lemma 1.67 it suffices to show the inclusioni7o(7^) Q 
T{Hq{T)). Let X € Hq{T). Prom part (iii) of Theorem l.TOthena; e K{T) = 
T{K{T)), so X = Ty for some y G X and from part (ii) of Lemma 1.67 we 
conclude that y e Hq{T). Hence Hq{T) C T{Hq{T)). ■ 

Theorem 1.72. Let T € L{X), X a Banach space, and let Ll C C be a 
connected component of pse{T). // Aq € 12 then 

Ho{XI-T) = Ho{XoI-T) for all A e 12, 

i.e., the subspaces Ho{XI — T) are constant as X ranges through on 12. 

Proof By Theorem 1.19 we know that Pse{T) = pse{T*). Further, Theorem 
1.36 shows that K{XI* — T*) = K{XoI* — T*) for all A e 12. Prom Theorem 
1.70 we then conclude that 

HoiXI - T) K{XL* - T*) =-^ K{XoI* - T*) = Ho{XoI-T), 

for all A G 12. ■ 

In the sequel, given a subset M C X, by spanM we shall denote the 
linear subspace generated by M. 

Theorem 1.73. Let T G L(X), X a Banach space, and let 12o C C 6e 
the connected component of pse{T) that contains Aq. Then 

Ho{XoL — T)= span {x G ker (A/ — T) : A G 12o}. 

Proof We can assume Aq = 0. The inclusion ker (A/ — T) C Ho{XI — T) is 
obvious for every A G C, so that from Theorem 1.72 we infer that 

span {x G ker {XI — T) : A G 12o} C Hq{XI — T) = Hq{T). 

Conversely, let / G [ span {ker (A/ — T) : A G Ho}]"*", in particular as- 
sume that / G ker(A„/ — T)-^, where {A„}„gN is a sequence of distinct 
points which converges to 0. We have ker (A„/ — T)-*- = (A„I — T*){X*) for 
every n G N, since the last sets are closed by semi-regularity, see Theorem 
1.19. Therefore, from Theorem 1.39 and Theorem 1.70, we obtain that 

OC 

/ G fl {Xni - T*){x*) = K{T*) = mr)^. 

n—1 
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Hence 

[ span {ker (A/ - T) : A e C Ho{T)-^ = Ho{Tf, 

and consequently 

Hq{T) C span { e ker (XI — T) : A e f2o}> 
which completes the proof. ■ 

Theorem 1.74. Let T € L(X) he of Kato type. Then: 

(i) M^(T) + T“(X) = Ho(T) + K(T); 

(ii) A/'“(T) n T“ (X) = Hq(T) n K(T) . 

Proof (i) Let (M, N) be a GKD for T such that (T\NY = 0 for some integer 
d e N. By part (i) of Theorem 1.41 we know that K(T) = K(T\M) = 
K(T) n M . Moreover, by part (hi) of Theorem 1.70 the semi-regularity of 
T|M implies that Hq(T\M) C K(T\M) = K(T). Prom this we obtain 

Hq(t) n K(T) = Ho(T) n (K(T) n M) = (Hq(t) n m) n k(t) 

= Ho(T|M) niP(T) = Ho(T|M). 

Therefore Hq(T) n K(T) = H^(T\M). 

We claim that Hq(T) + K(T) = N® K(T). Prom N C ker C Hq(T) 
we obtain that N®K(T) C Hq(T)+K(T). Conversely, from Corollary 1.69 
we have 

Ho(T) =N®Ho{T\M) = N ® (Ho{T) n K(T)) <ZN®K(T), 
so that 

Ho(T) + K(T) Q(N® K(T)) + K(T) QN® K(T), 
so our claim is proved. 

Pinally, from the inclusion N C ker C A/"°°(T), and, since K(T) = 
T°°(X) for every operator of Kato type, we obtain that 

HoiT)+K(T) =N®K(T) <Z (T) + (X) C Ho{T) + K{T), 

so the equality A/"°°(T) -|- T°°(X) = Hq(T) ® K(T) is proved. 

(ii) Let (M, N) be a CKD for T such that for some d € N we have 
(T\nY = 0. Then kerT” = ker(T|M)” for every natural n > d. Since 
ker T" C ker T"+i for all n G N we then have 

OO OO 

= IJ kerT” = jj ker(T|M)” = A/'“(T|M). 

n>d n>d 

The semi-regularity of T|M then implies by part (ii) of Theorem 1.70 that 

(26) M°°(T) = M^(T\M) = ido(T|M) = Hq(T) n M. 

Next we show that the equality Hq(T) C\ M = Hq(T) n M holds. 

The inclusion Hq(T) n M C Hq(T) H M is evident. Conversely, suppose 
that X G Hq(T) n M. Then there is a sequence (x„) C Hq(T) such that 
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Xn ^ X as n ^ oo. Let P be the projection of X onto M along N. Then 
Pxn Px = X and Pxn e Hq{T) n P{Ho{T)). Prom Corollary 1.69 we 
have Ho{T) = (Ho{T) r\M)®N, so 

P{Ho{T)) = P{Ho(T) DM)= Ho{T) n M, 

and hence Pxn G Ho{T) fl M, from which we deduce that x G Ho{T) H M. 
Therefore, Hq(T) Cl M = Ho(T)nM. Finally, from the equality (26) and tak- 
ing into account that by Theorem 1.41 and Theorem 1.42 we have T°°(X) = 
K{T) C M, we conclude that 

A/'“(T) nr“(x) = (Ho{T) n M) n k{t) = (Ho{t) n m) n k{t) 

= l^T) n (M n K{T)) = Ho{T) n K{T), 

so the proof is complete. ■ 



8. Two spectral mapping theorems 

In the first part of this section we prove that the semi-regular spectrum 
CTse{T) of an operator T G L{X) on a non-trivial Banach space X is always 
non-empty. Indeed, we show that ase{T) contains the boundary points of 
a(T). 

Theorem 1.75. Let T G L{X), X ^ {0} a Banach space. Then 
semi-regular spectrum (Tse{T) is a non-empty compact subset ofC containing 
da{T). 

Proof Let Aq G da{T) and suppose Aq G Pse{T) = C \ ase{T). Since Pse{T) 
is open we can then consider a connected component LI of Pse{T) containing 
Aq. The set fl is open so there exists a neighborhood U of Aq contained in fl, 
and since Aq G da{T) U also contains points of p{T). Hence fl fl p{T) ^ 0 . 

Consider a point Ai G 11 fl p(T). Clearly, ker (Ai/ — T)" = {0} for every 
n G N, so that A/"°°(Ai/ — T) = {0}. Prom Theorem 1.72 and Theorem 1.70 
we have 

Ho{XoI-T) = HoiXiI - T) = AA“(Ai/-T) = {0}. 

From Lemma 1.67 we then conclude that ker(Ao7 — T) = {0}, so XqI — T 
is injective. On the other hand, Ai G p{T) and hence from Theorem 1.36 we 
infer that 

K(XoI-T)=K{XiI-T) = X, 

so Aq/ — T is surjective. Hence Aq G p{T) and this is a contradiction, since 
Ao G cr{T). Therefore Aq G crse{T) and da(T) C ase{T), so the last set is a 
compact non-empty subset of C. ■ 

Lemma 1.76. LetT G L{X), X a Banach space, and let {Ai, • • • , A^} be 
a finite subset ofC such that Xi 7 ^ Xj for i ^ j. Assume that {n\, • • • , Uk} C 
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N and set 

k k 

p(A) := J](A, - and p(T) := J](A,/ - T)"A 

i —1 z — 1 

Then 

k k 

( 27 ) ker p{T) = © ker(AiJ-T)”* and p{T){X) = ri(A./ 

Proof We shall show the first equality of ( 27 ) for k = 2 and the general 
case then follows by induction. 

Clearly ker (A^/ — T)”* C ker p{T) for i = 1 , 2 , so that if Pi{T) := 
{Xil — T)"A then ker p\{T) + ker P2{T) C ker p{T). 

In order to show the converse inclusion, observe that p \ , p2 are relatively 
prime, hence by Lemma 1.2 there exist two polynomials q\, Q2 such that 

qi{T)p,{T) + q2{T)p2{T)=I, 
so that every x G X admits the decomposition 

( 28 ) x = qi{T)pi{T)x + q2{T)p2{T)x. 

Now if a; G ker p{T) then 

0 = p{T)x = Pi{T)p2{T)x = P2{T)pi{T)x = p{T)x, 

from which we deduce that p2{T)x G ker pi{T) and pi(T)a; G ker P2(T). 
Moreover, since every polynomial in T maps the subspaces ker (A^/ — T)"» 
into themselves we have xi := q2{T)p2{T)x G kerpi(T) andx2 := qi{T)pi{T)x 
ker P2(T). From( 28 ) we have x = x\ + X2, so 

ker p{T) C ker p\{T) + ker P2{T). 

Therefore ker p{T) = ker pi (T) + ker p2 (T) . It remains to prove that 
ker pi{T) fl ker P2{T) = { 0 }. This is an immediate consequence of the iden- 
tity ( 28 ). 

As above we shall prove the second equality of ( 27 ) only for n = 2 . Evi- 
dently p(T)(X) = pi{T)p2{T){X) = p2{T)pi{T){X) is a subset ofpi(T)(X) 
as well as a subset of P2{T){X). 

Conversely, suppose that x G pi{T){X) n p2{T){X) and let y G X 
such that X = p2{T)y. Then pi{T)x — p{T)y G p{T){X). Analogously 
P2{T)x G p{T){X). Let gi, q2 be two polynomials for which the equality 
( 28 ) holds. Then 

X = qi{T)p,{T)x + q2{T)p2{T)x G qi{T)p{T){X) + q2{T)p{T){X) 

= p{T)qi{T){X)+p{T)q2{T){X)Cp{T){X)+p{T){X)Cp{T){X). 

Renee pi{T){X)np2{T){X)Cp{T){X), so pi{T){X)np2{T){X)=p{T){X), 
as desired. ■ 

If T G L{X) let Tt{T) denote the set of all functions / : A(/) ^ C 
which are holomorphic on an open set A(/) D cr(T). Prom the well known 
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Riesz-Dunford functional calculus the operator /(T) is defined for every 
/ e T~C{T), (see Heuser [159, §48]). The classical spectral theorem asserts 
that 

a{f{T)) = f{a{T)) for all / e 7f(T). 

It is meaningful to note that a similar mapping property holds for the semi- 
regular spectrum ase{T), as well as for the essential semi-regular spectrum 

(^es{T). 

Theorem 1.77. Let T G L{X), X a Banach space. Then 

o-se(/(r)) = /(o-se(T)) for every f eH{T). 

Proof We show first the inclusion f{ase{T)) C ase{f{T)). To see this, let 
Ao ^ cTse(/(T)) and suppose that Aq G f{ase{T)). Let po G crse(T) be such 
that /(^o) = Aq. Define g{X) := Aq — /(A). Then g G Ti{T) and 5 (^ 0 ) = 0, 
so there exists a function h G 'H{T) such that g{\) = (^0 ~ X)h{\). Hence 

g{T) = XoI-f{T) = {taoI-T)h{T). 

On the other hand, from Aq ^ ase{f{T)) we obtain that XqI — f{T) = 
— T)h{T) is semi-regular, and hence by Theorem 1.26 /xq/ — T is semi- 
regular, /xo ^ CTse(D), which contradicts the assumption /xq G ase{T). There- 
fore the inclusion f{ase{T) C ase{f{T)) is proved. 

In order to show the reverse inclusion ase{f{T)) C f{ase{T)), suppose 
that Aq ^ /((Tse(T)) and, as above, define g{X) := Aq — /(A). Then g{X) yf 0 
for every A G ase{T). 

Consider first the case that g{X) yf 0 for every A G u(T). In this case 
g{T) = Aq/ - f{T) is invertible, Aq G p{f{T)) C pse{f{T)), and there- 
fore Ao ^ ase{f{T)). Hence, it remains to prove the inclusion ase{f{T)) C 
/(cTse(T)) in the case that g vanishes at some points of cr{T). 

Now, g may admit only a finite number of zeros in cr{T), say {Ai, . . . , Afc}, 
where Ai y^ Xj for j y^ k. Since g{Xi) = 0 we have Ai ^ crse(T) for 
all X = l,2,...,fc, i.e. the operators Xi — T are semi-regular for every 
i = 1, 2, . . . , A:. Let rxi G N denote the multiplicity of Ai, write 

p{X) :=Hti(Ai-A)"^ 

and g{X) = p{X)h{X), where h{X) G H{T) has no zeros in a{T). 

We show that g{T) is semi-regular. Since h{T) is invertible, from Lemma 
1.76 we obtain 

k 

(29) her g{T) = her p{T) = 0 her (Ai/ - T)"‘ , 

i=l 

and for every m G N 

k 

5 (T)™(X) = p(T)™(X) = p|(Ai/ - T)™”‘(X). 

i=l 



( 30 ) 
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From the equality (30) we easily obtain that 

k 

g{Tr{X) = f]{XJ-TnX). 

i=l 

Let X G ker g{T). By (29) there exists for each i = an element 

Xi G ker [\iT — T)"* such that x = Xi. Since, as already observed, the 
operators Xi — T are semi-regular for every i then Xi G (A^/ — T)°°(X). 

On the other hand Xi yf Xj, by part (ii) of Theorem 1.3 we also have 
ker(Ai - T) C {Xjl - T)“(X), so that Xi G {Xjl - T)“(X) for all i,j = 
1,2, ... ,k. Therefore 

k k 

rr = ^XiG f|(A*/-T)“(X)=5(T)“(X). 
i=l i=l 

Note that, the subspaces {Xil — T){X) are closed for alH = 1, 2, . . . , fc, by 
Corollary 1.17. Therefore also 

k 

g{T){X) = p{T){X) = (^(Xd-TnX) 

i=l 

is closed, so g{T) is semi-regular. Since g{T) = XqI — f{T) we then conclude 
that Ao ^ ase{f{T)). Hence ase{f{T)) C f{ase{T)), which completes the 
proof. ■ 

We conclude this section by showing the essential version of Theorem 
1.77, that <Jes{T) also behaves canonically under the Riesz functional calcu- 
lus. 



Theorem 1.78. Let T G L{X), X a Banach space, and suppose that 
f is an analytic function on a neighbourhood of a{T). Then f{aes{T)) = 

^es(/(T)) . 

Proof The inclusion /(cTes(T)) C aes{f{T)) may be proved by using the 
same arguments of the first part of the proof of Theorem 1.77, replacing 
Theorem 1.26 with Theorem 1.50. 

To show the opposite inclusion, suppose that Aq ^ f{cres{T)) and define 
g{X) := Ao - /(A). Then g{X) / 0 for every A G aes{T). If g{X) yf 0 for 
every A G cr{T), proceeding as in the proof of Theorem 1.77, we then obtain 
that Ao ^ cTes(/(T)). Hence it remains to prove the inclusion aes{f{T)) C 
/(aes(T)) in the case where g vanishes at some points of cr{T). Since g 
admits only a finite number of zeros Ai, A 2 , . . . , Afc in cr(T), we can write 

k 

g{X) = h{X)l[{X.-Xr 

i=l 

where denotes the multiplicity of Xi, h{X) has no zero in cr{T), and Xil—T 
are essentially semi-regular for alH = 1,2, ... ,k. As in the proof of Theorem 
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1.77, the operator g{T) has closed range, 

k 

g(Tr{X) = f](XJ-Tr{X), 

i=l 

and ker(Ai/ — T) C [Xjl — T)°°(X) for all i 7 ^ j. By Theorem 1.48 we have 
ker (Xil — T) C (A^/ — T)°°(X) + F{ for some finite-dimensional subspace F{ 
of X. Therefore 

k 00 

ker 5 (T) C f|(A*/ - T)“(X) + ^ T- = 5 (T)“(X) + F, 

i—1 i—1 

where F := finite-dimensional. Hence g{T) = XqI — f{T) is es- 

sentially semi-regular, so that Aq ^ aes{f{T)). This shows that aes{f{T)) C 
f{aes{T)), so the proof is complete. ■ 

8.1. Comments. The concept of the algebraic core of an operator has 
been introduced by Saphar [284], whilst the analytic core has been intro- 
duced by Vrbova [313] and Mbekhta [230]. The basic Lemma 1.9 is taken 
from the book of Heuser [160] (in particular, the result of Lemma 1.9, al- 
though not explicitly stated, is essentially contained in [160, Hilfsatz 72.7]), 
whilst Theorem 1.10 is modeled after Aiena and Monsalve [31]. 

The concept of semi- regularity of an operator T G L{X), X a Banach 
space, was originated by Kato’s classical treatment [182] of perturbation 
theory, even if originally these operators were not named in this way. Later 
this class of operators was studied by several other authors, see for instance 
Mbekhta [226], [227], [230], [231], Mbekhta and Ouahab [233], Schmoeger 
[291]. Originally the semi-regular spectrum was defined for operators acting 
on Hilbert spaces by Apostol [48], and for this reason it is called by some 
authors the Apostol spectrum. This spectrum was defined for Hilbert space 
operators as the set of all complex A such that either XI — T is not closed 
or A is a discontinuity point for the function X ^ {XI — T)~^ , see Theorem 
1.38. Later the results of Apostol were generalized by Mbekhta [226], [227], 
Mbekhta and Ouahab [233], see also Harte [149] for operators defined on 
Banach spaces. 

The methods and the proofs adopted in this book are strongly inspired 
by the paper of Mbekhta and Ouahab [233] and Schmoeger [290]. In partic- 
ular, Theorem 1.22 and Theorem 1.24 were established by Schmoeger [290], 
whilst the subsequent part, except Lemma 1.34 owed to Kato [182], can be 
found in Mbekhta and Ouahad [233]. Example 1.27 and Example 1.27 are 
from Muller [240] . 

The proof of the local constancy of the hyper-range on the components 
of the Kato resolvent here given is taken from Mbekhta and Ouahab [233]. 
This important property, and other related results, has also been previ- 
ously shown by others in a somewhat different language; see, for instance, 
Goldman and Krackovskii [143], Forster [116], 0 Searcoid and West [253]. 
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Further investigation on semi-regular spectrum may be found in the paper 
by Kordula and Muller [ 190 ], 

The generalized Kato decomposition has been studied in several papers 
by Mbekhta [ 227 ], [ 229 ] and [ 228 ]. The particular case of essentially semi- 
regular operators has been systematically investigated by Muller [ 240 ] and 
Rakocevic [ 274 ]. The material presented here is completely inspired by 
Muller in [ 240 ]. Further information on the Kato decomposition may be 
found in Aiena and Mbekhta [ 29 ]. In particular, the proof of Theorem 1.44 
and Theorem 1.64 are adaptations to our theory of more general results es- 
tablished in Aiena and Mbekhta [ 29 ], see also Rakocevic [ 274 ]. 

The fundamental result that a semi-Fredholm operator is essentially 
semi-regular has been proved by Kato [ 182 ]. The clearer proof of this result, 
presented here, is completely modeled after West [ 322 ], see also [ 324 ]. 

The section on the quasi-nilpotent part of an operator is totally inspired 
by Mbekhta’s thesis [ 225 ], Mbekhta [ 230 ], and Mbekhta and Ouahab [ 233 ], 
except Theorem 1.72 which is owed to Forster [ 116 ], whilst Theorem 1.74 
is taken from Aiena and Villafane [ 34 ]. Finally, the spectral mapping the- 
orem for the semi-regular spectrum has been proved by Mbekhta [ 227 ] for 
Hilbert space operators and by Schmoeger [ 290 ] in the more general context 
of Banach spaces, whilst Theorem 1.78, which shows the spectral mapping 
theorem for the essentially semi-regular spectrum, was first proved by Muller 
[ 240 ]. It should be noted that an axiomatic approach to spectral mapping 
theorems for many parts of the spectrum may be found in Kordula and 
Muller [ 190 ] and Mbekhta and Muller [ 232 ]. Furthermore, Kordula [ 189 ] 
has shown that if T G L(X) is essentially semi-regular then every finite- 
dimensional perturbation of T is still essentially semi-regular. 




CHAPTER 2 



The single-valued extension property 



In this chapter we shall introduce an important property for bounded 
operators on complex Banach spaces, the so called single-valued extension 
property. This property dates back to the early days of local spectral theory 
and appeared first in Dunford [ 94 ] and [ 95 ]. Subsequently this property has 
received a more systematic treatment in the classical texts by Dunford and 
Schwartz [ 97 ], as well as those by Colojoara and Foia§ [ 83 ], by Vasilescu 
[ 309 ] and, more recently, by Laursen and Neumann [ 214 ]. 

The single-valued extension property has a basic importance in local 
spectral theory since it is satisfied by a wide variety of linear bounded op- 
erators in the spectral decomposition problem. An important class of op- 
erators which enjoy this property is the class of all decomposable operators 
on Banach spaces that will be studied in Chapter 6, but this is also shared 
by many other operators which need not be decomposable. In fact, another 
class of operators which enjoy the single valued extension property is the 
class all multipliers of a semi-prime Banach algebra, and later it will be 
shown that there exist multipliers which are not decomposable. 

In this chapter we shall deal with a localized version of the single- valued 
extension property and we shall employ the basic tools of local spectral the- 
ory to establish a variety of characterizations that ensure the single-valued 
extension property at a point Aq. These characterizations involve the kernel 
type and range type of subspaces introduced in Chapter 3, as well as the 
quasi-nilpotent part and the analytic core of XqI — T. 

We shall introduce two important classes of subspaces which have a cen- 
tral role in local spectral theory: the class of local spectral subspaces At’(D) 
associated with subsets fl of C. It will be also introduced a certain vari- 
ant of these subspaces, the glocal spectral subspaces Ar(D), which is better 
suited for operators without the single-valued extension property. There are 
important connections between the local and the glocal spectral subspaces 
and the invariant subspaces introduced in the previous chapter. In fact, the 
analytical cores and the quasi-nilpotent parts of operators are exactly the 
local spectral subspaces and glocal spectral subspaces, respectively, associ- 
ated with certain subsets of C. 

From these characterizations we readily obtain in the second section 
that the single-valued extension property of T at a point Aq is satisfied if 
the mentioned kernel type and range type of subspaces have intersection 
equal to {0}. Dually, T* has the single- valued extension property at Aq if 
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the sum of these subspaces is the whole space X. We shall also produce 
several examples which prove that the converse of these implications are in 
general not true. 

The third section concerns a spectral mapping theorem which shows that 
the single-valued extension property at a point behaves canonically under 
the Riesz functional calculus. In the fourth section we shall give a further 
look at some distinguished part of the spectrum of an operator T, as the 
semi-regular spectrum ase{T), the approximate point spectrum a^piT) and 
the surjectivity spectrum (Tsu{T), in the case that the T has the single- valued 
extension property. 

These results are used successively to identify, for some general and im- 
portant concrete cases, the set of points at which the single- valued extension 
property occur. As an application this property will be settled in the case 
of isometries, analytic Toeplitz operators, invertible composition operators 
on Hardy spaces, and unilateral or bilateral weighted shifts. 

The fourth section of this chapter concerns basic properties of another 
class of T-invariant subspaces, the class of algebraic spectral subspaces 
II C C, associated with T G L{X). Subsequently we shall introduce 
the so called Dunford property (C), a stronger property than the single- 
valued extension property, which will have an important role in the subse- 
quent chapters. The last section addresses to some local spectral properties 
of weighted shift operators on with 1 < p < oo. Most of these prop- 

erties are established in the more general situation of operators T defined 
on Banach spaces for which the hyper-range T°°{X) = {0}. 



1. Local spectrum and SVEP 

The basic importance of the single-valued extension property arises in 
connection with some basic notions of local spectral theory. Before intro- 
ducing the typical tools of this theory, and in order to give a first motivation, 
let us present some considerations on spectral theory. 

It is well known that the resolvent function R{\,T) := (A/ — T)~^ of 
T G L{X), X a Banach space, is an analytic operator- valued function de- 
fined on the resolvent set p{T). Setting 

/a:(A) := R(X,T)x for any x G X, 

the vector-valued analytic function : p{T) X satisfies the equation 
(31) {XI - T)f^{X) = X for all A G p{T). 

It should be noted that it is possible to find analytic solutions of the 
equation {XI — T)fx{X) = x for some (sometimes even for all) values of A 
that are in the spectrum of T. For instance, let T G L{X) be a bounded 
operator on a Banach space X such that the spectrum a{T) has a non-empty 
spectral subset a 7 ^ it(T). If P„ := P{a,T) denotes the spectral projection 
of T associated with a we know that a{T \Po-{X)) = a so the restriction 
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(A/ — T) \Pcr{X) is invertible for all \ ^ a. 

Let X e Pcr{X). Then the equation (31) has the analytic solution 

9x{^) ■= (A/ — T \P„{X))~^x for all A e C \ a. 

This property suggests the following concepts: 

Definition 2.1. Given an arbitrary operator T G L{X), X a Banach 
space, let pt{x) denote the set of all X G C for which there exists an open 
neighborhood U\ of X in C and an analytic function f : U\ ^ X such that 
the equation 

(32) {pi — T)f{p) = X holds for all p G U\. 

If the function f is defined on the set pt{x) then it is called a local 
resolvent function of T at x. The set Pt{x) is called the local resolvent of 
T at X. The local spectrum arix) of T at the point x G X is defined to be 
the set 

(Tt{x) :=C\ pt{x). 

Evidently pt{x) is the open subset of C given by the union of the domains 
of all the local resolvent functions. Moreover, 

p{T) C pt{x) and ctt{x) Q cr(T). 

It is immediate to check the following elementary properties of axix): 

(a) o-t(O) = 0; 

(b) arioix + Py) C arix) U o'T(y) for all a;, j/ G X; 

(c) ^(\i-T){x) C {0} if and only if (Jt{x) C {A}. 

Furthermore, 

(d) ut{Sx) C axix) for every S G L(X) which commutes with T. In 
fact, let f : U\ ^ X be an analytic function on the open set U\ Q £■ for 
which {pi — T)f{p) = x holds for all ^ G Wa- If = ST then the function 
S o f : U\ ^ X is analytic and satisfies the equation 

{pi - T)S o f{p) = S{{pl - T)f{p)) = Sx for all p G U\, 

Therefore pr{x) Q px{Sx) and hence aT{Sx) C aT{x). 

A very important example of local spectrum is given in the case of mul- 
tiplication operators on the Banach algebra C(fl) of all continuous complex- 
valued functions on a compact Hausdorff space fl, endowed with pointwise 
operations and supremum norm. Indeed, if 7/ is the operator of multiplica- 
tion on C{Q) by an arbitrary function / G (7(11) then 

c^Tf{g) = /( supp g), 
where the support of g is defined by 



supp g:={Xefl: /(A) / 0} 
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see Laursen and Neumann [214, Example 1.2.11], 

The local spectrum at a point may be precisely characterized also in the 
case of a spectral operator in the sense of Dunford [96]. It is well-known 
that the spectrum a{T) of a spectral operator T e L{X) is the support of 
the spectral measure E for T, in the sense that cr{T) is the smallest closed 
subset 12 C C such that E{yi) = /. The local spectrum of a spectral operator 
T at X plays a similar role for the localized spectral measure E{-)x, in the 
sense that (Xt{x) is the smallest closed subset 12 C C such that E{n)x = x, 
see Corollary 1.2.25 of Laursen and Neumann [214]. 

Theorem 2.2. Let T e L{X), X a Banach space, x ^ X and U an 
open subset of C. Suppose that f : U ^ X is an analytic function for 
which {pil — T)f{p) = X for all p &U. Then lA C px(f(X)) for all X € lA. 
Moreover, 

(33) ctt{x) = ctt(/(A)) for all X GlA. 



Proof Let A be arbitrarily chosen in lA. Define 



h{p) := 



/(A) - /(m) 



p — X 



-/'(A) 



if M 7^ A, 
if ^ = A, 



for all p. &IA. Clearly h is analytic and it is easily seen that {pi — T)h{p) = 
/(A) for aW- p ^ lA \ {A}. By continuity the last equality is also true for 
p = X, so 

{XI -T)h{X) = f{X) for all peU. 

This shows that A e PT{f{X)) and since A is arbitrary in lA then lA C 
PT{f{X)) for all X €lA. 

To prove the identity (33) we first show the inclusion (Tt(/(A)) C aT{x), 
or equivalently, pr{x) C px{f{X)) for all A e 2Y. If uj GlA then oj e PT{f{X)) 
for all A e 2Y, by the first part of the proof. Suppose that uj e Pt{x) \ IA. 
Since w e Pt{x) there exists an open neighbourhood W of re such that 
A ^ W and an analytic function g -.W ^ X such that {pi — T)g{p) = x for 
all /i e W. If we define 

k{p) := ~ for all peW, 

— A 

then, as is easy to verify, {pi — T)k{p) — /(A) holds for all p e W. This 
shows that ui e Pt{x), and hence (Jt{x) Q aT{f{X)). 

It remains to prove the opposite inclusion (Tt(/(A)) C aT{x). 

Let g ^ ctt(/(A)) and hence g e pT{f{X). Let h : V ^ X be an analytic 
function defined on the open neighbourhood V of g for which the identity 
{pi — T)h{p) = /(A) holds for all p eV. Then 



{pi - T){XI - T)h{p) = {XI - T){pl - T)h{p) = {XI - T)f{X) = x, 



for all /X e V, so that g e Pt{x) and hence g ^ ctt{x), so the proof is 
complete. ■ 
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Definition 2.3. Let X be a eomplex Banaeh spaee and T e L{X). The 
operator T is said to have the single-valued extension property at Aq G C, 
abbreviated T has the SVEP at Aq, if for every neighbourhood U of Aq the 
only analytie funetion f :U ^ X whieh satisfies the equation 

{XI-T)f{X) = 0 
is the eonstant funetion / = 0. 

The operator T is said to have the SVEP if T has the SVEP at every 
XeC. 

Remark 2.4. In the sequel we collect some basic properties of the SVEP. 

(a) The SVEP ensures the consistency of the local solutions of equa- 
tion (32), in the sense that if a; G X and T has the SVEP at Aq G Pt{x) 
then there exists a neighborhood U of Aq and an unique analytic function 
f -.U ^ X satisfying the equation (A/ — T)f{X) = x for all X gU. 

Another important consequence of the SVEP is the existence of a max- 
imal analytic extension / of R{X,T)x := {XI — T)~^x to the set pt{x) for 
every x G X. This function identically verifies the equation 

{pi — T)f{p) = x for every p G Pt{x) 

and, obviously, 

f{p) = {pi — T)~^x for every p G p{T). 

(b) It is immediate to verify that the SVEP is inherited by the restric- 
tions on invariant subspaces, i.e., if T G L{X) has the SVEP at Aq and M 
is a closed T-invariant subspace, then T\M has the SVEP at Aq. Moreover, 

o't{x) C ax\M{x) for every a; G M. 

(c) Let cTp(T) denote the point speetrum of T G L{X), i.e., 

(Tp(r) := {A G C : A is an eigenvalue of T}. 

It is easy to see the implication: 

(Tp(r) does not cluster at Aq => T has the SVEP Aq. 

Indeed, if crp{T) does not cluster at Aq then there is an neighbourhood 
U of Ao such that XI — T is injective for every A G ^/, A 7 ^ Aq- 

Let / : V ^ X be an analytic function defined on another neighbourhood 
V of Aq for which the equation {XI — T)f{X) = 0 holds for every A G V. 
Obviously we may assume that V QU. Then /(A) G her {XI — T) — {0} 
for every A G V, A 7^ Aq, and hence /(A) = 0 for every A G V, A 7^ Aq. Prom 
the continuity of / at Aq we conclude that /(Aq) = 0. Hence / = 0 in V and 
therefore T has the SVEP at Aq. 

(d) Prom part (c) every operator T has the SVEP at an isolated point 
of the spectrum. Obviously T has the SVEP at every A G p{T). Prom these 
facts it follows that every quasi- nilpotent operator T has the SVEP. More 
generally, if crp(T) has empty interior then T has the SVEP. In particular. 
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any operator with a real spectrum has the SVEP. 

Later we shall give an example of an operator having the SVEP and 
such that ( 7 p(T) 7 ^ 0 (Example 3.11). 

Definition 2.5. For every subset fl of C the local spectral subspace of 
T assoeiated with is the set 

:= {x e X : arix) C fl}. 

Obviously, if C O 2 C C then Xt(Oi) C Xt{^ 2 )- 
In the next theorem we collect some of the basic properties of the subspaces 
Xt( 0 ). 

Theorem 2.6. Let T e L{X), X a Banaeh spaee, and Ll every subset 
of C. Then the following properties hold: 

(i) Xt{LI) is a linear T-hyper-invariant subspaee of X, i.e., for every 
bounded operator S that commutes with T we have S{Xt{LI)) C Xt{LI); 

(ii) Xt( 0 ) = XT(Oncr(r)); 

(hi) IfX(fn,ncC, then (A/ - T)(Xr(n)) = Xt(0); 

(iv) Suppose that A e O and (A/ — T)x e Xt{LI) for some x G X. Then 

X e Xt{LI); 

(v) For every family {rij)j^j of subsets ofC we have 

XT{[]^j)=[]XT{n,)- 
jeJ jeJ 

(vi) IfY is a T -invariant closed subspace of X for which a{T |V) C Ll, 
then Y C Xt{LI). In particular, Y C Xt{(x{T |V)) holds for every closed 
T -invariant closed subspace of X. 

Proof (i) Evidently the set Xt{LI) is a linear subspace of X, since the 
inclusion axiax + l3y) C ctt{x) U o'T(y) holds for all a,P G C and x,y G X. 
Suppose now that x e Xx{Tl), that is <7t{x) CO. If TS* = ST then 
ariSx) C axix) C O, so Sx e Xt{TI). 

(ii) Clearly Xt{LI fl cr(T)) C Xt{LI). Conversely, if a; e Xt{LI) then 
<xt{x) C O n cr(T), and hence x e Xx{Ll n criT)). 

(iii) The operators XI — T and T commute, so from part (i) it follows 
that (A/ — T)(Xx{Ll)) C Xx{Ll) for all A G C. Let A ^ O and consider an 
element x G Xx(0), namely (Jt{x) C O. Then A G Pt{^), so there is an 
open neighbourhood U of X and an analytic function f : U ^ X for which 
{pi — T)f{p) = X for all p & U. In particular, (A/ — T)f{X) = x. By 
Theorem 2.2 we obtain arifiX)) = (Jt{x) C O, and hence /(A) G Xt{LI), 
from which we conclude that x = {XI — T)f{X) G {XI — T){Xx{Tl))- 

(iv) Suppose that {XI — T)x G Xt{LI), A G O. We need to show that 
<^t{x) C Li, or equivalently, C \ fl C pt{x). Take p L C\Ll. By assumption 
C \ fl C pt{{XI — T)x), so there is an analytic function f :Uri ^ X defined 
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on some open neighbourhood of rj such that X and (/i/ — T)f{^) = 
(A/ — T)x for all ^ e Urj- Define g :U-,^ ^ X hy 

g{g,) := - — for all e 
11 — A 

Clearly the analytic function g satisfies the equality (/r/ — T)g{ij,) = x for 
all /I e Urj, so that g e Pt{x). Therefore C \ D C pt{x), as desired. 

(v) It is immediate. 

(vi) From a{T | T) C D we obtain C \ D C p(T \ Y), so that for any 

y e Y we have {XI — T){XI — T \Y)~^y = y for all A e C \ D. Obviously 
/(A) := {XI — T \Y)~^y is analytic for all A e C \ D, so C \ D C px{y), 
consequently (JT{y) CD. ■ 

Remark 2.7. It is easily seen that the absorbency result established in 
part (iv) of Theorem 2.6 implies ker {XI — T)” C Xr({A} for all A e C and 
n e N. From this it follows that A/"°°(A/ — T) C Xx({A} for all A e C. Later 
we shall see that Hq{XI — T) C Xt({A} for all A € C. 

We have already observed that 0 has an empty local spectrum. The 
next result shows that if T has the SVEP then 0 is the unique element of X 
having empty local spectrum. In fact, this property characterizes the SVEP. 

Theorem 2.8. Let T e L{X), X a Banach space. Then the following 
statements are equivalent : 

(i) T has the SVEP; 

(ii) Xt{0) = {0}; 

(hi) Xt{ 0) is closed. 

Proof (i) (ii) Suppose that T has the SVEP and aT{x) = 0. Then 
Pt{x) = C, so there exists an analytic function / : C — > X such that 
{XI — T)f{X) = X for every A e C. If A e p{T) we have /(A) = {XI — T)~^x, 
and hence, since ||(A/ — T)“^|| — *• 0 as |A| ^ +oo, /(A) is a bounded function 
on C. By Liouville’s theorem /(A) is then constant, and therefore, since 
{XI — T)~^x ^ 0 as |A| — > + 00 , / is identically 0 on C. This proves that 
X = 0. Since 0 e Xt{0) we then conclude that Xt{0) = {0}. 

Conversely, let Aq G C be arbitrary and suppose that for every 0 7 ^ x G X 
we have (Jt{x) yf 0. Consider any analytic function f : U ^ X defined on 
an neighbourhhod U of Aq such that the equation {XI — T)f{X) = 0 holds 
for every X G U. Prom the equality 

o-t(/(A)) = ar(0) = 0, 

see Theorem 2.2, we deduce that f = 0 on U and therefore T has the SVEP 
at Aq. Since Aq is arbitrary then T has the SVEP. 

(ii) ^(iii) Trivial. 




62 



2. THE SINGLE- VALUED EXTENSION PROPERTY 



(iii)^ (ii) Suppose that Xt{0) is closed. Prom part (hi) of Theorem 2.6 
we deduce that 

{XI — T){Xt{0)) = Xt{0) for every A e C. 

Now, let T denote the restriction T \Xx{0)- The operator XI— T is surjective 
and therefore semi-regular for every A G C. This means that Pse{T) coincides 
with the whole complex field C and, by Theorem 1.75, that is true if and 
only if Xx{0) = {0}. ■ 

If T G L{X) is a spectral operator on a Banach space X with spectral 
measure E, the local spectral subspaces Xt{H) associated with the closed 
subset A2 C C may be precisely described. In fact, Xt{H) is the range of 
the projection E{fl), see Corollary 1.2.25 of Laursen and Neumann [214], 
so that in this case Xt{H) is closed for all closed If C C. 

Note that this last property in general is not true. Indeed, Theorem 2.8 
shows, in particular, that the local spectral subspaces need not be closed, 
since Xx{0) is not closed if T does not have SVEP. 

Later the Example 2.32 will show that for a closed subset If C C the 
local spectral subspaces Xt{H) need not be closed, also in the case that T 
has the SVEP. 

Theorem 2.9. Suppose that Ti G L{Xi), i = 1,2, where Xi are Banaeh 
spaees. Then Ti ©T 2 has the SVEP at Aq if and only if both T\, T 2 have the 
SVEP at Xq. IfTi, T 2 have the SVEP then 

(34) aTi©T2(a;i © X 2 ) = cttAxi) U aT2{x2)- 

Proof First, suppose that Ti and T 2 have the SVEP at Aq and let us consider 
an analytic function / = /i © /2 : ^ Xi © X 2 on a neighbourhood U of 

Aq, where fi : U ^ Xi, i = 1,2, are also analytic on U. Obviously, for every 
X the condition {XI — Ti © T 2 )/(A) = 0 implies that {XI — Ti)fi{X) = 0, 
i = 1,2. The SVEP of Ti and T 2 then entails that fi = 0 and f 2 = 0 on U. 
Thus f = 0 onU. 

Conversely, assume that Ti©T 2 has the SVEP at Aq and let fi :U Xi, 
U a neighbourhood of Aq, be two analytic functions which verify, for i — 1,2, 
the equations 

{XI - Ti)fi{X) = 0 for all XeU. 

For all A G we have 

0 = (A/ - Ti)/i(A) © {XI - T 2 )/ 2 (A) = (A - Ti © T 2 )[/i(A) © (/ 2 (A)], 

so that the SVEP at Aq of Ti © T 2 implies /i(A) © (/ 2 (A) = D on lA, and 
therefore fi = D on lA for i = 1,2. 

To show the equality (34) , suppose that Ti ©T 2 has the SVEP. Assume 
that A G pt^^T 2 {xi © X 2 )- Then there exists an open neighbourhood lA of 
A and an analytic function / /i © /2 : lA Xi © X 2 , with f\ and /2 
analytic, such that 

{XI - Ti)/i(A) © {XI - T2)f2{X) = {XI - Ti © T2)/(A) = xi © X 2 . 
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Then {XI — Ti)fi{\) = Xi, i = 1,2, so A e pTi{xi)n pt 2 {x 2 )- This shows that 
TTi(a;i) U aT 2 {x 2 ) C aTi®T 2 {xi © 2:2) • The opposite inclusion has a similar 
proof. ■ 

Corollary 2.10. Suppose that T e L[X) has the SVEP and X = M ® 
N , where M and N are two closed and T -invariant subspaces. If Ti := T \ 
M and T 2 :=T \ N, then for all closed subsets of C we have 

= Mxi{Xt) © Nx2{Xt). 



The next result shows that the SVEP is stable under uniform conver- 
gence. 

Theorem 2.11. Suppose that the sequence (Tn) C L{X), where X is a 
Banach space, converges to T in the uniform operator topology. If each T„ 
commutes with T and each T„ has the SVEP then T has the SVEP. 



Proof Let f : U ^ X he an analytic function on the open set U such that 



(35) {pI-T)f{X) = 0 forall/xefY. 

Let A e W be arbitrary and for every i = 1,2 let D(A,ri) denote a closed 
disc in C centered at A with radius such that D(A, ri) C U. Furthermore, 
assume that r 2 < r\ and let := Tn — T for every n e N. Clearly Qn 
commutes with Tn for all n G N. By the uniform convergence we know that 
for £ := min{r 2 ,ri — r 2 } there exists n G N such that ||Qn|| < e. Set 

Kg {v e C : In — X\ < e}. 

Since the spectral radius r{Qn) is less than e, then for every p G C \ Kg we 
have ^ — A G p{Qn)- Write 

pI-Tn = {p-X)I+{XI-Tn) = {p-X)I-Qn + {XI-T). 

Since {XI — T)f{X) = 0, by (35), then 

(36) {pi - Tn)f{X) = [{p - A)/ - Qn]f{X), 
and hence, if R{p — A, Qn) = [{p — A)/ — Qn]~^, 

(37) {pi - Tn)R{p - X),Qn)f{X) = R{p - X),Qn){pI - Tn)f{X) = /(A). 



Since the mapping p R{p — A, Q„)/(A) is analytic on <C\Kg we then 
obtain that p G Pr„(/(A), so that ut„(/(A)) C Kg. 

In view of (36) and (37), by integration along the boundary of Kg we 
obtain from the elementary functional calculus 



The function 



'OK, 



R{p-iy, Qn)f{v) f /(^) 

p — A 2TTi V — X 



Av = /(A) 






2Tri 



'OKs 



R{p - © Qn)f{v) 
V — X 
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is analytic in the open disc D(A,r 2 ), so D(A,T 2 ) C Pt„(/(A)) and hence 
ar„(/(A)) CC\D(A,r2) CC\K„ 

Since o'TnifW) ^ the last inclusions imply that <tt„(/(A)) = 0. Since 
by assumption T„ has the SVEP, by Theorem 2.8 we then conclude that 
/(A) = 0 for every X eU. Hence T has the SVEP. ■ 

Corollary 2.12. Suppose that T e L{X) has the SVEP and Q is quasi- 
nilpotent commuting with T. Then T + Q has the SVEP. 

Proof Suppose that / : D ^ X is an analytic function on the set U such 
that {XI — T— Q)f{X) = 0 for all A e D. For p ^ X, write {pi — T)f{X) = 
{p — X + Q)f{X). The assertion follows from the proof of Theorem 2.11 
taking := —Q, Tn ■= T and Kg — {A}. ■ 

Remark 2.13. The result of Corollary 2.12 may be generalized as follows. 
If T, S' e i(X), for every n e N let us define 

(T - S)!*^] ^(-1)”-'= rj.kgn-k^ 

fc=o ^ 

Note that (T — S)t"l is not a function of T — S. However, if TS = ST then 
(T — S)!”] = (T — S)" for all n e N. The operators T, S are said to be 
quasi-nilpotent equivalent if 

lim ||(r-S)M||V« = o and lim 1|(S - = 0. 

n—*oc n—*oc 

Of course, two commuting operators T and S are quasi-nilpotent equiv- 
alent precisely when T — S is quasi-nilpotent. Note that the relation defined 
above is actually an equivalence in L{X), see Colojoara and Foia§ [83, p. 
11]. Furthermore, if T,S are quasi-nilpotent equivalent then a{T) = (t(S), 
see [83, Theorem 2.2], and if T has the SVEP then also S has the SVEP 
and ct{x) = crs{x) for every x (E X, see Theorem 2.3 and Theorem 2.4 of 
[83]. 

We next show that the SVEP is preserved by some trasforms. 

Definition 2.14. An operator U e L{X,Y) between the Banach spaces 
X and Y is said to be a quasi-affinity if U is injective and has dense range. 
The operator S € L{Y) is said to be a quasi-afhne transform of T G L{X) 
if there is a quasi- affinity U e L{Y,X) such that TU = US. 

Theorem 2.15. If T e L{X) has the SVEP at Xq G C and S e L{Y) 
is a quasi-affine transform ofT then S has the SVEP at Aq. 

Proof Let f \ U ^ Y he an analytic function defined on an open neigh- 
bourhood U of Aq such that {pi — S)f{p) = 0 for all p G U. Then 
U{XI — S)f{p) = {pi — T)U f{p) = 0 and the SVEP of T at Aq entails 
that Uf{p) = 0 for all p E U. Since U is injective then f{p) = 0 for all 
p eU, hence S has the SVEP at Aq. ■ 
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Next we want establish a local decomposition property that will be 
needed later. To establish this property we need hrst a preliminary result. 

Lemma 2.16. Let K c C be a eompaet set and suppose that T is a 
eontour in the eomplement C \ K that surrounds K. If T is a bounded 
operator on a Banaeh spaee X and f : C\K ^ X is an analytie funetion 
for whieh {XI — T)f{X) = x for all X G C\K, then 

Proof Let U := C \ K . We may suppose that T is contained in the 
unbounded connected component of the open set U. In fact, / is analytic 
on U and therefore by Cauchy’s theorem only the part of T which lies in the 
unbounded component of U contributes to the integral Jp /(A) dA. 

Let A be the boundary, positively oriented, of a disc centered at 0 and 
having radius large enough to include in its interior both T and cr{T). Prom 
Cauchy’s theorem we have 

^/(A) dX = Jj{X) dA, 

and from an elementary property of the Riesz functional calculus it follows 
that the last integral is 2ttH. ■ 

Theorem 2.17. Suppose that T e L{X), X a Banaeh spaee, has the 
SVEP. IfLli and LI 2 are two elosed and disjoint subsets o/C then 

U LI 2 ) = Xx(fli) © Xx{Ll2), 
where the direet sum is in algebraie sense. 

Proof The inclusion Xt{LIi) © Xt{L12) Xt{LIi U fl 2 ) is obvious. 

To show the reverse inclusion observe hrst that we may assume that 
rii and ri 2 are both compact, since by part (ii) of Theorem 2.6 we have 
Xt{LI) = Xt{LI n cr{T)) for all subsets Q. of C. Now, if a; G U fl 2 ) the 

SVEP ensures that there exists an analytic function / : C \ (fli U LI 2 ) X 
such that 

(XI-T)f(X) =x forall AeC\(fliUfl 2 ). 

Let Ai,A 2 be two compact disjoint sets such that Ai for « = 1,2 is a 
neighbourhood of Lli and the boundary T^ of A^ is a contour surrounding 
Lli. From Lemma 2.16 it follows that x = xi + X 2 , where 

a;i := ^ y /(A) dA fori = 1,2. 

We claim that Xi G XxiAi). In fact, set 

ffi(h) := dA for all ^ G C \ A^. 

JFi M ~ X 
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The functions gi{\) : C \ ^ X are analytic. Furthermore, for every 

^ e C \ Ai we have 



- T)gi{n) 



XJ („_A + A-T)i<^ dA 



'Li 



fj. — X 

But from the Cauchy’s theorem we have that 



- f (A-T)^ 

m Jp. /I - A 2-ki Jy. 

dA + Xi- 



2m 

1 

2Tri 



1 

27rf , 



g, — X 



dA = 0 for all /X € C \ Ai 



thus {gl — T)gi{g) = Xi for x = 1,2 and this implies Xi € XxiAi), as 
claimed. 

To conclude the proof observe that, again by Cauchy’s theorem, the 
definition of xi and X 2 does not depend on the particular choice of Ai and 
A 2 , with the properties required above. This implies that Xi G Xx{-Xi) for 
every compact neighbourhood A{ of fli, so that Xi G Xxi^i) for i — 1,2. 
Hence x = x\ + X 2 , where Xi G Xx{^i), as was desired. To see that the sum 
is direct, observe that since fli n = 0, from Theorem 2.6, part (v), we 
have 

Xt(Hi) n Xt{^2) = Xt{0) = {0}, 

since, by assumption, T has the SVEP. ■ 



The next result exhibits a simple characterization of the elements of the 
analytical core K(T) by means of the local resolvent pt{x). 

Theorem 2.18. Let T G L(X), X a Banach space. Then 

K{T) = Xt{C \ {0}) = {x G X : 0 G pt{x)}. 

Proof Let x G K{T). We can suppose that a; 7 ^ 0. According to the 
definition of K{T), let 5 > 0 and (u„) C X be a sequence for which 

x = uo, Tun +1 = Un, ||u„|| < <f"||a;|| for every n G Z+. 

Then the function / : D(0, 1/(5) ^ X, where D(0, 1/(5) is the open disc 
centered at 0 and radius 1/5, defined by 

00 

/(A) := for all A G D(0,l/(5), 

n—1 

is analytic and verifies the equation {XI—T)f{X) = x for every A G D(0, 1/5). 
Consequently 0 G Pt{x). 

Conversely, if 0 G Pt{x) then there exists an open disc D(0,e) and an 
analytic function / : D(0, e) ^ X such that 

(38) {XI — T)f{X) = x for every A G D(0, e). 
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Since / is analytic on D(0, e) there exists a sequence (u„) C X such that 

OO 

(39) /(A) = — for every A e D(0, e). 

n— 1 

Clearly /(O) = —ui. and taking A = 0 in (38) we obtain 
Tui = -T(/(0)) = X. 

On the other hand 



X = (A/ - T)/(A) = Tui + \{Tu 2 - ui) + X\Tu3 - U2) + ■ ■ ■ 
for all A e D(0,e). Since x = Tui we conclude that 

Tun+i = Un for all n = 1, 2 , • • • . 



Hence letting uq = x the sequence (u„) satisfies for all n e Z+ the first of 
the conditions which define K{T). 

It remains to prove the condition ||wn|| < <^"||a:j| for a suitable <5 > 0 
and for all n G Take /i > 1/e. Since the series (39) converges then 
|A|"“^||w„|| ^ 0 as n ^ OO for all ||A|| < e and, in particular, ^ 

0, so that there exists a c > 0 such that 

(40) ||u„l| < c for every n G N. 



Prom the estimates (40) we easily obtain 



'U'nW ^ 



and therefore x G K{T). 





For a bounded operator T G L{X) on a Banach space X and a closed set 
17 C C, let Tx(f7) denote the set of all a; G X such that there is an analytic 
function / : C \ 17 — s- X such that 

{XI -T)f{X) = x for all A G C \ 17. 

It is easy to verify that Xlt{H) is a linear subspace of X. Clearly 

(41) Xt{II) C Xx(I 7) for every closed subset 17 C C . 

The set Xx{H) is a linear subspace of X, called the glocal spectral sub- 
space of T associated with 17. This subspace is more appropriate for certain 
general questions of local spectral theory than the classical analytic subspace 
Xx(I7). 

In the following theorem we show few basic properties of the glocal sub- 
spaces. Some of these properties are rather similar to those of local spectral 
subspaces. The interested reader may be found further results on glocal 
spectral subspaces in Laursen and Neumann [214]. 



Theorem 2.19. For an operator T G L{X), X a Banach space, the 
following statements hold: 

(i) Xt(0) = {0} and Xt{(j{T)) = X; 
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(ii) Xt{^) = A’7’(17na(T)) and {XI — T)Xt{^) = Xt{^) for every elosed 
set il, C C and all X G C \ it; 

(iii) U 1 ^ 2 ) = Xt{^i) + Xt{0.2) for all disjoint elosed subsets 
and fl2 of C; 

(iv) T has the SVEP if and only if XtIP) = Xt(P), for every elosed 
subset n (Z C. 

Proof (i) Suppose that x e Xt{ 0 ) and let / : C ^ X be an analytic 
function such that {XI — T)f{X) = x for all A € C. Then /(A) coalesces 
with the resolvent function R{X,T) := {XI — T)~^ on p{T), so /(A) — > 0 as 
|A| ^ 00 . By the vector-valued version of Liouville’s theorem / = 0, and 
therefore x = 0. The second equality of part (i) is straightforward. 

The proof of (ii) easily follows from Theorem 2.2, whilst the proof of 
the decomposition (iii) is similar to the proof of that given for spectral local 
subspaces. 

(iv) Clearly, if T has the SVEP and C C is closed then Xx{H) = 
Xt{H)- Conversely, if Xt{H) = Xx{H) for all closed sets C C then 

Xx{0) = Xx{0) = {0}, 

so, by Theorem 2.8, T has the SVEP. ■ 

Let Dg denote the closed unit disc of C centered at 0 with radius e > 0. 
The space Xx{Ds) may be characterized in the following way. 

Theorem 2 . 20 . For every bounded operator T G L{X), X a Banaeh 
spaee, we have 

(42) Xx{'De) = \ xeX : limsup ||T”x||^/” < e\ . 

n— ^00 j 

In partieular, Hq{T) = TV({ 0 }) and ifT has the SVEP then 

(43) Ho{T) = Xt({0}) = {xeX: ax{x) C {0}}. 

Proof Let x G X such that px{x) := limsup„^o^ ||r"x||^/" < e. The series 

00 

/(A):=^A-”T"-ix, AgC\D„ 

n—1 

converges locally uniformly, so it defines an X-valued function on the set 
C\De. Evidently 

(A/-T)/(A)=x for all A G C \ D,,, 

so X G Xr(De). Conversely, assume that x G Xx{V>g) and consider an 
analytic function / : C \ Dg ^ X such that {XI — T)f{X) = x holds for all 
A G C \ Dj. For every |A| > max {e, ||r||} we then obtain 

00 

/(A) = {XI - T)-^x = ^ A-"T"-ix, 
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and therefore /(A) ^ 0 as |A| ^ oo. Consider the open disc D(0, 1/e) of C 
centered at 0 with radius e. The analytic function g : D(0, 1/e) ^ X defined 
by 

g{^^),= [ fi\) ifO/MeD(0,l/£), 



if /I = 0, 



verifies the equality 



(44) 



n— 1 



for all 1^1 < 



1 

max{e, ||T||} 



Since g is analytic on D(0, 1/e) it follows, exactly as in the scalar setting, 
from Cauchy’s integral formula that the equality (44) holds even for all 
/X G D(0, 1/e). This shows that the radius of convergence of the power series 
representing g[g) is greater then 1/e. The standard formula for the radius 
of convergence of a vector valued power series then implies that Pt{x) < e. 
Therefore the equality (42) holds. 

The latter assertions are clear, by part (ii) of Theorem 2.19 and taking 
e = 0 in the equality (42). ■ 



Later we shall give an example of operator T such that Hq(T) is not 
closed. Prom the equality Hq{T) = Xt{{D/ we also obtain an example of 
operator for which the glocal spectral subspaces need not be closed. 

Given an element x G X and T G L{X), the quantity 
rrix) :=limsup||T”x||i/" 

n— ^oo 

is called the local spectral radius of T at x and the choice of this denomination 
is justified by the following fact: 



Theorem 2.21. Suppose that T G L{X) has the SVEP. Then 
(45) rr(x) = max{\\\ : A G (Tt(x)}. 



Proof Let x G X be a non zero element. Prom Theorem 2.8 we know that 
arix) is a non-empty compact subset of C. Put r := max{|A| : A G crr(x)} 
and let D(0, r) denote the closed disc of C centered at 0 and radius r. Then 
since T has the SVEP x G Xy(D(0,r)) = TV(D(0, r)), and hence ry(x) < r 
by Theorem 2.20. Again, from Theorem 2.20 we obtain that x belongs to the 
glocal spectral space associated with the closed disc D(0, rr(x)) centered at 
0 and radius tt{x), and therefore x G AV(D(0, rr(x)). Therefore ctt{x) C 
D(0,rr(x)). Prom this we easily conclude that r < rr(x), so the proof is 
complete. ■ 



2. The SVEP at a point 

We have seen in Theorem 2.8 that T has the SVEP precisely when for 
every element 0 7 ^ x G X we have ctt{x) = 0. The next fundamental result 
establishes a localized version of this result. 
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Theorem 2.22. Suppose that T e L{X), X a Banach space. Then the 
following conditions are equivalent: 

(i) T has the SVEP at Aq; 

(ii) ker (Ao/ - T) n Xt{ 0 ) = {0}; 

iii) ker (Aq/ - T) n K{XoI ~T) = {0}; 

(iv) For every 0 ^ x e ker (Aq/ — T) we have arix) = {Aq}. 

Proof By replacing T with XqI—T we may assume without loss of generality 
Ao = 0. 

(i) (ii) Assume that for x G ker T we have ctt{x) = 0. Then 0 G 
Pt{x), so there is an open disc D(0, e) and an analytic function / : D(0, e) 

X such that {XI — T)f{X) = x for every A G D(0,e). Then 

T((A/ - T)/(A)) = {XI - T)T{f{X)) = Tx = 0 

for every A G D(0,e). Since T has the SVEP at 0 then Tf{X) = 0, and 
therefore T(/(0)) = x = 0. 

Conversely, suppose that for every 0 7^ x G ker T we have ctt{x) 7^ 0- 
Let / : D (0,£) ^ X be an analytic function such that {XI — T)f{X) = 0 
for every A G D (0,£). Then /(A) = for a suitable sequence 

{un) C X. Clearly Tuq = T(/(0)) = 0, so uq G ker T. Moreover, from the 
equalities ctt(/(A)) = ctt(O) = 0 for every A G D (0,£) we obtain that 

C^t(/(0)) = CTt{Uo) = 0, 

and therefore by the assumption we conclude that uq = 0. For all 0 7^ A G 
D (0, e) we have 

00 00 

0 = (A/ - T)/(A) = {XI - T) ^ A”n„ = X{XI - T) ^ A"w„+i, 

n=l n=l 

and therefore 

00 

0 = {XI — T){^^ X^Un+i) for every 0 7^ A G D (0,£). 

n— 0 

By continuity this is still true for every A G D (0, £). At this point, by using 
the same argument as in the first part of the proof, it is possible to show that 
ui = 0, and by iterating this procedure we conclude that U 2 = U 3 = ■ ■ ■ = 0. 
This shows that / = 0 on D (0,£), and therefore T has the SVEP at 0. 

(ii) (iii) It suffices to prove the equality 

ker T n K{T) = ker T n Xt{0). 

To see this observe first that by Theorem 2.20 we have ker T C Hq{T) C 
Xx'({0}). Prom Theorem 2.18 it follows that 

ker T n K{T) = ker T n Xt{C \ {0}) C Xr({0}) fl Xt{C \ {0}) = Ar(0). 
Since Xt{0) Q X^{C \ {0}) = K{T) we then conclude that 

ker T n K{T) = ker T n K{T) n Xt{0) = ker T n Xt{0), 
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as required. 

(ii) (iv) Since ker T C Hq{T), from Theorem 2.20 it follows that 
^t{x) C {0} for every 0 yf x e ker T. By assumption arix) ^ 0, so 
ctt(x) = {0}. 

(iv) =7> (ii) Obvious. ■ 

The following corollary is a more detailed version of the result established 
in Theorem 2.8. 

Corollary 2.23. Let T e L{X), X a Banach space. Then T does 
not have SVEP if and only if there exists X e crp{T) and a corresponding 
eigenvector xo(yf 0) such that ctt(xo) = 0. In such a case T does not have 
SVEP at Xq. 

Clearly, if XqI — T is injective then T has the SVEP at Aq. The next 
result shows that if XqI — T is surjective then T has the SVEP at Aq if and 
only if Aq belongs to the resolvent p{T). 

Corollary 2.24. Let T e L{X), X a Banach space, be such that XqI—T 
is surjective. ThenT has the SVEP at Aq if and only ifXoI — T is injective. 

Proof We can assume Aq = 0. Assume that T is onto and has the SVEP 
at 0. Then K{T) = X and by Theorem 2.22 ker T C\ X = ker T = {0}, so 
T is injective. The converse is clear. ■ 

An immediate consequence of Corollary 2.24 is that every unilateral left 
shift on the Hilbert space f 2 (N) fails to have SVEP at 0. In the next chapter 
we shall see that other examples of operators which do not have SVEP are 
semi-Predholm operators on a Banach space having index strictly greater 
than 0. Another example of operator which does not have SVEP at 0 is 
the adjoint T* of an isometric non-unitary operator T G L{H) on a Hilbert 
space H, see Colojoara and Foia§ [83, Example 1.7]. 

Remark 2.25. Evidently if V is a closed subspace of the Banach space 
X such that (Aq/ — T)(Y) = Y and the restriction (Aq/ — T) \Y does not 
have SVEP at Aq then also T does not have the same property at Aq. 

This property, together with Corollary 2.24, suggests how to obtain op- 
erators without the SVEP: if for an operator T G L(X) there exists a closed 
subspace Y such that 

( Aq/ - T) (V) = Y and ker (Aq/ - T) n V / {0} 
then T does not have SVEP at Aq. 

In the remaining part of this section we want show that the relative po- 
sitions of all the subspaces introduced in the previous chapter are intimately 
related to the SVEP at a point. 

To see that let us consider, for an arbitrary Aq G C and an operator 
T G L{X) the following increasing chain of kernel type of spaces: 
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ker (Ao/ - T) C AA“(Aq/ - T) C Ho(Ao/ - T) C Xt({Ao}), 

and the decreasing chain of the range type of spaces: 

Xt{0) C Xt(C \ {Ao}) = K{XoI - T) C (Aq/ - T)“(X) C (Aq/ - T)(X). 

The next corollary is an immediate consequence of Theorem 2.22 and 
the inclusions considered above. 

Corollary 2 . 26 . Suppose that T e L{X), X a Banach space, verifies 
one of the following conditions: 

(i) AA“(Ao/ - T) n (Ao/ - T)“(X) = {0}; 

(ii) A/“(Ao/ - T) n //(Ao/ - T) = {0}; 

(hi) A/“(Ao/-r)nXr(0) = {0}; 

(iv) i/o(Ao/ - T) n //(Ao/ - T) = {0}; 

(v) ker (Ao/ - T) n (Ao/ - T)(X) = {0}. 

Then T has the SVEP at Xq. ■ 

The SVEP may be characterized as follows. 

Theorem 2 . 27 . Let T e L{X), X a Banach space. Then T has the 
SVEP if and only if Hq{XI - T) n K{XI -T) = {0} for every A e C. 

Proof Suppose first that T has the SVEP. From Theorem 2.18 we know 
that 

K{XI -T)= Xxi_t{C \ {0}) = Xt{C \ {A}) for every A e C, 
and, by Theorem 2.20, 

//o(A/ — T) = Xa/_t({ 0}) = Xr({A|) for every A e C . 
Consequently by Theorem 2.8 

Ho{XI - T) n K{XI -T) = Xt({A}) n Xt{C \ {A}) = Xt{0) = {0} . 
The converse implication is clear by Corollary 2.26. ■ 

Corollary 2 . 28 . Suppose that T e L{X), X a Banach space. If T is 
quasi-nilpotent then K{T) = {0}. 

Proof If T is quasi-nilpotent then Hq{T) = X by Theorem 1.68. On the 
other hand, since T has the SVEP, from Theorem 2.27 we conclude that 
{0} = K{T)nHo(T) = K{T). 

Theorem 2 . 29 . Let T e L{X), X a Banach space, he essentially semi- 
regular and quasi-nilpotent. Then X is finite- dimensional and T is nilpotent. 
In particular, this holds for semi-Predholm operators. 
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Proof Suppose that (M, N) is a GKD for T such that T\N is nilpotent and 
N is finite-dimensional. Since T is quasi- nilpotent, from Corollary 1.69 we 
have X = Hq{T) = Hq{T\M) © N. Moreover, T\M is semi-regular, hence 
by Theorem 1.70 and Theorem 1.41 Hq{T\M) C K{T\M) = K(T). But 
K{T) — {0} by Corollary 2.28, so Hq{T\M) = {0} and this implies that 
X = {0} ®N = N. Therefore X is finite-dimensional and T is nilpotent. ■ 



Example 2.30. The next example, based on theory of weighted shifts, 
shows that the SVEP at a point does not necessarily implies that Hn(XnI — 
T)nK{XoI-T) = {0}. 

Let P {Pn)nei. be the sequence of real numbers defined as follows: 






_ 1 - + Kl if 71 < 0, 

' I — 71 ^ ’£ A 

' e II n > 0. 



Let X := L 2 {P) denote the Hilbert space of all formal Laurent series 

OO OO 

for which \o(n\‘^Pn^ < oo , 

n=—QC n=—QC 

Let us consider the bilateral weighted right shift defined by 



OO OO 

T{ ^ a„z”) := ^ anZ 

n=— OO n=— oo 



,n+l 



or equivalently, Tz" := for every n G Z. The operator T is bounded 
on L 2 {P) and 

im| = .up{^:„ez} = l. 

Clearly T is injective, so it has the SVEP at 0. The following argument 
shows that Ho{T) fl K{T) yf {0}. From j| 2"||/3 = Pn for all n G Z we obtain 
that 

lim = 0 

n— ^oo 

and 

lim l|z-”-i||//” = l . 

n—*oc 

By the formula for the radius of convergence of a power series we then 
conclude that the two series 

OO OO 

/(A) := and g{X) ■■= ~Y 

n=l n=l 

converge in L 2 {P) for all |A| > 0 and |A| < 1, respectively. Clearly the 
function / is analytic on C \ {0}, and 

OO OO 

{XI - T)f{X) - I] = 1 for all A yf 0 , 

n=l n=l 
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whilst the function g is analytic on the open unit disc D and verifies 

OO OO 

{XI - T)g{\) = ^ A”z-” - ^ = 1 for all A e D . 

n— 0 n— 0 

This means that 1 e Tr({0}) fl Xt{C \ D) = Ho{T) fl K{T), where the last 
equality follows from Theorem 2.18 and Theorem 2.20. 

Theorem 2.31. Suppose that T e L{X), where X is a Banach space, 
has a closed quasi-nilpotent part H{XqI — T) or that Ho{Xo — T)riK{XoI — T) 
is closed. Then Hq{Xq — T) fl it'(Ao/ — T) = {0} and hence T has the SVEP 
at Aq. 

Proof Without loss of generality we may consider Aq = 0. 

Assume first that Ho{T) is closed. Let T denote the restriction of T to 
the Banach space Ho{T). Clearly, Ho{T) = Hq{T), so T is quasi-nilpotent 
and hence K{T) ~ {0}, by Corollary 2.28. On the other hand it is easily 
seen that Hq{T) n K{T) = K{f). 

Assume now that Y := Ho{T) fl K{T) is closed. Clearly Y is invariant 
under T, so we can consider the restriction S := T \Y. If y G T then 
|5'"y||i/" = ||T"y||^/” ^ 0 as n ^ OO, so y e Hq{S) and hence Hq{S) = 
Y. Prom Theorem 1.68 we infer that S is quasi-nilpotent and hence, by 
Corollary 2.28 K{S) = {0}. We show that Y = K{S). To prove this 
equality choose y €Y = Ho{T) fl K{T). By the definition of K{T) there is 
then a sequence (y„) C X and a <5 > 0 such 

yo = y, Tyn = yn-i and ||y„|| < <5”||y|| 

for all n G Z+. Since y G T C Ho(T), from Lemma 1.67 we obtain that 
y„ G H(j{T) for all n G N. Moreover, since y G K{T) = Xt{C \ {0}, from 
part (iv) of Theorem 2.6 we also obtain that y„ G K{T) = for all n G Z_|_, 
so that y„ G y and therefore y G K{S). This shows that Y C K{S). 

The opposite inclusion is clear since K{S) = K{T) f\YQY. Thus 
Y = K{T) n Hq{T) = K{S) = {0}, and hence by Corollary 2.26 T has the 
SVEP at 0. 

The last assertion is clear from Corollary 2.26. ■ 

The next example shows that an operator T G L{X) may have the SVEP 
at the point Aq but fails the property of having a closed quasi-nilpotent part 
Ho{XoI-T). 

■ ■ provided with the norm 
for all X := (xn) G X, 

if 4 = 1 , • • • , n , 
if i > n. 



Example 2.32. Let X := £2 ® ^2 ' 

/ OO \ 1/^ 



a; := 



El 

Vn=l 



and define 



I ^i+l 

TnCi ~ < 6i-|-l 



i — n 
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It is easy to verify that 

||T”+''|| = 1 /fc! and as k ^ oo. 

From this it follows that a{Tn) = {0}. Moreover, Tn is injective and the 
point spectrum crp(T„) is empty, so has the SVEP. 

Now let us define T := Ti © • • • © © • • • . Prom the estimate ||r„|| = 1 

for every n G N, we easily obtain ||r|| = 1. Moreover, since crp(T„) = 0 for 
every n G N, it also follows that crp(T) = 0. 

Let us consider the sequence x = (x„) C X defined by := ei/n for 
every n. We have 

'V 

^ < 00 , 

J 

which implies that x G X. Moreover, 

||r”x||i/" > ||T” = (l/n)^/” 

and the last term does not converge to 0. Prom this it follows that arix) 
contains properly {0} and therefore, by Theorem 2.20, x ^ Ho(T). 

Finally, 

£2®e2---®h®{0}--- C Ho{T), 

where the non-zero terms are n. This holds for every n G N, so Hq(T) is 
dense in X. Since Hq{T) 7 ^ X it follows that Hq{T) is not closed. 

Theorem 2.33. Suppose that for a bounded operator T G L{X), the 
sum Ho{XqI — T) + (Aq/ — T){X) is norm dense in X. Then T* has the 
SVEP at Ao. 

Proof Also here we assume that Aq = 0. Prom Theorem 1.70 we know that 
K[T*) C Ho{T)-^. Prom a standard duality argument we now obtain 

ker (T*) n K{T*) C T(X)^ n Ho{T)-^ = (T{X) n Ho{T))-^. 

If the subspace H{T) + T{X) is norm-dense in X, then the last annihilator 
is zero, so that ker T* fl K(T*) = {0}, and consequently by Theorem 2.22 
T* has the SVEP at 0. 

Corollary 2.34. Suppose either that Ho{XoI — T) + K{XqI — T) or 
Af°^{XoI — T) + (Aq/ — T)°°(X) is norm dense in X. Then T* has the 
SVEP at Ao. 

It is easy to find an example of an operator for which T* has the SVEP 
at a point Aq and such that A/"°°(Aq/ — T) + (Aq/ — T)°°(X) is not norm 
dense in X. 

Example 2.35. Let T denote the Volterra operator on the Banach space 
X := C[ 0 , 1 ] defined by 

{T f){t) f f{s)ds for all / G C[0, 1] and t G [0, 1]. 

Jo 
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T is injective and quasi- nilpotent. Consequently A/"°° (T) = {0} and K[T) = 
{0} by Corollary 2.28. It is easy to check that 

T“(X) = {/ e C“[0, 1] : /(")(0) = 0. n e Z+}, 

thus T°°(X) is not closed and hence is strictly larger than K{T) = {0}. 
Clearly the sum A/"°°(T) -|- T°°(X) is not norm dense in X, whilst T* has 
the SVEP because it is quasi- nilpotent. 

The next theorem is, in a certain sense, dual to Theorem 2.33. 

Theorem 2.36. Suppose that for a bounded operator T e L{X) the sum 
Hq{XqI* — T*) + (Aq/* — T*){X*) is weak * dense in X*. Then T has the 
SVEP at Ao. 

Proof From Theorem 1.70 we know that K{T) C-*- Ho{T*). Therefore 

ker T n K{T) C-^ T*{X*) Hq{T*) =-^ (T*(X*) -h Hq{T*)). 

But the sum Hq{T*) + T*){X*) is weak* dense in X*, so by the Hahn- 
Banach theorem the last annihilator is zero and therefore T has the SVEP 
at 0, again by Theorem 2.22. ■ 

Corollary 2.37. Suppose that for a bounded operator T e L{X), either 
Ho{XoI - T*) + K{XoI - T*) or A/'“(Aq - T*) + (Aq - T*)“(X*) is weak* 
dense in X* . Then T has the SVEP at Xq. ■ 

3. A local spectral mapping theorem 

Given an operator T G L(X), X a Banach space, and an analytic func- 
tion / defined on an open neighborhood U of u{T), and let f{T) denote 
the corresponding operator defined by the functional calculus. The classical 
spectral theorem states that f{a{T)) = a{f{T)). We also know that an 
analogous formula holds for the semi-regular spectrum ase{T) and the es- 
sential semi-regular spectrum aes{T). One may be tempted to conjecture an 
analogous result for the local spectrum, f{aT{x)) = af(T){x) for all x G X, 
but it can be easily seen that in general that is not true. Indeed, if we con- 
sider the constant function / = c on the neighborhood U and an operator T 
without the SVEP, then there exists by Theorem 2.18 a vector 0 ^ x G X 
such that axix) = 0. Clearly f{aT{x) = 0 , whilst 

^f(T){x) = (x{f{T)) = {c} ^ 0. 

However, in the next remark, where we collect some information about 
the local spectra af(^r){x), we see that the spectral theorem for the local 
spectrum holds under certain additional assumptions on the function / or 
on T . 

Remark 2.38. Let T G L{X), X a Banach space, and let / be an analytic 
function / on the open neighborhood U of cr{T). We have 

(i) f{aT{x)) C af(x){x) for all a; G X [214, Theorem 3.3.8]. 
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(ii) If T has the SVEP or if the function / is non-constant on each of 
the connected components of lA then 

f{aT{x)) = af^rp^{x) for all x G X, 

see Laursen and Neumann [214, Theorem 3.3.8]. The proof of this equality 
depend upon the glocal spectral subspaces canonical behaviour with respect 
to Riesz functional calculus, i.e., if / is analytic on an open neighbourhood 
of a(T) then for all closed sets fl C C. The proof 

of this deep result may be found in Laursen and Neumann [214, Theorem 
3.3.6]. 

For an arbitrary operator T G L{X) on a Banach space X let 
S(T) := {A G C : T does not have the SVEP at A} . 

Prom the identity theorem for analytic functions it readily follows that S(T) 
is open and consequently is contained in the interior of the spectrum cr{T). 
Clearly S(T) is empty precisely when T has the SVEP. 

Theorem 2.39. Let T G L{X), X a Banach space. Let f : U ^ C be 
an analytic function on the open neighborhood U ofa{T). Suppose that f is 
non-constant on each of the connected components ofU. Then f{T) has the 
SVEP at X e C if and only if T has the SVEP at every point p, G o'(T) for 
which f{p) = A. Moreover, f{E{T)) = S((/(T)). 

Proof Suppose first that f{T) has the SVEP at Aq G C. By Theorem 2.22 
then 

her (Ao/-/(T))nX/(^)(0) = {O}. 

Suppose now that for some po G cr{T) we have f{po) = Aq. To show the 
SVEP of T at po it suffices, again by Theorem 2.22, to show that her {pol — 

r)nx^„,_r(0) = {o}. 

Let X G her [p^I — T) C\ Xt{0) be arbitrarily given and define by 
h{p) := Aq — f{p) for all p G lA. Then h{T) = Aq/ — f{T) and, since 
h{po) = 0 we can write h{p) = {po — p)g{p), where g is analytic on lA. 
Clearly 

h{T) = {p^I - T)g{T) = g{T)(poI - T), 
so that X G ker h{T) = ker (Aq/ — f(T). On the other hand, from x G 
Xt{0) we obtain arix) = 0, and hence by part (ii) of Remark 2.38 

^f(T){x) = ficTrix) = /( 0 ) = 0 , 

so X G Xf^j’^[0). Therefore 

ker {p^I - T) n Xt{0) C ker (Aq/ - f{T)) n Xf(T){0) = {0}, 

which shows that T has the SVEP at Aq. 

Conversely, let Aq G C and assume that T has the SVEP at every po G 
a(T) for which f{po) = Aq. Write h{p) := Aq — f{p), where p e lA. By 
assumption / is non-constant on each connected component of lA, so, by the 
identity theorem for analytic functions, the function h has only finitely many 
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zeros in a{T) and these zeros are of finite multiplicity. Hence there exists 
an analytic function g defined on lA without zeros in a{T) and a polynomial 
p of the form 

P{^J) = {Pi- P)-"{Pn- p), 

with not necessarily distinct elements pi, - • ■ such that 

h{g) = Ao - f{p) = p{g)g{g) for all geU. 

Assume that x e her (Aq/ — f{T)) fl In order to prove that 

f{T) has the SVEP at Aq it suffices to show, again by Theorem 2.22, that 
a; = 0. From the classical spectral mapping theorem we know that g{T) is 
invertible, so the equality 

Xol - f{T) = p{T)g{T) = g{T)p{T) 

implies that p{T)x e ker g{T) = {0}. If we put q{g) := {p 2 ~ p) ■ ■ ■ {Pn ~ g) 
and y = q{T)x then (gil — T)y = 0. 

On the other hand, x € and / is non-constant on each of the 

connected components of U. Part (ii) of Remark 2.38 then ensures that 

fiarix)) = cff(T){x) = 0 

and therefore since T and q{T) commute 

o-T(y) = CTT{q{T)x) C arix) = 0. 

But T has the SVEP at ^i, by assumption, so, again by Theorem 2.22, y = 0. 
A repetition of this argument for ^ 2 , • ' ' i Mn then leads to the equality a; = 0, 
thus f{T) has the SVEP at Aq. 

The last claim is obvious, being nothing else than a reformulation of the 
equivalence proved above. ■ 

Theorem 2.40. Let T e L{X), X a Banach space, and f -.14 ^ an 
analytic function on the open neighborhood U of a{T). If T has the SVEP 
then f{T) has the SVEP. If f is non-constant on each of the connected 
components ofU, then T has the SVEP if and only if f{T) has the SVEP. 

Proof The second assertion is immediate from Theorem 2.39, so we have 
only to show the first assertion. 

Assume that T has the SVEP and let / be an analytic defined on an open 
neighborhood U of cr{T). We may assume that / is not identically 0 on each 
component of U. Since T has the SVEP the inclusion f{aT{x)) C af(^x){x) 
holds for any analytic function. Proceeding exactly as in the second part of 
the proof of Theorem 2.39 we easily obtain that f{T) has the SVEP. ■ 

An immediate consequence of Theorem 2.39 is that, in the characteri- 
zation of the SVEP at a point Aq G C given in Theorem 2.22, the kernel 
ker (Aq/ — T) may be replaced by the hyper- kernel A/"°°(Aq/ — T). 
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Corollary 2 . 41 . For every bounded operator on a Banaeh spaee X the 
following properties are equivalent: 

(i) T has the SVEP at Aq; 

(ii) T" has the SVEP at Aq for every n e N. 

(iii) AA“(Ao/ -T)n Xt{0) = {0}; 

(iv) AA“(Ao/ - T) n K{XoI -T) = {0}; 

Proof The equivalence (i) (ii) is obvious from Theorem 2.39. Combining 
this equivalence with Theorem 2.22 we then obtain that T has the SVEP at 
Aq if and only if her (Aq/ — T)" n Xx{0) = {0}, for every n e N. Therefore 
the equivalence (i) (iii) is proved. The equivalence (i) (iv) follows from 
Theorem 2.22 in a similar way. ■ 

Note that in the condition (ii) of Corollary 2.41 the power T" may be 
replaced by f{T), where / is any analytic function on some neighborhood 
U of cr(T) such that / is non-constant on each of the connected components 
of U and such that 0 is the only zero of / in cr{T). 

The spectrum of a bounded linear operator can be divided into subsets 
in many different ways. In this section we shall consider some other parts 
of the spectrum which play a relevant role in local spectral theory. In the 
sequel we shall denote by 

(Tsu(E) := {A e C : a/ — T is not surjective}, 

the surjeetivity speetrum of T. It should be noted that the surjectivity spec- 
trum has been called something else by several authors, e.g., approximate 
defeet speetrum. Since the terminology does not appear standard, we prefer 
to point out its purely algebraic nature by using the term of surjectivity 
spectrum . 

The approximate point speetrum of T e L{X), is defined to be the set 
o'ap(E) := {A e C : A/ — T is not bounded below}. 

We have already observed that XI — T is bounded below if and only if 
there exists K > 0 such that ||A/ — Tx\\ > i^||a;|| for all x G X. Prom this it 
easily follows that A e cra.p{T) if and only if there exists a sequence (a;„) C X 
such that ||x„|| = 1 and {XI — T)xn ^ 0 as n ^ oo. 

The next result gives further informations on crap(E)- 

Theorem 2 . 42 . If T e L{X), X a Banaeh spaee, then cTsu(T') = 
CTap(T'*) and crap(T) = ctsu(E*)- Moreover, cTap(E); o,s well as asu{T), is a 
non-empty compaet subset ofC containing the topological boundary of a{T). 

Proof The equalities (Tsu(?") = crap{T*) and iTap(7") = <Tsu( 7"*) are obvious 
from Lemma 1.30, part (i). From Lemma 1.30, part (ii), we also obtain 
that both cTap(T) and asu{T) are closed because have open complements. 
Obvious, the two spectra are compact, since both are subsets of cr(T). 

That (Tap (7") contains the topological boundary da{T) of the spectrum 
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is an obvious consequence of part (ii) of Theorem 1.75, once observed that 
<7ap(r) 2 ase{T). Furthermore, from the equality asu{T) = crap(T'*) we 
conclude that asu{T) contains the topological boundary of cr{T*) = a{T). 



The following theorem shows that the surjectivity spectrum of an oper- 
ator is closely related to the local spectra. 

Theorem 2.43. For every operator T € L{X) on a Banach space X we 
have 

ctsu{T) = y (Tt{x). 
xex 

Proof If A ^ iJxex ^t{x) then A € Pt{x) for every x ^ X and hence, 
directly from the definition of pt{x), we conclude that {XI — T)y = x always 
admits a solution for every x e X, XI — T is surjective. Thus A ^ asu{T). 

Conversely, suppose A ^ asn{T). Then XI — T is surjective and therefore 
X = K{XI — T). Prom Theorem 2.18 it follows that 0 ^ a\i-T{x) for every 
X e X, and consequently A ^ ctt{x) for every x e X. ■ 

Corollary 2.44. If X is a Banach space and T e L{X) then a{T) = 
S(T) U ct'su(T'). In particular, asu{T) contains dE{T), the topological bound- 
ary ofE{T). 

Proof The inclusion E(T) U asu{T) Q (^{T) is obvious. Conversely, if 
A ^ S(T) U (Tsu{T) then XI — T is surjective and T has the SVEP at A, so 
by Corollary 2.24 XI — T is also injective. Hence A ^ <x{T). 

The last claim is immediate, dE{T) C a(T) and since E{T) is open it 
follows that dE{T)nE{T) = 0. This obviously implies that dE{T) C asu{T). 



Corollary 2.45. Let X be a Banach space and T e L{X) has the SVEP. 
We have 

(i) IfT has the SVEP then asn{T) = <x{T) and ase(T) = cTap(E). 

(ii) IfT* has the SVEP then <Jap{T) = a{T) and crse{T) = asu{T). 

(iii) If both T and T* have the SVEP then 

(X{T) = O-su(r) = CTap(T) = ase(T). 

Proof The first equality (i) is an obvious consequence of Corollary 2.44, 
since E{T) is empty. To prove the second equality of (i) observe first that 
the inclusion ase{T) C aap(T) is trivial, since every bounded below operator 
is semi-regular . Conversely, let A ^ ase{T). From the definition of semi- 
regularity and Theorem 1.10 we have 

her {XI -T)C {XI - T)“(X) = K{XI - T) 
and therefore, since her {XI — T) C Hq{XI — T) for all A e C, 
her {XI - T) C K{XI - T) n Hq{XI - T) 
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Prom Corollary 2.26 we then conclude that ker (A/ — T) = {0}, i.e. XI — T 
is injective. This implies, since XI — T has closed range by assumption, that 
A ^ CTap(T'). 

The two equalities of part (ii) are obvious consequence of Theorem 2.42, 
whilst part (iii) follows from part (i) and part (ii). ■ 

Note that if T fails the SVEP then the local spectral formula (45) is not 
valid. This is obvious, once it is observed that in this case ctt { x ) is empty for 
some non-zero x G X by Theorem 2.8. Other informations about the local 
spectral radius rx{x) may be found in Chapter 3 of the book by Laursen 
and Neumann [214]. 

It is easily seen that if Xt( 0) = {0} then fl n <7p{T) = 0 . In fact, 
suppose that Xt( 0) = {0} and assume that there is Aq G O n crp(T). Then 
there is 0 7 ^ x G ker(Ao/ — T). Clearly ctt(x) C {Aq}, and since Aq G O this 
implies that x G Xx(0) = {0}, a contradiction. 

We also have that Xt(0) = X precisely when CsuiT) C fl. In fact, if 
Xx{H) = X and A ^ O then 

K{XI -T)= Xt{C \ {A}) D Xrin \ {A}) = Xr(0) = X, 

so that X = K{XI — T) and hence XI — T \s surjective, namely A ^ asn{T). 
Conversely, suppose that asu{T) C fl. By Theorem 2.43 we obtain that 
< xt { x ) C O for all X G X so that X = Xr(0). 

One of the deep results of local spectral theory shows that analogous 
results hold for the glocal subspaces in the case where fl is closed subset of 
C. In the next theorem we only state this result and refer for a proof of it 
to Laursen and Neumann [214, Theorem 3.3.12]. 

Theorem 2.46. Suppose that T G L{X), where X is a Banach space, 
and II is a closed subset of C. Then the following assertions hold: 

(i) Xt{H) = X if and only if o-su{T) C O; 

(ii) Xt{H) = {0} implies that H fl crp{T) = 0 ; 

(iii) //On (Tap{T) = 0 then Xt{H) = { 0 }. ■ 

An interesting consequence of Theorem 2.43 is that the approximate 
point spectrum aap{T) and the surjectivity spectrum asu{T) behave canon- 
ically under the Riesz functional calculus. 

To see this we need first a preliminary remark. Suppose that a Banach 
space X is the direct sum X = M © X, where the closed subspaces M and 
N are T-invariant, and let Pm denote the projection of X onto M. Clearly 
Pm commutes with T. It is easily seen that 

kerT= kerT|M© kerT|X and T{X) = T{M) ®T{N), 

so that T is injective if and only if both the restrictions T|M and T\N are 
injective. Moreover, T{X) is closed if and only if T{M) is closed in M and 
T{N) is closed in N. In fact, if T(X) is closed then 

T{M) = TPm{X) = Pm{T{X)) = T{X) n M 
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SO T{M) is closed, and analogously T{N) is closed. 

Conversely, assume that T{M) is closed in M and T{N) is closed in N. 
Since the mapping di : M x N ^ M ® N, defined by 111 ( 0 ;, y) := x + y is a 
topological isomorphism, then the image 



d'(T(M) X T{N)) = T(M) © T{N) = T{X) 
is closed in X. Combining all these resuls we obtain 

T is bounded below T\M, T\N are bounded below, 
and hence 

Uap(T) = aap(T|M)Uaap(r|7V). 

Analogously, from the equality T[X) = T{M)®T{N) we easily deduce that 
T is onto if and only if both T\M and T\N are onto, so that 

a,u{T)=a,u{T\M)Uasu{T\N). 



Clearly 

a{T) = a{T\M)Ua(T\N). 

Next we want to establish the spectral mapping theorem for the approx- 
imate point spectrum and the surjectivity spectrum. To prepare this result 
we first consider the very special case that the analytic function / is constant 
on the connected components of its domain of definition. 



Lemma 2.47. Let T e L{X), X a Banach space, and suppose that 
the function f is constant on each connected component of an open set U 
containing a {T). Then 

f{a,u{T)) = a,a(/(T)) = f{a(T)) = a{f{T)). 

Analogously 

aap(/(T)) = aap(/(T)) = f{a{T)) = a(/(T)). 

Proof We shall prove first the equality for asu{T)- 

Since cr{T) is compact we may assume that U has only a finite number 
of components, say fli, • • • , Lin. Assume also that 

© := Lli n cr{T) 7 ^ 0, i — 1, . . . ,n. 

Let /(A) = Ci for every X G Lli and denote by Xi the characteristic 
function of Lli. From the elementary functional calculus we know that P{ := 
Xi{T) is the spectral projection associated with the spectral set © and that 
the decomposition X = M\ © • • • © M„ holds, where Mi := Pi{X). The 
subspaces Mi are invariant under T and under f{T). Moreover, 

n n 

/(A) = ^ CiXi{X) and /(T) = ^ aPi, 

j=i i=i 

so that f{T)\Mi = Cili, li the identity on Mi. Obviuously,, 
asu(/(T)|Mi) = a(/(T)|M,) = {ci}, 
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from which we obtain 

a(/(T))=asu(/(T)) = {ci,...,c„}. 

On the other hand, asu{T) C a{T) implies 

(46) f{crsn{T)) C f{a{T)) = {ci, . . . , c„}. 

The reverse inclusion of (46) is also true, since every contains some 
points A of asu{T\Mi), since the latter set is non-empty, and therefore 

Ci = /(A) e f{asu{T\Mi) C f{asu{T)) for alH = 1, . . . , n. 

Hence /(asu(T)) = asn{f{T)) = f{cr{T)). The equality cTap(/(7')) = /(Tap(T)) 
easily follows by duality, since aap{f{T)) = asn{f{T*)) and /(aap(T)) = 

/(^su(T*)). 

Theorem 2.48. Let T e L{X), X a Banach space, and suppose that 
the function f :U ^ C defined on an open set U containing cr{T). Then 

asn{f{T)) = f{a.n{T)) and aap(/(T)) = f{a,^{T)). 

Proof Assume first that / is non-constant on each component of U. As 
noted in part (ii) of Remark 2.38 we have af(T)){x) = f{aT{x)) for all 
X G X. Taking the union over all x G X, we obtain from Theorem 2.43 that 

asu(/(T))=/(a,a(T)). 

To show the general case consider the other possibility, i.e., suppose 
that / is constant on some components of U. Denote by Di, • • • , all the 
components where / is constant, say /(A) = c„ for A € Clearly we may 
assume that := Lli fl cr(T) 7 ^ 0 for every i ~ 1, . . . , n. Define 

n n 

D Di and o' 

i=l 

If P, Q denote the spectral projection associated with a and cr(T) \ a, re- 
spectively, then X = M®N, where M := P{X) and N := Q{X). Moreover, 

cr(T|M) = CT C D, a{T\N)=a{T)\aCU\n. 

Let g be the restriction of / on D and h the restriction of / onto U \ LI. 
The functions g and h are analytic on an open set containing cr(r|M) and 
a{T\N), respectively. Furthermore, 

g{T\M) = f{T\M) = f{T)\M 

and 

h(T|iV)=/(r|fV) = /(T)|iV. 

Clearly g is constant on every connected component of D, whilst h is non- 
constant on every connected component of U \Ll. Prom Lemma 3.68 and 
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from the first part of the proof, we then obtain 

asu{f{T)) = asu{f{T)\M) U a,u{f{T)\N) = asu{g{T\M)) U a,u{h{T\N)) 
- g{a,^{T\M)) U h(a,,(T|iV)) = f{a,^{T\M)) U f{a,^{T\N)) 
= /(asu(T|M) U asu{T\N)) = f{a,u{T)), 

where the equality f{asu{T\M)) U f{asu{T\N)) = f{asu{T\M) U cTsu{T\N)) 
follows since asu{T\M) and asu{T\N) are disjoint. Therefore the proof of 
the spectral mapping theorem for cTsu(r) is complete. 

By duality it easily follows that crap{f{T)) = f{aa,p{T)), so also the 
second equality is proved. ■ 

The following result shows that the SVEP at a point Aq may be charac- 
terized in a very simple way in the special case that T is semi-regular. 

Theorem 2.49. Suppose that XqI — T is a semi-regular operator on the 
Banach space X. Then the following equivalences hold: 

(i) T has the SVEP at Aq precisely when Aq/ — T is injective or, equiv- 
alently, when Aq/ — T is bounded below; 

(ii) T* has the SVEP at Aq precisely when Aq/ — T is surjective. 

Proof (i) Assume that Aq = 0. Evidently we have only to prove that if 
T has the SVEP at 0 then T is injective. Suppose that T is not injective. 
The semi-regularity of T entails T°°(A) = K{T) by Theorem 1.24, and 
{0} 7 ^ kerT C T“(X) = K{T), thus T does not have the SVEP at 0 by 
Theorem 2.22. 

(ii) We know that if XqI — T is semi-regular then also Aq/* — T* is semi- 
regular and by Theorem 2.42 XqI — T is surjective if and only if Aq/* — T* 
is bounded below . ■ 

Clearly Theorem 2.49 generalizes Corollary 2.24 because every surjective 
operator is semi-regular. 

Corollary 2.50. Let X be a Banach space andT e L{X). The following 
assertions hold: 

(i) If Aq G u(T) \ CTap(T) then T has the SVEP at Aq, but T* fails to 
have the SVEP at Aq. 

(ii) If Aq € cr{T) \ asu{T) then T* has the SVEP at Aq, but T fails to 
have the SVEP at Aq. 

Proof The condition Aq G cr(r) \ aap{T) implies that Aq/ — T has closed 
range, is injective but not surjective, so we can apply Theorem 2.49. Anal- 
ogously, if Ao G cr(T) \ asu{T) then Aq/ — T is surjective but not injective, 
so we can apply again Theorem 2.49. ■ 

Prom Theorem 1.31 we know that the semi-regular resolvent Pse{T) is 
an open subset of C, so it may be decomposed in connected disjoint open 
non-empty components. 
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Theorem 2.51. Let T e L{X), X a Banach space, and Ll a component 
of pse{T). Then we have the following alternative: 

(i) T has the SVEP at every point of Ll. In this case crp(T) CiLl = 0; 

(ii) For every X & Ll, T does not have the SVEP. In this case o'p{T) D Ll. 

Proof Suppose that T has the SVEP at a point Aq G and consider an 
arbitrary point A of 11. In order to show that T has the SVEP at A it suffices 
to show, by Theorem 2.49, that XI — T is injective. By Theorem 2.49 XqI—T 
is injective, so A/"°°(Aq/ — T) = {0} and therefore Ho{XoI — T) = {0}, by 
part (ii) of Theorem 1.70. From Theorem 1.72 we know that the subspaces 
Hq{XI — T) are constant for A ranging through 12, so that Hq{XI — T) = {0} 
for every A G 11. This shows that T has the SVEP at every A G H. 

The assertions on the point spectrum are clear from Theorem 2.49. ■ 

A very special situation is given when aap{T) and ctsu(E) are contained 
in the boundary da{T) of the spectrum, or, equivalently, are equal since 
both contain da{T). Later we shall see that this situation is fulfilled by 
several classes of operators. Note first that both T and T* have the SVEP 
at every point A G p{T). 

Theorem 2.52. Suppose that for a bounded operator T G L{X), X a 
Banach space, we have ciap(E) = da{T). Then T has the SVEP whilst E{T*) 
coincides with the interior of a{T). Similarly, if asu{T) = da{T) then T* 
has the SVEP whilst S(T) coincides with the interior of a [T). 

Proof Suppose that cra.p{T) = da{T). If A belongs to the interior of a(T) 
then A G cr(T) \ aa.p{T), hence T has the SVEP at A whilst T* does not have 
the SVEP at A, by part (i) of Corollary 2.50. Similarly the last claim is a 
consequence of part (ii) of Corollary 2.50. ■ 

Theorem 2.52 has another nice application to the so called Cesaro oper- 
ator Cp defined on the classical Hardy space Hp{D) , D the open unit disc 
and 1 < p < oo. The operator Cp is defined by 

(Cpf){X) := \ dp for all / G Hp(D) and A G D. 

X Jo ^ ~ h 

As noted by T.L. Miller, V.G. Miller and Smith [237], the spectrum 
of the operator Cp is the entire closed disc Pp, centered at p/2 with radius 
p/2, and aap{Cp) is the boundary clPp. Hence, the Cesaro operator has the 
SVEP, whilst its adjoint does not have the SVEP at any point of the interior 
of Pp. 

In order to find applications to Theorem 2.52, let us consider, for an 
arbitrary operator T G L(X) on a Banach space X, the so called lower 
bound of T defined by 




86 



2. THE SINGLE- VALUED EXTENSION PROPERTY 



It is obvious that if T is invertible then k{T) = \\T ^||. Clearly 

(47) A;(T”)fc(T™) < fc(T”+™) for all n, m e N 

and consequently k{T) = 0 whenever k{T^) = 0 for some n G N. The 
converse is also true: if k{T) = 0 then 0 G crap(T) and therefore k{T'^) = 0 
for all n G N. 



Theorem 2.53. If T ^ L{X) then 
(48) lim fc(T”)i/” = sup fc(T")i/”. 

n^oo yjgjj 

Proof Fix m G N and write for all n G N, n = mq + r, 0 < r < m, where 
q := q{n) and r := r(n) are functions of n. Note that 

.. (/(n) 1 , r(n) 

hm = — and hm = 0 . 

n^oc n m n^oc n 

From (47) we obtain that k{T'^) > k{T'^Yk{TY and hence 

lim inf(A:(T”))^/” > ^(T™)^/™ for all m G N. 

n— ^oo 

Therefore 

lim inf(fc(T”))i/” > supfc(T”)i/” > lim sup(/fc(T"))^/”, 

n—*c<D nGN n—*oc 

from which the equality (48) follows. ■ 



Put 

i(T) := lim fc(T”)i/”. 

n— ^oo 

If r(T) denotes the spectral radius of T it is obvious that i{T) < r(T). For 
every bounded operator T G L{X), X a Banach space, let us consider the 
(possible degenerated) closed annulus 

A(T) := {A G C : i{T) < |A| < r(T)}. 

The next result shows that the approximate point spectrum is located in 
A(T). 



Theorem 2.54. For every bounded operator T G L{X), X a Banaeh 
spaee, we have aa,p{T) C A(T). 

Proof Clearly, if A G crap(T) then |A| < r{T). Assume |A| < i{T) and let 
c > 0 be such that |A| < c < i{T). Take n G N such that c" < k{T'^). For 
every x G X we have c”||x|| < ||T"x|| and hence 

||(A”/ - T^)x\\ > ||T”a;|| - |A”| i|x|| > (c” - |A”||)||a;||, 
thus A"/ — T" is bounded below. A" ^ crap(T). Writing 

A”/ - T” = (A/ - T)(T”“i + AT”“2 + . . . + A"/), 
we then conclude that A ^ aap(T). ■ 

As usual by D(0,£) and D(0,e) we shall denote the open disc and the 
closed disc centered at 0 and radius e, respectively. 




3. A LOCAL SPECTRAL MAPPING THEOREM 



87 



Theorem 2.55. For a bounded operator T e L{X), X a Banaeh space, 
the following properties hold: 

(i) If T is invertible then O{0,i{T)) C p{T), and consequently cr{T) C 
A(T). IfT is non-invertible then D(0,i(T)) C a{T); 

(ii) Suppose thati{T) = r{T). IfT is invertible thena{T) C (9D(0, r(T)), 
whilst if T is non-invertible then 

a{T) = D(0, r(T)) and a^p{T) = da{T). 

Proof (i) Let T be invertible and assume that there is some A G cr(T) such 
that |A| < i{T). Since 0 € p{T) then there is some p in the boundary of a{T) 
such that \p\ < |A| < i{T). But this is impossible since, again by Theorem 
2.42, p G f7ap(T) and hence by Theorem 2.54 \p\ > i{T). This shows the 
first assertion of (i). 

Suppose now that T is non-invertible and that there is an element A G 
p{T) for which |A| < i{T). By assumption 0 G cr{T) and p{T) is open, 
so there exists 0 < c < 1 such that cA belongs to the boundary of cr(T). 
Prom Theorem 2.42 we then conclude that cA G cTap(T). On the other hand, 
|cA| < i{T), so by Theorem 2.54 cA ^ aap(T'), a contradiction. This shows 
the second assertion of part (i). 

(ii) The inclusion a(T) C (9D(0, r{T)), if T is invertible, and the equality 
a{T) = D(0, r(T)), if T is non-invertible, are simple consequences of part 

(i)- 

Suppose now that if T is non-invertible there exists some A G cr(T) such that 
|A| = 1 and A ^ crap(T). By Corollary 2.50 T* then fails the SVEP at A and 
this contradicts the fact that A belongs to the boundary of the spectrum. 
Therefore da{T) C aap{T) and from Theorem 2.54 it then follows that 
da{T) = aap(T). 

Theorem 2.56. Let T G L{X), X a Banach space, and suppose that 
A G C is a point for which |A| < i{T). Then T has the SVEP at X, whilst 
T* has the SVEP at A if and only ifT is invertible. 

Proof Prom Theorem 2.54 we know that if |A| < i{T) then A ^ crap(T). 
Hence the assertions easily follow from Corollary 2.50. ■ 

The following corollary describes the SVEP in the special case i{T) = 
r{T). 

Corollary 2.57. Let T G L{X), X a Banach space, and suppose that 
i{T) = r{T). Then the following dichotomy holds: 

(i) If T is invertible then both T and T* have the SVEP; 

(ii) IfT is non-invertible then T has the SVEP, whist T* has the SVEP 
at a point A precisely when |A| > r(T). 

Corollary 2.57 applies, in particular to an arbitrary isometry T G L(X). 
Hence every isometry has the SVEP, whilst the adjoint of a non-invertible 
isometry has the SVEP at a point A G C if and only if |A| > 1. 
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Trivially, an operator T G L(X) has the SVEP at every point of the 
resolvent p{T) := C\a{T). Moreover, from the identity theorem for analytic 
functions it easily follows that T G L(X) has the SVEP at every point of 
the boundary da{T) of the spectrum. Hence, we have the implications: 

(49) fLap(T) does not cluster at Aq => T has the SVEP at Aq, 
and 

(50) <Jsu{T) does not cluster at Aq => T* has the SVEP at Aq. 

The first implication may be proved by using the same argument of the 
proof of part (c) of Remark 2.4. The second implication is an immediate 
consequence of the equality cXsn{T) = CapiT*)- 

It is easily seen that none of the implications (49) and (50) may be 
reversed in general. In fact, as observed in Theorem 2.42, the boundary 
da{T) of cr(T) is contained in aap(T') and in asu{T). Consequently, if (r{T) 
contains a non-isolated boundary point Aq of cr(T) then aap(T), as well as 
ctsu(E), clusters at Aq but, as observed before, both T and T* have the SVEP 
at Aq. In the next chapter we shall see that for operators of Kato type the 
implications (49) and (50) may be reversed. 

From the implications (49) and (50) we know that T and T* have the 
SVEP outside aap{T) and asu{T), respectively. The question of the extent to 
which an operator T or its adjoint T* may have SVEP, or not, at the points 
inside the approximate point or surjectivity spectrum is a more delicate 
issue. 

The next result on non-invertible isometries will be useful to settle this 
question in the case of certain operators. 

Theorem 2.58. Let T G L{X) be a non-invertible isometry and suppose 
that f :U ^ C is a non-eonstant analytie funetion on some eonneeted open 
neighborhood of the elosed unit dise. Then the following assertions hold: 

(i) cr(/(T)) = /(D) and aap{f{T)) = f{dV>), where D denotes the open 
unit dise ofC. 

(ii) /(T) has the SVEP. 

(hi) f{T)* has the SVEP at a point A if and only if \ ^ /(D). 

(iv) f{dD) n /(D) = {A G C : f{T)* does not have the SVEP at A}. 

Proof Since a{f{T)) = D and, by Theorem 2.54, aap{T) = cID, the equal- 
ities (i) follow from the canonical spectral mapping theorem and Theorem 
2.48, respectively. The assertion (ii) is a consequence of Corollary 2.57 and 
the spectral mapping Theorem 2.39. 

(hi) Since f{T)* = f{T*), from Theorem 2.39 it follows that f{T)* has 
the SVEP at the point A G C if and only if T* has the SVEP at each point 
^ G ^7 for which f{p,) = A. Corollary 2.57 then ensures that the latter 
condition holds precisely when A ^ /(D). 

The assertion (iv) easily follows from part (i) and part (hi) . ■ 
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Part (iv) of Theorem 2.58 leads to many examples in which the SVEP 
for the adjoint fails to hold at points which belong to the approximate point 
spectrum of T. In fact, if / is a non-constant analytic function on some 
connected open neighborhood lA of the closed unit disc and A := f{dW) H 
/(D) is non empty then for every A G A the adjoint of f{T) does not have 
SVEP at A. This situation is, for instance, fulfilled for every function of the 
form 

f(A) := (A-j)(A-c^)g(A) for A G fY, 

where g is an arbitrary analytic function on iA, I 7 I = 1 and |aj| < 1. 

In the next example we give an application of Theorem 2.58 to operators 
which act on the Hardy space i? 2 (D). 

Example 2.59. Let D denote the open unit disc of C and 1 < p < infty. 
If g G iL°°(D). The operator Tf on defined by the assignment 

Tfg := fg for every g G H^{D) 

is called the analytic Toeplitz operator with symbol /. 

Let / be a non-constant analytic function on some connected open neigh- 
borhood of the closed unit disc, and consider the multiplication Toeplitz 
operator Tf on iL^(D). It is clear that Tf = f{T), where T denotes the 
operator of multiplication by the independent variable, 

{Tg){A) := Ag{A) for all g G ^^(D), A G D. 

The operator T is a non-invertible isometry (actually, is unitary equivalent 
to the unilateral right shift on I!^(N)), thus by part (i) of Theorem 2.58 we 
have 

a{Tf) = f{a{T)) = fm and a^^{Tf) = f{dO). 

Moreover, from part (iv) of Theorem 2.58, we conclude that the adjoint Tf* 
has the SVEP at A G C if and only if A ^ /(D)- 

Note that similar results holds for Toeplitz operators with arbitrary 
bounded analytic symbols. In fact, if / G iL°°(D) the approximate point 
spectrum aap(T/) coincides with the essential range of the boundary function 
that is obtained by taking non-tangential limits of / almost everywhere on 
the unit circle, and operator the Tf does not have the SVEP at any A ^ /(D). 
These results may be established using standard tools from theory of Hardy 
spaces, see [265]. 

Example 2.60. We conclude this section by mentioning an example 
from theory of composition operators on Hardy spaces. It is well known 
that every analytic function (/? : D ^ D on the open unit disc D induces a 
bounded linear operator on iL^’(D) defined by 

T^{f):=fo^ for all / G H?>(D). 
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The operator is an isometry which is invertible if and only if (p is an 
automorphism of D, a mapping of the form 

(p{\) = ^ for all A e KD , 

^ bX + a 

where a and b are complex numbers for which \a\^ — |6p = 1. The automor- 
phisms p are classified as follows: 

• is elliptic if | Im a| > |6|; 

• is parabolic if | Im a| = |5|; 

• is hyperbolic if | Im a| < |6|. 

If p is either elliptic or parabolic then a result of Smith [300] shows that the 
composition operator on HP(D) and its adjoint has the SVEP (actually 
we have much more, T^p is generalized scalar and therefore decomposable, 
see § 1.5 of Laursen and Neumann [214]). 

On the other hand, from an inspection of the proof of Theorem 6 of 
Nordgreen [249] and Theorems 1.4 and 2.3 of Smith [300] it easily follows 
that if p is hyperbolic the spectrum of the corresponding composition op- 
erator Tp on is the annulus T^ := {A e C : 1/r < ]Aj < r} for some 

r > 1. Moreover, does not have the SVEP at A if and only if A belongs 

to the interior of P^. We mention that the adjoint T^* has the SVEP since 
it is subnormal, see [214]. 

In contrast, if an automorphism of D is either elliptic or parabolic, then, 
as shown by Smith [300] , the corresponding composition operator is gener- 
alized scalar on i/P(D) for arbitrary \ < p < oo, thus both T and T* have 
SVEP. 



4. Algebraic spectral subspaces 

In this section we shall introduce an important class of subspaces related 
to an operator T G L{X), where X is a Banach space. These spaces are 
defined in purely algebraic terms. 

Definition 2.61. Let X be a vector space and T : X ^ X be a linear 
mapping. Given an arbitrary subset II C C the algebraic spectral subspace 
Et{LI) is defined as the algebraic sum of all subspaces M of X with the 
property that {XI — T){M) = M for every X e C\fl. 

Evidently Ex{H) is the largest subspace of X on which all the restrictions 
of XI — T, A G C \ II, are surjective, in particular 

{XI — T){Et{LI)) = Et{LI) for every A G C \ fl. 

Note that 

Et{C\{X}) = C{XI-T) 

where, as usual, C{XI — T) denotes the algebraic core of XI — T. If XI — T 
is semi-regular then by Theorem 1.24 

Et{C \ {A}) = K{XI -T) = {XI - T)“(X). 
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Clearly, if fli C fl 2 are two subsets of C then Q Ex{^ 2 )- 

The subspace Et{0) is of particular interest. By definition Et{0) is 
the largest linear subspace M of X for which (A/ — T){M) = M holds for 
every A G C. It is easily seen that Ex{0) = whenever a{T) nfl = 0. 

The space Ex{0), which is usually called the largest divisible subspaee for T, 
plays a remarkable role in theory of automatic continuity where it is often 
necessary to exclude the existence of non-trivial divisible subspaces. For an 
extensive treatment of this theory we refer to the monograph by Laursen 
and Neumann [214]. 

Our next results concern some other basic properties of the subspaces 
Erin). 

Theorem 2.62. Let X be a Banaeh spaee and T G L{X). For eaeh 
proper subset O C C the subspaee Et{LI) is hyper -invariant under T, i.e., 
Ex{Ll) is invariant under any linear map S commuting with T. 

Proof In fact, for A ^ O we have 

(A/ - T)S{Ex{n)) = S{XI - T){Ex{n)) = Ex{n), 
thus S{Ex{Ll)) C Ex{LI). ■ 

Corollary 2.63. For each proper subset O C C tee have Ex(Ll) = 
Ex{Lir\a(T)). 

Proof Clearly, for each A G fl\a{T) the operator [XI—T)~^ commutes with 
T. Hence {XI - T)-^{Ex{i^)) Q F^t(O), and so Flr(O) = {XI - T)Ex{i^) 
for all A G O \ a{T) as well as for all A ^ O. It follows that Ex{H) Q 
Ex{H n cr{T)). The other inclusion is obvious. ■ 

Theorem 2.64. Let T be a linear operator on a vector space X , II C C 
and Ao G H. Then x G Ex{H) if and only if (Aq/ — T)x G Ex{H)- 

Proof Let Aq G and suppose that x G Ex{H)- Since {XI — T)Ex{H) = 
Ex{H) for every A ^ 17, we see that 

(Ao/ - T)x = {XI - T)x + (Ao - X)x G Ex{H). 

Conversely, let yo G X such that (Aq/— T') j/o G Ex{H)- Let Y := Ex{H)-\-Cyo 
and consider z := y ayo G Y, with y G Ex{H) and a G C. 

Clearly, if A ^ 17 we have 

(X 

y-j^^{XoI-T)yoeEx{H). 

From the equality {XI — T){Ex{H)) = £'r(I7) we obtain an element yi G 
Ex{H) such that 

O' 

{XI - T)yi =y- ~ T)yo- 

For the element 

a 

zo ■= yi + ^ 
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we have 

a 

{XI-T)zo = (A/-T)yi + - -(A/-T)yo 

A — Ao 

Q; ol 

= y - - t)vq + ayo 

= y + ayo = z. 

Hence z e (A/ — T){Y) and therefore the inclusion Y C (A/ — T){Y) is 
verified for every X ^ fl. It is easy to see that also the inverse inclusion 
holds. Indeed, for every element z = y + ayo G Y and A ^ 17 we have 

{XI - T)z = {XI - T)y + {XI - T)ayo = {XI - T)y + 

a{XoI — T)yo + o;(A — Ao)yo G £’r(f7) + Cj/o = Y 
This implies that Y C Ex{i^) and therefore j/o G £’r(f7). ■ 

Corollary 2.65. her {XqI — T) C Et{^) for every Aq G 17. ■ 

Theorem 2.66. Let X be a Banaeh spaee, T G L{X), 17 C C. Then 

a{T \ET{n)) C a{T \Et{LI)) C a{T). 

Proof Let Y := Et{LI) and suppose A G p{T\Y). Then XI — T is injective 
on Et{LI). Let y G Ex{Ll) and let z G T be chosen so that {XI — T)z = y. 
Observe that if A ^ 17 then by Theorem 2.64 z G Ex{Ll) (indeed there is a 
pre-image of y in Ex{Ll) and since A G p{T\Y) this pre-image is unique in 
Y, so it must be z). Hence XI — T is injective and onto Et{LI). Therefore 

p(T|y)CC \ a{T\ET{n)) 
and hence a{T\Ex{Ll)) C a{T\Y). 

The second inclusion is almost obvious: if A ^ o'{T) then A ^ cr(T) n 17, 
and consequently, 

{XI - T)(L;r(f7)) = {XI - T){Et{c{T) n 17)) = Et{(j{T) n 17) = L;r(I7). 

Therefore {XI — T){Y) = Y. Since XI — T is injective, this shows that 
X^a{T\Y). 

Next we want show that the algebraic spectral subspace of the intersec- 
tion of any family of proper subsets {Llj) of C coincides with the intersection 
of all ET{Llj). First we need some preliminary results. 

Let TT : X ^ X/Et{LI) denote the canonical quotient map and let 
f : X/Et{LI) X/Et{LI) be the map 

Tx := Tx, with x G x. 

It is evident that Ttt = ttT. 



Lemma 2.67. Let LI C LI be proper subsets of C. Then Ej^{Ll) = 
tt{Et{LI)). 
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Proof Observe first that if A ^ O then 

(a7- f){7r{ET{n))) = Tr{XI - T){ET{n)) = t(£;t( 0)), 
thus 7r(i?T(^)) C Ej^{fl). 

To prove the inverse inclusion, let us consider M := Ej^{n) . We shall 

prove that {XI — T){M) = M for each A ^ O. Clearly, 

7t(a/ - T)(M) = (a7- 7)(7t(m)) = (a7- f){E^{n)) = Ef{n), 

and therefore 

{XI - T){M) = TT-^{E^{n)) = M. 

On the other hand, if x G M then x = ttx G E^{fl), thus there exists 
an element y = ny G E^{QI) such that {XI — T)y = x This implies that 
X — {XI — T)y G Et{^)- Since A ^ O the equality {XI — T){Et{X^) = Et{X^) 
also holds, so there exists z G Et{H) for which 

x={XI- T)y + {XI - T)z = {XI - T){y + z). 

Prom the equality Ti{y + z) = Try G Ej^{fl) follows that y + z G M so 
M C {XI — T){M). Hence M = {XI — T){M) for every X ^ M and this 
implies M = {Ej;{fl)) C Et{H)- 

Hence also the inclusion E^{Vl) C ■k{Ex{^)) holds, so the proof is com- 
plete. ■ 

Lemma 2.68. Let {Oi, . . . , 0„} he a finite family of proper subsets of 
C. Then 

( n \ n 

n on Ex{Llk)- 

k=l ) fc=l 

Proof Obviously it suffices to consider only the case of two sets Hi and O 2 . 
Moreover, by Corollary 2.63 we may assume that Hi and H 2 are subsets of 
a{T). 

Suppose first that Oi U O 2 = cr{T). Let Y := Et{Hi) U Et{H 2 ) and 
let A ^ n O 2 . As we have seen in the proof of Corollary 2.63, Et{H) = 
{XI — T)Et{H) for any H c C and A ^ u(T). So we may assume A G cr(T) 
and hence A G \ O 2 or A G O 2 \ Oi. 

Consider the case A G \ O 2 . If xq G H then there exists y G Et{H 2 ) 
so that xo = {XI — T)y. But A G Oi and xq G Ex{Hi), so by Theorem 
2.64 we have y G Hence {XI — T)(Y) = Y for every A ^ n O 2 

and, by maximality, Y C Ex{Hi n O 2 ). As the other inclusion is obvious we 
conclude that Y = Et{Hi fl fl 2 ). 

Now let us consider the general case and H 2 are arbitrary subsets of 
a{T) . Let H^ := H 2 U {a{T) \ Hi). Then 

Et{Hi) n Et{H 2 ) C Et{Hi) n Ex{H;i) = Ex{Hi n H^) 

= Ex{Hi n H 2 ) C Ex{Hi) n Ex{H2), 



so the proof is complete. 
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Theorem 2.69. Suppose {flj)j^j) is a family of proper subsets of C. 
Then 



Ex 




= f]Ex{n,). 

j€J 



Proof Let Y := Ex{^j)- Clearly f]j^j Ex{Tlj) C Y. Since the 

statement has already been proved whenever J is a finite set, there is no 
harm in replacing the index set J by the set of finite subsets of J, ordered 
by inclusion. Thus we may assume without loss of generality that J is a 
directed set and that ji > j 2 implies C 

Let A ^ choose jo such that A ^ flj^. Let 



Z := f] Exiflj). 

3>3o 



Clearly Y Q Z. On the other hand, \i z (z Z and if Ex{^j) is given then 
there exists some j' > jo for which j' > j also holds. From this we then ob- 
tain that z € Ex{^ji) C Ex{^j), so z gY. To show that {XI — T){Y) = Y 
holds for each A ^ fljgj it therefore suffices to show that {XI —T){Z) = Z 
for the A chosen above. 

Consider first the case Ex{0) = {0}. Since A ^ there corre- 

sponds to our given z G Z an element zj e Ex{Xlj) such that 

{XI — T)zj = z for every j > jo- 



Let us consider /,/' > jo and take j'" > j' , j'" > j". If zj/ = zj/' then 
Zjiir — Zji, say. Hence Zj^' — zjr e ker {XI — T) C ifrdA}) and therefore 

Zji" — Zji G Ex{^j') n Ex{{X}) = Ex{0)- 



From this it follows that if {XI — T)zj = z then Zj G Ex{Xlj) is independent 
of j > jo- Thus Zj G 2' and the surjectivity of XI — T has been established 
for every A ^ Hj-gj This completes the proof in the case Ex{0) = {0}. 

To remove this additional assumption we can invoke Lemma 2.67. In 
X \ Ex{0) we have Ezp{0) — tt{Et{0)) — {0}. Hence, by our previous 
results, 

[ n ~ n 

\jeJ J jeJ 

and so 



Ej' 





jeJ jeJ 



As an immediate consequence of Theorem 2.69, we can express an alge- 
braic spectral subspace as intersection of cores. 
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Corollary 2.70. For every proper subset fl of C we have 
Et{c \n) = n^Ac\{A))= n C{XI - T) 

Asfi Asfi 

Next, we shall introduce a property, introduced by Dunford, which is 
strictly stronger than the SVEP. First we give some additional informations 
on the relationships between the SVEP and local spectral subspaces 

Theorem 2.71. Let T e L{X), X a Banach space, has the SVEP and 
let Ll V C be a closed subset such that Xt{LI) is closed. Then 

a{T\XT{Ll)) C flna(T). 

Proof Let T denote the restriction of T to the invariant closed subspace 
Xt{LI). Clearly, XI — T has the SVEP and by Theorem 2.6, part (hi), XI — T 
is surjective for every X ^ LI. By Corollary 2.24, then XI — T is invertible 
for every X ^ II, hence cr{T) C H. 

It remains to prove that it(T) C a{T). Suppose that A ^ <r(T). Clearly, 
if A ^ from the inclusion cr{T) C H, it follows that A ^ cr{T). Consider 
the other case A e fl. Since XI — T is bijective, for every y e Xt{H) there 
exists X G X such that y = {XI — T)x. From Theorem 2.6, part (iv), it 
then follows that x e Xt{H), thus Xt{H) C {XI — T){Xt{H)). Since the 
reverse inclusion is always true, see Theorem 2.6, part (i), it follows that 
Xt{H) = {XI — T){Xt{H)), so XI — T is bijective. Hence also in this case 
A a{f). 

Theorem 2.72. For every bounded operator T e L{X), X a Banach 
space, we have 

Xt{H) Q Et{H) for every H CC. 

Moreover, iflLQC is closed and Et{H) is closed then Et{H) = Xt{H). 

Proof Consider any subset C C. If a; G Xt{H) then {XI — T)x G Xx{H) 
for every A G Pt{x). The inclusion pt{x) 2 C \ then ensures that 

Xt{II) V{XI -T)Xt{H) for all a G C \ fl. 

The reverse inclusion is an obvious consequence of part(i) of Theorem 
2.6. Hence 



{XI — T)Xt{H) = Xt{H) for every A G C \ 
and this implies Xx{H) Q Ex{H). 

To prove the second assertion, suppose that 17 C C is closed and that 
Ex{H) is closed. Let Y := Ex{H). By Theorem 2.43 we know that 

Usu(T'lb^) = U ctx\y{x). 

yeY 
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Obviously, if x e F then ^ Priy) and therefore 

arix) C aT\y{x) C asu(r|y). 

Since Y = Et{^), by definition the restriction XI — T on y is surjective 
for every A ^ O, so asu(y|y) C fl. This proves that inclusion Et{H) is 
contained in and since the inverse inclusion has already been proved, 

the proof is complete. ■ 

Later we shall exhibit an example for which Xt{H) is a proper subset 
of Et{H)- In Chapter 7 we shall prove that for the super-decomposable 
operators T € L{X), for which Ey{0) = {0}, then the equality Et{H) = 
Xt{H) holds for every closed set C C. 

Theorem 2.73. Let X be a Banaeh spaee, T € L[X) and C C a 
eonneeted eomponent of the semi-regular resolvent pse{T). For any A € 
we have 

{XI - T)“ (X) = K{XI-T) = Et{C \ fl) 

= Xt(C\L!)= f| {pI-T){X), 

\u\<s 

where e > 0 fs sueh that p G Ll for all |A| < e. 

Proof By Theorem 1.36 the spaces C{XI — T) = K{XI — T) are constant as 
A ranges through LI, and hence by Corollary 2.70 Et{C\L1) = K{XI—T). By 
Theorem 1.24 we know that K{XI — T) is closed, and therefore by Theorem 
2.72 

K{XI -T) = Et{C \Ll) = Xt{C \ LI). 

Let £ > 0 be such that p G LI for all \p\ < e. From Theorem 1.39 it 
easily follows that 

(51) K{XI-T)0 {^{pI-T){X). 

\u\<s 

On the other hand, again by Theorem 1.24 we have 

K{XI -T)= K{pl -T) = {pi - T)“(X) C {pi - T){X) 

for arbitrary X, p G LI, so the reverse inclusion of (51) holds. ■ 

The following result may be viewed as the local version of the inclusion 
da{T) C ase{T) established in Theorem 1.75. 

Corollary 2.74. Let T e L{X) be a bounded operator on a Banaeh 
spaee X. Then daT{x) C age{T) for every x & X. 

Proof Let x G X he arbitrarily given and suppose that there is a point 
A G dax{x) for which XI — T is semi-regular. Let LI be the component 
which contains A. The set Ll is open and A G dax{x) H LI, thus LI cannot be 
contained in ctt(x). Consider a point p & Ll\ ctt(x). By Theorem 2.73 it 
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follows that X e Xt{C \ {^}) = Xt{C \ fl) and hence (Jt{x) Q C\fl, but 
this is impossible since A e darix) fl ■ 

Corollary 2.75. Suppose that T e L{X), X a Banach space, has a 
spectrum a{T) with connected interior V such that a{T) = F. IfT has the 
SVEP and iTap(T) = da{T) then for every x G X either ctt{x) — cr{T) or 
ctt{x) = da{T). 

Proof From Corollary 2.45 we know that aap{T) = ase{T). Suppose that 
(Xt{x) 7 ^ cr(T). If axix) is not included in the boundary da{T) then there 
exists two points Ai e F\aT(a:) and A 2 G (Tt(x)\F. Since F is connected then 
there is a third point p, G daxix) FlF. Prom Theorem 2.74 we then conclude 
that p G (Jt{x) n F, which contradicts our assumption that F n crap(T) = 0. 



As has been observed before, the local spectral subspaces Xx{^) need 
not be closed, also in the case that T has the SVEP. In fact, the operator T 
of Example 2.32 has the SVEP, its quasi-nilpotent part Hq{T) is not closed 
and by Theorem 2.20 Ho{T) = Xt({0}. 

Definition 2.76. A bounded operator T G L{X), X a Banach space, 
is said to have the Dunford property (C), shortly the property (C), if the 
analytic subspace Xt{^) is closed for every closed subset C C. 

Clearly, every spectral operator T with spectral measure E{) has the 
property (C), since Xt{^) for every closed Q. is the range of the projection 

E{n). 

The property (C) dates back to the earliest days of local spectral theory, 
and was introduced first by Dunford. In the book by Dunford and Schwartz 
[97] this property plays a fundamental role since, as noted above, every 
spectral operator has the property {C). 

Trivially, by Theorem 2.8, we have the following relevant fact: 

Theorem 2.77. If T G L(X), X a Banach space, has the property (C) 
then T has the SVEP. 

Note that if an operator T has the property (C), and hence the SVEP, 
then the quasi-nilpotent part Hq{T) is closed since Hq{T) = X^dO}, see 
Theorem 2.20. The operator T considered in Example 2.32 shows that 
the implication of Theorem 2.77 cannot be reversed in general. Further 
examples of operators with the SVEP but without the property (C) will 
be given amongst the class of all multipliers of semi-simple commutative 
Banach algebras. These operators, as we shall show later, have the SVEP, 
whilst the property {C) plays a distinctive role in this context. 

A first example of operators which have the property (C) is given by 
quasi-nilpotent operators. 

Theorem 2.78. Let T G L[X) be a quasi-nilpotent operator on a Ba- 
nach space X. Then T has the property (C). 
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Proof Consider any closed subset of C C. Consider first the case 0 ^ 
Then since T has the SVEP 

Xt{^) = XT{n n cr(T)) = Xt{0) = {0} 

is trivially closed. On the other hand, if 0 G O then by Theorem 1.68 and 
Theorem 2.20 

Xt(0) = Xt( 0 n cr(T)) = Xt({0}) = Hq{T) = X. 

Hence, also in this case Xx(0) is closed. ■ 

The next result shows that the property (C) is inherited by restrictions 
to closed invariant subspaces. 

Theorem 2.79. Suppose that T € L{X), where X is a Banach space, 
has the property (C). If Y is a T -invariant closed subspace of X then the 
restriction T\Y has the property (C). 

Proof Set S ■.= T \Y and let O be a closed subset of C. Suppose that 
the sequence (x„) C Ys{fl) converges at x G X. We have to show that 
X G Ts'(O). Evidently ls(0) C Xt( 0) n Y, so that x G Es’(O) C Xt( 0). 
By Theorem 2.77 we know that T has the SVEP, so there exists an analytic 
function / : C \ O ^ X such that (A/ — T)f{X) = x for all A G C \ fl. 

To show that x G Ys{fl) it suffices to prove that /(A) belongs to Y for 
all A G C\n. Since T has the SVEP, for every n G N there exists an analytic 
function /„ : ^ Y such that (A/ — T)/„(A) = for all A G C\fl. The 

elements x and x„ belong to Xx(fl), so Theorem 2.2 implies that /(A) and 
/„(A) belong to XT(fl) for all A G C \ and n G N. Prom Theorem 2.71 we 
know that a{T | Xt(H)) C 12, so the bounded operator XI — T \ Xt( 12) on 
Xj-(ll) has an inverse {XI — T \ Xt’( 11))~^ for every A G C \ 11. 

Prom this we then obtain that /n(A) = {XI — T \ Xj’(H))“^Xrt converges 
to the element {XI — T \ Xt(H))“^x, as n ^ oo. Therefore /(A) G Y, so the 
proof is complete. ■ 

Note that if T has the property (C)then so does f{T) for every function / 
analytic on an open neighbourhood U of o~{T), see Theorem 3.3.6 of Laursen 
and Neumann [214]. It could be reasonable to expect that the converse is 
true if we assume that / is non-constant on each connected component of 
lA, as it happens, by Theorem 2.40, for the SVEP; but this is not known. 

In chapter 6 we shall see that every decomposable operator has the 
property (C), and, in particular, that every bounded operator having a 
totally disconnected spectrum on a Banach space, enjoys the property of 
being super-decomposable, a property which is stronger than the property 
{C). Furthermore, the property (C) will be studied in the framework of 
multipliers of commutative Banach algebras. 

The following example shows that the inclusion Xt(H) C £’r(H) may 
be strict. 
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Example 2.80. Let X := (^[0, 1] and T be the quasi-nilpotent Volterra 
operator defined in Example 2.35. By Theorem 2.78 T has the property (C) 
and hence Xt{0) = {0}. On the other hand, the non-trivial subspace 

T“(X) := {/ e C“[0, 1] : f^^\0) = 0 for all n e Z+} 
is T-divisible for X, Y (Z Et{0)- Hence Xt{0) yf Et{0)- 

We conclude this section by giving a result which shows the connec- 
tion between algebraic local spectral subspaces and local spectral subspaces 
associated with closed subsets of C. 

Theorem 2.81. For an arbitrary operator T G L(X), X a Banach 
space, the following statements are equivalent: 

(i) Et{^) is closed for every closed subset O C C; 

(ii) T has the property (C) and Et{^) = Xt{^) for every closed subset 
O C C. 

Proof (i) => (ii) Suppose that Et{^) is closed for every closed subset O C 
C. Prom the inclusion Xt{0) Q Et{0) = {0} and Theorem 2.8 we then 
infer that T has the SVEP . By Theorem 2.45 we now have a(T \Et(^) = 
Usu{T |Et(0) C fl and therefore from Theorem 2.6, part (vi), £’^(17) C 
Hence the equality £^(17) = Xx{^) holds for every closed subset 
f7 C C and, since £r(f7) is closed by assumption, T has the property (C). 

The implication (ii) => (i) is trivial. ■ 

5. Weighted shift operators and SVEP 

In this section we want explore the question of the SVEP for both uni- 
lateral and bilateral weighted shifts. For a thorough discussion of the basic 
theory of weighted shifts in the Hilbert setting we refer to Shields [297], or 
Laursen and Neumann [214] for weighted shifts in t'P(N). 

In the first part we shall establish some results in the more general sit- 
uation of operators T G L{X), X a Banach space, for which the condition 
T°°[X) = {0} holds. This condition may be viewed, in a certain sense, 
as an abstract shift condition, since it is satisfied by every weighted right 
shift operator T on f^’(N). Clearly the condition T°°(X) = {0} entails that 
T is non-surjective and hence non-invertible. This condition also implies 
that K(T) = {0}, since KiT) is a subset of T°°(X), but the quasi-nilpotent 
Volterra operator defined in Example 2.35 shows that in general the converse 
is not true. In fact, for this operator we have by Corollary 2.28 K(T) = {0}, 
whilst T°°(X) 7 ^ {0}, see Example 2.80. 

As usual, in the sequel we shall denote by D(0, i(T)) the closed disc 
centered at 0 with radius i{T). 

Theorem 2.82. Suppose that for T G L{X) we have T°°[X) = {0}. 
Then: 

(i) her (A/ — T) = {0} for all 0 ^ X G C; 
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(ii) T has the SVEP ; 

(iii) arix) and cr{T) are eonneeted, and the elosed dise D(0,i(T)) is 
eontained in arix) for all x ^ 0 . 

(iv) Ho{XI -T) = {0} for allO^XeC. 

Proof (i) For every A 7 ^ 0 we have ker {XI — T) C T°°(X). 

(ii) This may be seen in several ways, for instance from Theorem 2.22, 
since ker {XI — T) D K{XI — T) = {0} for every A e C. 

(iii) It is easy to see that 0 e (Jt{x) for every non-zero x G X. Indeed, 
from Theorem 2.18 we have 

{0} = K{T) = {xeX:0e pt{x)}, 

and hence 0 e o-t{x) for every x 7 ^ 0. Now, suppose that (Jt{x) is non- 
connected for some element x 7 ^ 0. Then there exists two non-empty closed 
subsets fli, fl 2 of C such that: 

(Jt{x) = U H2, and Hi H = < 2 >- 

From the local decomposition property established in Theorem 2.17, there 
exist two elements xi , X 2 € X such that 

X = xi -h X 2 with cTr(xi) C Hi (i = 1, 2), 

Now, from Theorem 2.17 we have xi 7 ^ 0 and X 2 7 ^ 0, and hence 

0 e (Tt(xi) n (Jt{x2) C Hi n H2 = 0, 

a contradiction. Hence (Jt{x) is connected. 

To prove that <t(T) is connected observe that since T has the SVEP we 
have by Theorem 2.43 and Corollary 2.45 

cr{T) = asu{T) = jj crr(x). 

xex 

By Theorem 2.82 the local spectra ct{x) are connected for every non-zero 
X e X, and cr(0) = 0, thus cr{T) is connected. 

It remains to prove the inclusion D(0,i(T)) C ax{x) for all x 7 ^ 0. By 
Theorem 2.74 we have dax{x) C age{T) C aa,p{T) for all x e X. Since 
i{T) < |A| for all A e crap(T), it follows easily that D(0,i(T)) C ax{x), as 
desired. 

(iv) Since T has the SVEP then Ho{XI — T) = {x e X : (Jt{x) C {A}} 

for every A e C, see Theorem 2.20. Now, if x 7 ^ 0 and x e Hq{XI — T) the 
SVEP ensures that ax{x) 7 ^ 0, so ctt{x) = {A}. On the other hand, from 
part (iii) we have 0 e {A}, a contradiction. ■ 

It is evident that the proof of theorem 2.82 works also if we assume 
K{T) = {0}, a condition which is less restrictive with respect to the condi- 
tion T°°(X) = {0}. However, the next result shows that these two conditions 
are equivalent if i{T) > 0. 
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Corollary 2.83. Suppose that for a bounded operator T e L{X), X 
a Banach space, we have i{T) > 0. Then the following statements are 
equivalent: 

(i) T“(X) = {0}; 

(ii) D(0, i(T)) C arix) for all x ^ 0; 

(iii) K(T) = {0}. 

Proof the implication (i) (ii) has been proved in Theorem 2.82, whilst 
(ii) (iii) is obvious. It remains only to prove the implication (iii) => (i). 
Prom Theorem 2.54 the condition i{T) > 0 implies that 0 ^ o‘ap(7’)) T is 
bounded below and therefore semi-regular. By Theorem 1.24 it follows that 
T“(X) = K{T) = {0}. 

Corollary 2.84. Suppose that for a bounded operator T e L{X), X a 
Banach space, we have T°°(X) = {0} and i{T) = r{T). Then we have 

(52) aT{x) = a{T)=D{0,r{T)), 

for every x ^ 0, where D(0, r(T)) denotes the closed disc centered at 0 and 
radius r{T). Furthermore, if i{T) = r{T) > 0 then the equalities (52) hold 
for every x 0 if and only ifT°^{X) = {0}. 

Proof If T°°(X) = {0} then T is non-invertible, so by Theorem 2.55 
the condition i(T) = r{T) entails that cr(T') = D(0, r(T)), and therefore 
^t{x) C a{T) = D(0, r(T)). The opposite inclusion is true by part (iii) of 
Theorem 2.82, so (52) is satisfied. The equivalence in the last assertion is 
clear from Corollary 2.83. ■ 

It should be noted that if T G L{X) satisfies the conditions of the 
preceding corollary then T has the property (C). In fact, for every closed 
subset 17 of C we have: 

fX ifl7DD(0,r(T)), 

^ I {0} otherwise, 

and hence all Xj'(17) are closed. 

Let 1 < p < 00 and denote by w := any bounded sequence of 

strictly positive real numbers. The corresponding unilateral weighted right 
shift operator on the Banach space £^(N) is the operator defined by: 

OO 

Tx ■— '^OJnXnCn+l for all X := {Xn)ne¥i e ^^(N). 

71—1 

It is easily seen that T does not admit eigenvalues, thus T has the SVEP. 
Furthermore, the lower bound and the norms of the iterates T" may be easily 
computed as follows: 

fc(T") = inf Wfc • • • u>k+n-i for aU n G N, 
fcsN 
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and 



|T"|| = supwfc • • ■ uJk+n -1 for all n e N. 
fcsN 

Moreover, a routine calculation shows that the numbers i{T) and r{T) may 
be computed as follows: 



i{T) = lim inf (wfc • • • 
n^oo kew 



and 

r(T) = lim sup(a;fc • • • 
fcSN 

To determine further properties of the spectrum of an unilateral weighted 
right shift we recall two simple facts which will be used in the sequel. 



Remark 2.85. (i) Let a G C, with |a| = 1 and define, on the 

linear operator UaX := (o;”a;n)n6N for all x = (x„)„gN G £^(N). Evidently, 
XTUa = UaT and 

UaUa = = I. 

Prom this it follows that the operators aT and T are similar, and conse- 
quently have the same spectrum. This also shows that cr{T) is circular 
symmetry about the origin. 

(ii) Let iL be a non-empty compact subset of C. If iL is connected and 
invariant under circular symmetry about the origin, then there are two real 
numbers a and b, with 0 < a < 6, such that iL = {A G C : a < |A| < 6}. 



Theorem 2.86. For an arbitrary unilateral weighted right shift T on 
£p(N) we have a{T) = D(0, r(T)). 

Proof We know by Theorem 2.82 that cr{T) is connected and contains the 
closed disc D(0,i(T)). Since, by part (i) of Remark 2.85 cr(T) is circularly 
symmetric about the origin, from part (ii) of the same Remark we deduce 
that cr(r) is the whole closed disc D(0, r(T)). ■ 



Remark 2.87. Theorem 2.54 shows that the approximate point spectrum 
is located in the annulus A(T). For an arbitrary unilateral weighted right 
shift we can say more. In fact, in this case 

aap(T) = {A G C : i{T) < |A| < r(T)}. 

For a proof of this result we refer to Proposition 1.6.15 of Laursen and 
Neumann [214]. 

It is easily seen that the adjoint of an unilateral weighted right shift T 
is the unilateral weighted left shift on defined by: 

OO 

T*x := for all x := {xn)neN e 

n—1 

where, as usual, - = 1, and £'^(N) is canonically identified with the dual 

P q 

(£^(N))* of Finally, from Corollary 2.57 we deduce that T* does not 
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have SVEP whenever i{T) > 0. 

To investigate more precisely the question of the SVEP for T* we intro- 
duce the following quantity: 

c(T) := lim inf(wi • • -cUn)^/". 

n— ^oo 

It is clear that i{T) < c{T) < r{T). 

The next result shows that every unilateral weighted right shift on £p(N) 
has the SVEP and gives a precise description of the SVEP for T*. 

Theorem 2.88. Let T be an unilateral weighted right shift on I'p(N) for 
some 1 < p < oo. Then T* has the SVEP at a point A € C precisely when 
|A| > c(T). In particular, T* has the SVEP if and only if c{T) = 0. 



Proof By the classical formula for the radius of convergence of a vector- 
valued power series we see that the series 



fW := E 

n=l 






A"-i 



■ ■ ■ ^n—1 



converges in for every |A| < c{T). Moreover, this series defines an 

analytic function / on the open disc D(0, c{T)). 

Clearly 

(A/-T*)/(A) = 0 forall AeD(0,c(T)), 
and hence E{T*) C D(0, c(T)). 

On the other hand, it is not difficult to check that T* has no eigenvalues 
outside the closed disc D(0, c(T)). This implies that T* has the SVEP at 
every point A for which |A| > c(T), so the proof is complete. ■ 



The preceding result has a certain interest, since for every triple of real 
numbers i, c, and r for which 0<z<c<ritis possible to find a weighted 
right shift T on for which i{T) = i, c{T) = c and r(T) = r. The details 
for the construction of the sequences for which the corresponding 

weighted right shift T has these properties are outlined in Shields [297], 

It is clear that for every weighted right shift operator T on we 

have Cl e ker T* n T*°°(X), so A/"°°(T*) fl T*°°(X) is non-trivial. On the 
other hand, if we consider a weighted right shift T such that c(T) = 0 then 
by Theorem 2.88 T* has the SVEP at 0 whilst A/'“(T*) n T*“(X) / {0}. 
This observation illustrates that the implication established in Corollary 
2.26 cannot be reversed in general. 

The next result shows that also the converse of the implications provided 
in Theorem 2.33 and Theorem 2.36 fails to be true in general. 



Theorem 2.89. Let 1 < p < oo arbitrarily given and letT be a weighted 
right shift operator on £^’(N) with weight sequence uj := (a;„)„gN. Then: 

(i) Ho{T) + T{X) is norm dense in if and only if 

lim sup(o;i • • • = 0; 



(53) 
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(ii) T* has the SVEP at 0 if and only if 

lim inf(a;i • • • = 0. 

n— ^oo 

Proof By Theorem 2.88 we need only to prove the equivalence (i). Since 
||T"ei|| = oji - ■ ■ ojn for all n e N, 

the equality (53) holds precisely when ei G Hq(T). From this it follows that 

(53) implies that the sum Ho{T) + T{X) is norm dense in f^(N) because 
e„ G T{X) for all n > 2. 

Conversely, suppose that Hq{T) +T{X) is norm dense in f^’(N), and for 
every fc G N choose Uk G Hq(T) and Vk G T[X) such that Uk + Vk ^ e\ as 
k oo. Let P denote the projection on f^(N) defined by 

Px := xiei for every x := (x„)„gN G f!^(N). 

It is clear that P vanishes on T{X) and leaves Hq{T) invariant. Moreover, 
the subspace Ho{T)riT{X) is closed, since its dimension is at most 1. Finally, 

P{uk + Vk) Pe\ = ei as fc ^ 00 , 

so that ei G Hq{T), which concludes the proof. ■ 

Every weighted right shift operator T on t!^’(N) is injective, thus A/"°°(T) = 
{0}. Moreover, = {0}, and consequently K{T) = {0}. From this 

it follows that for these operators the implications provided in Corollary 2.34 
and the implications provided in Corollary 2.37 are considerably weaker than 
those provided in Theorem 2.33 and Theorem 2.36. 

We conclude this section with a brief discussion on the SVEP for bi- 
lateral weighted right shift operators. Given a two-sided bounded sequence 
u! := {uJn}nei. of strictly positive real numbers, the corresponding bilateral 
weighted right shift operator on £p{Z), for 1 < p < oo, is defined by 

Tx := {uJn-iXn-i)nei. for all x = {xn)nei. e F(Z). 

Contrary the unilateral case, a bilateral weighted right shift T may admit 
eigenvalues. In fact, we shall see that T need not have SVEP. To see that, 
first we define the following bilateral sequence: 

ot(y := 1, cXyi := iVo • • • and ex—^i := uj—n • • • i, 

for all n G N. Define 

c^(T) := lim inf and di^{T) := lim supo;±„^/". 

n— ^oo n— ^oo 

Theorem 2.90. Let T be a bilateral weighted right shift on £P{Z) for 
some 1 < p < oo. Then 

(54) “(T) = {AgC : d+(T) < |A| < c-(T)}. 

In partieular, T has the SVEP precisely when c~{T) < d+(T). 
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Proof Suppose that A is an eigenvalue of T and consider a corresponding 
non-zero eigenvector x G £^(Z). A simple computation shows that A 7 ^ 0 
and that the equations 

xo A" 



= 



XQ CXyi 

A" 



and 



X-„. = 



a-r 



hold for every n € N. Prom x G £p{1) it then follows that d'^{T) < |A| < 
c~{T)}. On the other hand, if d'^{T) < c~{T)} we can define the analytic 
function 



/(A) := 



LXJ LXJ ■. 

E Cn ^ ^ ^ ?7, ^75 

A" 



+ 



n=0 



“ a_r 
n=l 



for all A G C with d^(T) < |A| < c~{T). Proceeding as in the proof of 
Theorem 2.89, the classical formula for the radius of convergence of a series 
guarantees that the equation 

(A/ - T)/(A) = 0 holds for all d+(T) < |A| < c“(T)}, 

which shows the identity (2.90). 

The last assertion is obvious. ■ 



The following result establishes the SVEP for the dual of the bilateral 
weighted right shift on 

Theorem 2.91. For every bilateral weighted right shift on 1 < 

p < 00 , the following properties hold: 

(i) E{T*) = {A G C : d-{T) < |A| < c+(T)}; 

(ii) T* has the SVEP if and only i/c+(T) < d~{T); 

(hi) At least one of the operators T or T* has the SVEP. 

Proof It is clear that the adjoint of T is bilateral weighted left shift on 
f^(Z), defined by 

T*x := (w„x„+i)„ez for all x = {xn)nei. e ^'^(^), 

1 1 

where, as usual, — I — = 1. Moreover, if we choose 
p q 

to and Sx := {X—nfjn^’L 

for all X = {xn)nei. G ^'^(^)) h follows that 

{ST*S)x = {u}n-iXn-i)nei. for all a; = (x„)„gz e P^(Z). 

This shows that T* is similar to the bilateral weighted right shift on £'^(Z) 
with weight sequence u). In the sense of the right shift representation of T*, 
we obtain the identities 

c±(T*) = c=F(T) and d±(T*) = d^{T), 

because cf„ = a_n for all n G Z. Prom Theorem 2.90 we then conclude that 
the assertion (i) is valid. 

The assertion (ii) is clear from (i). 
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To prove (iii) assume that both T and T* fail to have the SVEP. Then 
the preceding results entail that d^(T) < c“(T) and d~{T) < c+(T). But 
this is an obvious contradiction because c~{T) < d~{T) and c“*“(T) < d+(T). 



It should be noted that in part (iii) of the preceding theorem it is possible 
that both T and T* have the SVEP . In fact, there are several examples of 
bilateral weighted shift which are decomposable and for these operators, as 
remarked before, both T and T* have the SVEP. 

5.1. Comments. A modern and extensive treatment of the role of the 
local spectral subspaces in theory of spectral decomposition may be found 
in the recent monograph of Laursen and Neumann [214]. This book also 
provides a large variety of examples and applications to several concrete 
cases. The local decomposition property given in Theorem 2.17 dates back 
to Radjabalipour [269], whilst the characterization of the analytical core of 
an operator given in Theorem 2.18 is owed to Vrbova [313] and Mbekhta 
[227]. 

The concept of glocal spectral subspace dates back to the early days 
of local spectral theory, see Bishop [70]. However, the precise relationship 
between local spectral subspaces and glocal spectral subspaces has been es- 
tablished, together with some other basic property, only recently by Laursen 
and Neumann [212] and [213]. Theorem 2.20 is owed to L. Miller and Neu- 
mann [236], see also Laursen [201]. The equality Ho{T) = A^dO} for an 
operator having the SVEP may be also found in Mbekhta [227]. 

The counter example of the bilateral right shift on Hilbert space of all for- 
mal Laurent series is owed to Aiena, L. Miller, and Neumann [30]. Note that 
this counter example, which shows that the condition K{T) n Hq(T) = {0} 
does not characterize the SVEP at 0, corrects a claim made in Theorem 1.4 
of Mbekhta [229]. 

The localized SVEP at a point has been introduced by Finch [115]. The 
characterization of the SVEP at a single point Aq given in Theorem 2.22 is 
taken from Aiena and Monsalve [31], whilst the classical result of Corollary 
2.24 is owed to Finch [115]. 

Except for Theorem 2.27 and Corollary 2.28, owed to Mbekhta [229], 
the source of the results of the second section is essentially that of Aiena, 
T.L. Miller and Neumann [30], and Aiena, Colasante, and Gonzalez [16]. 
Also the spectral mapping result of Theorem 2.39, as well as all the material 
on isometries, Toeplitz operators, and shift operators is taken from Aiena, 
T.L. Miller, and Neumann [30], see also V.G. Miller, T.L. Miller and Neu- 
mann [239]. 

The relations between the local spectrum and the surjectivity spectrum 
established in Theorem 2.43 are taken from Laursen and Vrbova [215] and 
Vrbova [313]. The propertty of a decomposable operator the aproximate 
point spectrum being the entire spectrum dates back to Colojoara and Foia§ 
[83]. Theorem 2.49 and the alternative for the SVEP on the components of 
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the semi-regular resolvent established in Theorem 2.51 are from Aiena and 
Monsalve [ 31 ], 

The concept of algebraic spectral subspace was first introduced by John- 
son and Sinclair [ 178 ]. This concept has been revisited by several authors, 
but the definition considered in this book was first given by Laursen and 
Neumann [ 209 ]. The material developed here, in the section of the algebraic 
spectral subspaces, is part of [ 200 ], whilst the results of the section on local 
spectral subspaces are mostly contained in Laursen [ 200 ] and Laursen and 
Vrbova [ 215 ]. Further informations on algebraic and divisible subspaces 
may be found in Bade, Curtis, and Laursen [ 54 ]. 

The property (C) was introduced by Dunford and plays a large role in 
the development of theory of spectral operators. In the book by Dunford 
and Schwartz [ 97 ] the property (C) was one of the three basic conditions 
used in the abstract characterization of spectral operators, and another was 
the SVEP. Note that it has been observed only recently, by Laursen and 
Neumann [ 212 ], that the SVEP is actually a consequence of the property 
(C). 

Theorem 2.73 extends to semi-regular operators a result of O Searcoid 
and West [ 253 ], which showed that the hyper-range of a semi-regular semi- 
Predholm operator is the intersection of neighbouring ranges. The more 
general case, here established in Theorem 2.73, is obtained by adapting to 
the local spectral language previous results of Goldman and Krackovskii 
[ 143 ], and Forster [ 116 ] . 

The final results on algebraic spectral subspaces are owed to Laursen 
[ 200 ]. For more results on algebraic spectral subspaces see also Ptak and 
Vrbova [ 267 ]. 




CHAPTER 3 



The SVEP and Fredholm theory 



An operator which does not have the single-valued extension property 
hides in its spectrum a pathology which does not permit the construction of 
a satisfactory spectral theory. For this reason it is useful to find conditions 
for an operator which ensure that this property is satisfied. 

In the first part of this chapter we shall see that some of these con- 
ditions are related to the finiteness of some classical quantities associated 
with an operator T. These quantities, such as the ascent, and the descent 
of an operator are defined in the first section and are the basic bricks in the 
construction of one of the most important branches of spectral theory, the 
theory of Fredholm operators. 

In the preceeding chapter we have exhibited a variety of conditions which 
imply the SVEP at a point Aq G C. In this chapter we shall see that for semi- 
Fredholm operators, or more generally for operators of Kato type, all these 
conditions are actually equivalent to the SVEP at Aq. These equivalences 
also show how deeply Fredholm theory and local spectral theory interact. 

In fact, many classical results of Fredholm theory may be explained in 
terms of the SVEP, for instance the classification of the connected open 
components fl of the semi- Fredholm resolvent Ps{{T) := C \ asf(T), or more 
generally of the Kato type of resolvent Pk{T), is a consequence of the SVEP 
at a point Aq G II implying the SVEP at every point of fl. Since this clas- 
sification is established in the more general framework of the Kato type of 
operators, these results subsume some classical results contained in standard 
texts on Fredholm theory, such as Kato’s book [182] or Heuser’s book [159]. 

The SVEP at a point for operators of Kato type may be also character- 
ized by means of the approximate point spectrum, to be precise, if Aq/ — T 
is of Kato type then T has the SVEP at a point Aq precisely when the ap- 
proximate point spectrum aap{T) does not cluster at Aq. Dually, T* has the 
SVEP at Ao precisely when the surjectivity spectrum asu{T) does not cluster 
at Aq. These two properties lead to many results on the cluster points of 
some distinguished parts of the spectrum. 

In the fifth section we shall study some spectra originating from the clas- 
sical Fredholm theory, the semi-Browder spectra and the Browder spectrum, 
defined by means of the ascent and the descent, and the Weyl spectrum. 
We establish some characterizations of these spectra as the intersection of 
spectra of compact perturbations, as well as of compressions. The more 
remarkable result of this section shows that a classical result on the spectral 
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theory of normal operators on Hilbert spaces may be extended to the more 
general case of operators T having the SVEP together with its adjoint T*. 
In fact, the Browder spectrum and the Weyl spectrum coincide when T or 
T* has the SVEP, and coincide with the Fredholm spectrum ct{{T) if T and 
T* have both the SVEP. 

The Riesz functional calculus yields for an analytic function / defined 
on an open subset containing the spectrum an operator /(T) G L(X). The 
classical spectral mapping theorem asserts that /(cr(T)) = a{f{T)) and a 
natural question is whether a similar result holds for distinguished parts 
of the spectrum. We shall prove the spectral mapping theorem for many 
of the spectra mentioned above and, in particular, we shall show, via the 
local spectral theory, that the spectral mapping theorem holds for the semi- 
Browder spectra and the Browder spectrum. 

An interesting situation is obtained when the two subspaces K{XqI — T) 
and Ho{XqI—T) are relative to an isolated point Aq of the spectrum a{T). In 
this case we establish a very illuminating description of these two subspaces. 
Indeed, they coincide with the kernel and the range of the spectral projec- 
tion associated with Aq, respectively. These properties lead to a very simple 
characterization of the poles of the resolvent in terms of the single-valued 
extension property at Aq . Moreover, these characterizations are useful tools 
for studyng some important classes of operators: the class of operators which 
satisfy Weyl’s theorem and the class of all Riesz operators. 

The last section of the chapter is devoted to operators T G L{X) hav- 
ing hyper-range T°°[X) = {0}. In particular, the results obtained apply to 
isometries and give useful information about the spectra of these operators. 



1. Ascent, descent, and the SVEP 

We have already seen that the kernels and the ranges of the iterates of 
a linear operator T, defined on a vector space X, form two increasing and 
decreasing chains, respectively. In this section we shall consider operators 
for which one, or both, of these chains becomes constant at some n G N. 

Definition 3.1. Given a linear operator T on a veetor spaee X, T is 
said to have finite ascent if = kerT^ for some positive integer k. 

Clearly, in such a case there is a smallest positive integer p = p{T) such that 
ker TP — ker TP^^ . The positive integer p is called the ascent ofT. If there 
is no such integer we set p{T) := oo. Analogously, T is said to have finite 
descent ifT°°{X) = T^{X) for some k. The smallest integer q = q{T) such 
that = T'^(A) is called the descent ofT. If there is no such integer 

we set q{T) := oo. 

Clearly p{T) = 0 if and only if T is injective and q{T) = 0 if and 
only if T is surjective. The classical Riesz-Schauder theory asserts that 
p{XI — T) = q{XI — T) < oo for every compact operator T on a Banach 
space X, see Heuser [159, Chapter VI]. 
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The following lemma establishes useful and simple charaterizations of 
finite ascent and finite descent. 

Lemma 3.2. Let T be a linear operator on a veetor spaee X. For a 
naturalm e Z+, the following assertions hold: 

(i) p{T) < m < oo if and only if for every n G N we have T™(X) n 
her T” = {0}; 

(ii) q{T) < m < oo if and only if for every n € N there exists a suhspaee 
Yn C kerT'" sueh that X = Yn® T”(X). 

Proof (i) Suppose p{T) < m < oo and n any natural number. Consider an 
element y € T™(X) n ker T”. Then there exists x € X such that y = 
and = 0. Prom that we obtain = 0 and therefore 

X e ker = ker T™. Hence y = T™x = 0. 

Conversely, suppose T™(X) n ker T" = {0} for some natural m and let 
X e ker Then T™x e ker T and therefore 

T™a; e T™(X) n ker T C T™(X) n ker T” = {0}. 

Hence x G ker T™. We have shown that ker c ker T™. Since the 

opposite inclusion is verified for all operators we conclude that ker T'” = 
ker 

(ii) Let q := q{T) < m < oo and H be a complementary subspace to 
T”(X) in X . Let {xj : j G J} be a basis of Y. For every element xj of 
the basis there exists, since T^{Y) C T®(X) = an element yj G X 

such that T'^Xj = Set Zj := xj — Tj. Then 

T'^Zj = T’^Xj - T^i+^yj = 0 . 

Prom this it follows that the linear subspace Yn generated by the elements 
Zj is contained in ker and a fortiori in ker T™. Ffom the decomposition 
X = Y ® T'^(X) we obtain for every x G X a representation of the form 

^ = E = E + T^y = Yl 

jeJ jeJ j€J 

so X = + T"(X). We show that this sum is direct. Indeed, suppose that 

X G Xn n T"(X). Then x = foi" some u G X, and therefore 

E = E e 

ieJ jeJ 

Ffom the decomposition X = X © T"(X) we then obtain that pj = 0 for all 
j G J and hence x = 0. Therefore W is a complement of T"(X) contained 
in kerT™. Conversely, if for n G N the subspace T”(X) has a complement 
Yn C kerT™ then 

T"*(X) = T™(X„) + T™+”(X) = T™+”(X), 
and therefore q{T) < m. ■ 
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Theorem 3.3. If both p{T) and q{T) are finite then p{T) = q{T). 

Proof Set p := p{T) and q := q{T). Assume first that p < q, so that 
the inclusion T®(X) C T^’(X) holds. Obviously we may assume q > 0. 
From part (ii) of Lemma 3.2 we have X = ker + T'^(A), so every element 
y := TP{x) G TP{X) admits the decomposition y = z+T'^w, with z G ker T'^. 
From z = T^x — T'^w G T^{X) we then obtain that z G kerT'^ fl T^{X) 
and hence the last intersection is {0} by part (i) of Lemma 3.2. Therefore 
y = T^w G T^{X) and this shows the equality TP{X) = T^{X), from whence 
we obtain p> q, so that p = q. 

Assume now that q < p and p > 0, so that ker C ker T^. From part 
(ii) of Lemma 3.2 we have X = ker T® + T^(A), so that an arbitrary element 
X of ker admits the representation x = u + T^v, with u G ker T'^. From 
T^x = T^u = 0 it then follows that T'^^v = 0, so that v G ker = ker T^. 
Hence T^v = 0 and consequently x = u (E ker This shows that ker = 
ker TP, hence q > p. Therefore p = q. ■ 

Let A(X) denote the set of all linear operators on vector space X for 
which the nullity a{T) and fI{T) are both finite. We recall that for every 
T G A(X), the index of T, defined by 

ind T := a{T)~ j3{T), 
satisfies the basic index theorem: 

ind (TS) = ind T + ind S for all T,S G A(A), 
see Theorem 23.1 of Heuser [159]. 

In the next theorem we establish the basic relationships between the 
quantities a{T), j3{T), p{T) and q{T). 

Theorem 3.4. If T is a linear operator on a veetor spaee X then the 
following properties hold: 

(i) If p{T) < 00 then a{T) < (5{T); 

(ii) If q{T) < 00 then (3{T) < a{T); 

(hi) If p{T) = q{T) < oo then a{T) = (3{T) (possibly infinite); 

(iv) If a{T) = (3{T) < oo and if either p{T) or q{T) is finite then 
p{T)=q{T). 

Proof (i) Let p := p{T) < oo. Obviously if (3{T) = oo there is nothing to 
prove. Assume that /3{T) < oo. It is easy to check that also is finite. 

By Lemma 3.2, part (i), we have ker T n TP{X) = {0} and this implies that 
a{T) < 00 . From the index theorem we obtain for all n > p the following 
equality: 

n • ind T = ind T” = a{TP) - /3{T^). 

Now suppose that q := q{T) < oo. For all integers n > max{p, (/} the 
quantity n • ind T = a{TP) — )3{TP) is then constant, so that ind T = 0, 
a{T) = j3{T). Consider the other case q = oo. Then /3{T") —> 0 as n oo, 
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SO n • ind T eventually becomes negative, and hence ind T < 0. Therefore 
in this case we have a{T) < j3{T). 

(ii) Let q := q{T) < oo. Also here we can assume that a{T) < oo, 
otherwise there is nothing to prove. Consequently, as is easy to check, also 
/3(T") < 00 and by part (ii) of Lemma 3.2 A = T © T{X) with Y C ker T'^. 
Prom this it follows that /3{T) = dim Y < a{T‘^) < oo. If we use, with 
appropriate changes, the index argument used in the proof of part (i) then 
we obtain that (3{T) = a{T) if p{T) < oo, and (3{T) < a{T) if p{T) = oo. 

(hi) It is clear from part (i) and part (ii). 

(iv) This is an immediate consequence of the equality a(T") — /3(T”) = 
ind T" = n • ind T = 0, valid for every n G N. ■ 

The finiteness of p{T) or q{T) has also some remarkable consequences 
on T\ the restriction of T on T°°{X). Recall that the hyper-range 

T°°[X) is a T-invariant subspace of X. 

Theorem 3.5. Let T be a linear operator on the veetor spaee X. We 
have: 

(i) If either p{T) or q{T) is finite then T |T°°(A) is surjeetive. To be 
preeise 

T“(A) = C(r), 

where, as usual, C{T) denotes the algebraie eore ofT; 

(ii) If either a{T) < oo or (3{T) < oo then 

p{T) < 00 T\T°°{X) is injeetive. 

Proof (i) The assertion follows immediately from Lemma 1.9 because if 
p = p{T) < 00 then by Lemma 3.2 

ker T n TP{X) = ker T n T^’+^(X) for all integers fc > 0; 
whilst if O' = q{T) < oo then 

ker T n T«(X) = ker T n T‘^+'=(A) for all integers k > 0. 

(ii) Assume that p{T) < oo. We have C{T) = T°°(A) and hence 
T(T“(A)) = T“(A). Let f := r|T“(A). Then f is surjective, thus 
q{T) = 0. Prom our assumption and from the equality kerT" = kerP" fl 
T°°(A) we also obtain p{T) < oo. Prom part (hi) of Theorem 3.4 we con- 
clude that p{T) = q{T) = 0, and therefore the restriction T is injective. 

Conversely, if T is injective then kerT n T°°(A) = {0}. By assumption 
a{T) < 00 or /3(T) < oo, and this implies (see the proof of Theorem 1.10) 
that kerTnr"(A) = {0} for some positive integer n. By Lemma 3.2 it then 
follows that p{T) < 00 . ■ 

The finiteness of the ascent and the descent of a linear operator T is 
related to a certain decomposition of X. 
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Theorem 3.6. Suppose that T is a linear operator on a veetor spaee X. 
If p = p{T) = q{T) < 00 then we have the decomposition 

X = TP{X) © ker T^. 

Conversely, if for a natural number m we have the decomposition X = 
T™{X) © ker T™ then p{T) = q{T) < m. In this case T\TP{X) is bijective. 

Proof If p < 00 and we may assume that p > Q, then the decomposition 
X = TP{X) © ker immediately follows from Lemma 3.2. Conversely, 
if X = T™(X) © ker T™ for some m e N then p{T),q{T) < m, again by 
Lemma 3.2, and hence p{T) = q{T) < oo by Theorem 3.3. 

To verify the last assertion observe that T°°[X) = T^(X), so from The- 
orem 3.5 T := T\TP{X) is onto. On the other hand, kerT C kerT C kerT^*, 
but also kerT C TP{X), so the decomposition X = TP{X) © ker entails 
that kerT = {0}. ■ 

Remark 3.7. The following statements establish some other basic rela- 
tionships between the ascent and the descent of a bounded operator T G 
L(X) on a Banach space X in the case of semi-Fredholm operators. 

(a) If T G <P±{X) then the chain lengths of T and its dual T* are related 
by the equalities p{T*) = q{T) and p{T) = q{T*). This can be easily seen, 
because if T G ^±(X) then T" G ^±(X), and hence the range of T" is closed 
for all n. Analogously, also T*" has closed range, and therefore for every 
n G N, 

ker T”* = T”(X)-L, ker T” =-^ T”*(X*) =-^ T*”(X*). 

Obviously these equalities imply that p{T*) = q{T) and p{T) = q{T*). Note 
that these equalities hold in the Hilbert space sense: in the case of Hilbert 
space operators T G d>±{H) the equalities p{T*) = q{T) and p{T) = q{T*) 
hold for the adjoint T*. 

(b) The chain lengths of {XI — T) are intimately related to the poles of 
the resolvent R{X,T). In fact, 

Aq G o'(T) is a pole of R{X, T) 0 < p{XqI — T) = q{XoI — T) < oo. 

Moreover, if p := p{XoI — T) = q{XoI — T) then p is the order of the pole, 
every pole Aq G cr(T) is an eigenvalue of T, and if Pq is the spectral projection 
associated with {Aq} then 

Po{X) = ker (Ao/ - T)p, ker To = (Aq/ - T)P{X), 
see Heuser [ 159 , Proposition 50.2]. 

(c) If Ao G (t(T) then XqI — T is a Fredholm operator having both ascent 
and descent finite if and only if Ao is an isolated spectral point of T and the 
corresponding spectral projection To is finite-dimensional, see Heuser [ 159 , 
Proposition 50.3]. 

The following theorem establishes a first relationship between the ascent 
and the descent of XqI — T and the SVEP at Ao G C. 
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Theorem 3.8. For a bounded operator T on a Banaeh spaee X and 
Ao € C, the following implieations hold: 

p{XoI-T)<oo => AA“(Ao/-T)n(Ao/-T)“(X) = {0} 

T has the SVEP at Aq, 

and 



q{\oI — T) < 00 



X = AA“(Ao/ -T) + (Ao/ - T)“(X) 
T* has the SVEP at Aq. 



Proof There is no loss of generality in assuming Aq = 0. 

Assume that p := p{T) < oo. Then A/"°°(T) = kerT^*, and therefore 
from Lemma 3.2 we obtain that 

A/'“(T) n T“(X) C kerT^* n T^’(X) = {0}. 

Prom Theorem 2.22 we then conclude that T has the SVEP at 0. 

To show the second chain of implications suppose that q := q{T) < oo. 
Then T“(X) = T^X) and 

(55) A/'“(T) + T“(X) = A/'“(T) + T\X) D kerT« + T\X). 

Now, the condition q = q{T) < oo yields that T^'^(X) = T^{X), so 
for every element x G X there exists y G T®(X) such that = T®(x). 
Obviously x — y G kerT'^, and therefore X = kerT® + T'^(X). Prom the 
inclusion (55) we conclude that X = Af°°{T) + T°°{X), and therefore by 
Corollary 2.34 T* has the SVEP at 0. ■ 

The previous theorem indicates that the two notions of ascent and de- 
scent are quite useful for establishing the SVEP for some important classes 
of operators. 

It is well known that if T is a normal operator on a Hilbert space // 
then 

H = ker(A/ - T) © {XI - T){H) for every A G C, 

(see [159, Proposition 70.3]), so by Lemma 3.2 we have for these operators 

(56) p{XI -T) <1 for all A G C. 

Consequently, every normal operator on a complex Hilbert space has the 
SVEP. Later we shall see that the condition (56) is also satisfied for every 
multiplier of a semi-prime Banach algebra. 

The next example shows that the condition (56) is satisfied by classes of 
operators strictly larger than the class of all normal operators. 

Example 3.9. A bounded operator T on a Banach space is said to be 
paranormal if 

|Ta;||^ < ||T^x||||x|| for all a; G X . 

It is easy to see that every paranormal operator T is normaloid, in the 
sense that r(T) = ||T||, where r{T) is the spectral radius of T, or, equiva- 
lently, j|T'"l| = ||T||” for every n G N. Obviously, if T is paranormal then 
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the restriction of T to every closed invariant subspace is also paranormal, 
so T is spectrally normaloid in the sense of Heuser [159, §54], 

An operator T on a Banach space X is said to be totally paranormal if 
XI — T is paranormal for every A G C. Examples of totally paranormal op- 
erators are all the operators T on a Hilbert space H which are hyponormal. 
Recall that T G L{H) is said to be hyponormal if 

|r*x|| < ||Tx|| for every x G H. 

Now, if T is hyponormal then 

\\Txf = {T*Tx,x) < ||T*rx||||x|| < llT^xllljxll for all x e H, 

so T is paranormal. Clearly T is totally paranormal, since every operator T 
is hyponormal if and only if XI — T is hyponormal for every A G C. 

It is immediate from the definition that every totally paranormal oper- 
ator has ascent p{XI — T)<1 for every A G C, so these operators have the 
SVEP. The SVEP of a totally paranormal operator T is also consequence 
of Theorem 2.31, once noted that for these operators we have 

Ho{XI -T)= ker(A/ - T) for all A G C. 

To show this observe first that if T is totally paranormal then for every 
X G X and A G C we have 

||(A/ - > ||(A/ - T)x|| for all n G N. 

If X G Ho{XI - T) then ||(A/ - T)"x||i/” ^ 0 as n ^ 00 , and consequently 
{XI — T)x = 0, so IIq{XI — T) C ker(A/ — T). Since the reverse inclusion is 
always true for every operator it follows that Hq{XI — T) = ker(A/ — T). 

It should be noted that every totally paranormal operator has the prop- 
erty (C), see Laursen [201]. 

Example 3.10. Other examples of operators T for which the condition 
p{XI — T) < 00 is verified for all A G C, and hence that have the SVEP, may 
be found amongst the class Vg{X) of operators on a Banach space X which 
satisfy a polynomial growth condition. An operator T satisfies this condition 
if there exists a AT > 0, and a d > 0 for which 

(57) ||exp(f AT) || < K{1 + |A|'^) for all A G M, 

Examples of operators which satisfy a polynomial growth condition are 
Hermitian operators on Hilbert spaces, nilpotent and projection operators, 
algebraic operators with real spectra, see Barnes [61] . 

In Laursen and Neumann [214, Theorem 1.5.19] it is shown that Vg{X) 
coincides with the class of all generalized scalar operators having real spec- 
tra, see also Colojoara and Foia§ [83, Theorem 5.4.5]. 

To show the condition (56) we first note that the polynomial growth con- 
dition may be reformulated as follows: T G Vg{X) if and only if a{T) C M 
and there is a constant K > 0 and a d > 0 such that 

(58) |1(A/ — T)“^|j < A(1 -|- jim A]”"*) for all A G C with Im A yf 0, 
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see Theorem 1.5.19 of Laursen and Neumann [214], or Barnes [61]. 
We claim that if T e Vg{X) and c := Im A > 0 then 

roc 

(59) {XI-T)-^ = -i dt. 

Jo 

Indeed, for every s > 0, 



i(A - T) Jo 

From the estimates 



it follows that Ije**-'' ^ 0 as s ^ oo. Prom this we obtain that 

roc 

i{XI -T) dt = -I, 

Jo 

from which the equality (59) follows. 

Now, in order to establish the finiteness of p{XI —T) we may only consider 
the case A G cr{T). Of course, there is no loss of generality if we assume 
A = 0. If (5 is as in (58), put m := [5] + 1. Then 

lim -T)-^ = 0. 

1^0+ 



Suppose p{T) > m. Choose x Q X and / G X* such that 

T"^+^x = 0, T™x yf 0, and /(T™x) = 1. 



Define a linear continuous functional (p on the Banach space L{X) by 
the assignment 



(p{T) := f{Tx) for every TgL(X). 
From (59) we have for all t > 0 

roc 

{iti - T)-i ^ -z / dx , 

Jo 

and therefore, for all t > 0, 



- T)-^) ^ -i 



— tx 



E 

\n—0 






dx. 



n\ 



Clearly (j){T'^) = /(T^x) = 0 for all n > m, so for every t > 0 we have 



_jn 



n=0 



m /-v 
/•\m+l ,m \ ^ V 

^ ^ ^ n! 

n=0 

/•\2m+l/ I i\.f-l 



L 0 

(n + 1)! 
t"+i 



d>{T^ 



= - (i)^”"+^(m + l)r 

+ { terms involving non-negative powers of t}. 
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This shows that — T) does not converge at 0 as t ^ 0+, a 

contradiction. Hence p{XI — T) < m for every A G C . 

It is easy to see that if T G Vg{X) and (Aq/ — T){X) has closed range 
for some Aq G C then also q{XoI ~ T) is finite. In fact, if T G Vg{X) then 
T* G V{X*), so p ~ p{XqI — T)<oo. This means that 

ker(Ao/ - T*f = ker(Ao/ - T*)p+^ 

for every fc G N, and hence 

{XoI-T)P{X) = {Xol -T)P+k{X), keN. 

Finally, if (Aq/ — T){X) is closed then (Aq/ — T)^(X) is closed for every 
A: = 0, 1, • • • , thus q{X()I — T) < oo. It follows from part (c) of Remark 3.7 
that if Aq G ct{T) is such that Aq/ — T has a closed range then Aq is a pole 
of the resolvent R{X,T) = {XI — T)~^. 

The next example shows that T may have the SVEP, although the point 
spectrum (Tp{T) is non empty. 

Example 3.11. Let fl denote a compact subset of C with a non-empty 
interior. Let X := B{fl) denote the Banach space of all bounded complex- 
valued functions on fl and consider the operator T : X ^ X defined by the 
assignment 

(T/)(A) := A/(A) for all / G X and Xefl. 

It is easy to see that p{fJ,I — T) is less than or equal to 1 for every G C, 
so T has the SVEP. Clearly crp{T) = 17 7 ^ 0 . 

As we observed in Theorem 5.4 and Theorem 2.31, each one of the two 
conditions p{XqI — T) < 00 or Ho{XoI—T) closed implies the SVEP at Aq. In 
general these two conditions are not related. Indeed, the operator T defined 
in Example 2.32 has its quasi-nilpotent part Hq{T) not closed whilst, being 
T injective, p{T) = 0. 

In the following example we find an operator T which has a closed quasi- 
nilpotent part but ascent p{T) = 00 . 

Example 3.12. Let T : ^ £^(N) be defined 

Tx := . . . , . . .^ , where x = (rr„) G £^(N). 

It is easily seen that 

llr^ll = ^^1 forevery fc = 0 ,l,... 

and from this it easily follows that the operator T is quasi-nilpotent and 
therefore Ho{T) = by Theorem 1.68. Obviously p{T) = 00 . 

Note that the operator T above shows that the reverse of the implication 
p{XqI — T) < 00 => T has the SVEP at Aq 
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established in Theorem 5.4 generally is not true. In fact, T has the SVEP 
at 0 since T is quasi-nilpotent, and p{T) = oo. 

2. The SVEP for operators of Kato type 

In this section we shall characterize the SVEP at a point Aq G C in 
the cases of operators of Kato type. In fact, we shall see that most of the 
conditions which ensure the SVEP at a point Aq, established in Chapter 2 
and in the previous section, are actually equivalences. 

Recall that if XqI — T is of Kato type then also XqI* — T* is of Kato 
type. More precisely, the pair is a GKD for XqI* — T* with 

Aq/* — semi-regular and XqI* — nilpotent. 

Lemma 3.13. Suppose that XqI — T has a GKD (M,N). Then 

XqI — T\M is surjeetive 4^ XqI* — T*\N-^is injeetive. 

Proof We can assume Aq = 0. Suppose first that T(M) = M and consider 
an arbitrary element x* G kerT*|fV-*- = kerT*nfV-*-. Por every m G M then 
there exists m' G M such that Tm' = m. Then we have 

x*{m) = x*{Tm') = {T*x*){w!) = 0, 

and therefore x* G M-*- n iV-*- = {0}. 

Conversely, suppose that T\M is not onto, i.e., T{M) C M and T{M) ^ 
M. By assumption T(M) is closed, since T\M is semi-regular, and hence 
via the Hahn-Banach theorem there exists z* G X* such that z* G T(M)-^ 
and z* ^ M-L. 

Now, from the decomposition X* = N-^ © M-^ we have z* = n* + m* 
for some n* G N-^ and m* G M-*-. For every m G M we obtain 

T*n*(m) = n*{Tm) = z*{Tm) — m*{Tm) = 0. 

Hence T*n* G N-^ H M-*- = {0}, and therefore 0 7 ^ n* G kerT* n N-^. ■ 

The first result shows that the SVEP at Aq of a bounded operator which 
admits a GKD (M, N) depends essentially on the behavior of XqI — T on 
the first subspace M. 

Theorem 3.14. Suppose that XqI — T g L{X) admits a GKD (M,N). 
Then the following assertions are equivalent: 

(i) T has the SVEP at Aq; 

(ii) T \M has the SVEP at Aq; 

(hi) {XqI — T) \M is injeetive; 

(iv) Hq{XqI -T) = N; 

(v) Hq{XqI — T) is elosed; 

(vi) Hq{XqI - T) n K{XqI -T) = {0}; 

(vh) Hq{XqI — T) n K{XqI — T) is elosed. 

In partieular, if XqI — T is semi-regular then the eonditions (i)-(vii) are 
equivalent to the following statement: 
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(viii) Ho{\oI-T) = {0}. 

Proof Also here we shall consider the particular case Aq = 0. 

The implication (i) => (ii) is clear, since the SVEP at 0 of T is inherited 
by the restrictions on every closed invariant subspaces. 

(ii) ^ (iii) T\M is semi-regular, so by Theorem 2.49 T\M has the SVEP 
at 0 if and only if T\M is injective. 

(iii) (iv) If T\M is injective, from Theorem 1.70 the semi-regularity 
of T\M implies that Ho{T\M) = A/"°°(T|M) = {0}, and hence 

Ho{T) = Ho{T\M) © Ho{T\N) = {0} ® N = N. 

The implications (iv) => (v) and (vi) => (vii) are obvious, whilst the 
implications (v) ^ (vi) and (vii) (i) have been proved in Theorem 2.31. 

The last assertion is clear since the pair M := X and N := {0} is a 
GKD for every semi-regular operator. ■ 

The next result shows that if the operator Aq/ — T admits a generalized 
Kato decomposition then all the implications of Theorem 2.33 are actually 
equivalences. 

Theorem 3.15. Suppose that Aq/ — T e L{X) admits a GKD (M,N). 
Then the following assertions are equivalent: 

(i) T* has SVEP at Aq; 

(ii) (Aq/ — T) \M is surjeetive; 

(iii) K{XoI -T)= M; 

(iv) A = HoiXoI -T) + K{XoI - T); 

(v) Ho{XqI — T) + K{XqI — T) is norm dense in X. 

In partieular, if XqI — T is semi-regular then the conditions (i)-(v) are 
equivalent to the following statement: 

(vi) K{XoI-T)=X. 

Proof Also we suppose Aq = 0 here. 

(i) (ii) We know that the pair (A-*-, M-*-) is a GKD for T*, and hence 
by Theorem 3.14 T* has SVEP at 0 if and only if T* |A-*- is injective. By 
Lemma 3.13 T* then has the SVEP at 0 if and only if T \M is onto. 

(ii) ^ (iii) If T\M is surjective then M = K{T\M) = K{T), by Theorem 

1.70. 

(iii) ^ (iv) By assumption X = M ® N = K{T) © N , and therefore 
A = Hq{T) + K{T), since N = Hfi{T\N) C 

The implication (iv) => (v) is obvious, whilst (v) => (i) has been estab- 
lished in Theorem 2.33. 

The last assertion is obvious since M \= X and N := {0} provides a 
GKD for T. ■ 
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Now let US consider the case XqI — T is of Kato type. In this case, by 
Theorem 1.74 and Theorem 3.15 we have 

T has the SVEP at Aq A/'“(Aq/ - T) n (Aq/ - T)“(X) = {0}. 

The next result shows that in this case to the equivalent conditions (i)-(vii) 
of Theorem 3.14 we can add the condition p(Aq/ — T) < oo. 

Theorem 3.16. Let T e L{X), X a Banach space, and assume that 
Aq/ — T is of Kato type. Then the conditions (i)-(vii) of Theorem 3. If are 
equivalent to the following assertions: 

(viii) p{XoI -T) < oo; 

(ix) AA“(Ao/ - T) n (Xol - T)“(X) = {0}. 

In this case, if p := p{XqI — T) then 
(60) i7o(Ao/ -T)= AA“(Ao/ - T) = ker(Ao/ - Tf. 

Proof Here we assume also that Aq = 0. 

Let (M,N) be a GKD for which T\N is nilpotent. Assume that one of 
the equivalent conditions (i)-(vii) of Theorem 3.14 holds, for instance the 
condition Hq{T) = N. We also have that kerT” C Xf°°(T) C Ho{T) for 
every n G N. On the other hand, from the nilpotency of T\N we know that 
there exists a A: G N for which (T|V)^ = 0. Therefore Hq(T) = N C kerT^ 
and hence Hq{T) = J\f°°{T) = ker T^. Obviously this implies that p{T) < k, 
so the equivalent conditions (i)-(vii) of Theorem 3.14 imply (viii). 

The implication (viii) => (ix) has been established in Theorem 5.4 and 
the condition (ix) implies the SVEP at 0, again by Theorem 5.4. The equal- 
ities (60) are clear because kerT^ = kerT^'. ■ 

Theorem 3.17. Let Y G L{X), X a Banach space, and assume that 
XqI — T is of Kato type. Then the conditions (i)-(v) of Theorem 3.15 are 
equivalent to the following conditions: 

(vi) q{X()I -T) < oo; 

(vii) A = W“(Ao/ - T) + (Ao/ - T)“(A); 

(viii) J\f°^(XoI — T) + (Aq/ — T)°°(A) is norm dense in X. 

In this case, if q := q{XoI — T) then 

(Ao/ - T)“(A) = K{XoI -T) = (Ao/ - T^X). 

Proof Assume that Ao = 0. Since T is of Kato type then K(T) = T°°(X), 
by Theorem 1.42. Suppose that one of the equivalent conditions (i)-(v) of 
Theorem 3.15 holds, in particular suppose that K(T) = M. Then M = 
T“(A) C T”(A) for every n G N. 

On the other hand, by assumption there exists a positive integer k such 
that [T\N)^ = 0, so for all n > fc we have 

T”(A) C t'=(A) = T'=(M) © T’^{N) = T^{M) C M, 
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and hence T"(X) = M for all n > k. Therefore q{T) < oo, so (vi) is proved. 

The implication (vi) => (vii) has been established in Theorem 5.4 whilst 
the implication (vii) =?> (viii) is obvious. Finally, by Corollary 2.34 the 
condition (viii) implies the SVEP at 0 for T*, which is the condition (i) of 
Theorem 3.15. 

The last assertion is clear since T'^(X) = T^(X). ■ 

In the next result we consider the case where XqI — T is essentially 
semi-regular, namely N is finite-dimensional and M is finite-codimensional. 

Theorem 3.18. Suppose that XqI — T e L{X) is a essentially semi- 
regular. Then the conditions (i)-(vii) of Theorem 3.14 and the conditions 
(viii)-(ix) of Theorem 3.16 are equivalent to the following condition: 

(a) The quasi-nilpotent part Ho{XoI — T) is finite- dimensional. 

In particular, ifT has the SVEP at Aq then XqI — T € d'+(X). 

Again, the conditions (i)-(v) of Theorem 3.15 and the conditions (vi)- 
(viii) of Theorem 3.17 are equivalent to the following condition: 

(b) The analytical core K{XqI — T) is finite codimensional. 

In particular, ifT* has the SVEP at Aq then XqI — T e d>_(X). 

Proof The condition (iv) of Theorem 3.14 implies (a) and this implies the 
condition (v) of Theorem 3.14. Analogously, the condition (hi) of Theorem 
3.15 implies (b) whilst from (b) it follows that {XqI — T)°°{X) = K{XqI — T) 
is finite-codimensional, see Theorem 1.42. Because {XqI — T)°^{X) C (Aq/ — 
T)'^(X) for every g G N we then may conclude that q{XoI — T) < oo, which 
is the condition (vi) of Theorem 3.17. 

It remains to establish that (a) implies that XqI — T G d>+(X). Clearly 
if Hq{XoI — T) is finite- dimensional then its subspace ker(Ao/ — T) is finite- 
dimensional. Moreover, if (M, N) is a GKD for XqI — T such that N is 
finite-dimensional then 

(Ao/ - T){X) = (Ao/ - T)(M) + (Ao/ - T){N) 

is closed since it is the sum of the closed subspace (Aq/ — T){M) and a 
finite-dimensional subspace of X. This shows that XqI — T G d>+(A). 

Analogously, from the inclusion K{XqI — T) Q (Aq/ — T){X) we see 
that if K{X(jI — T) finite codimensional then also (Aq/ — T){X) is finite 
codimensional, so XqI — T G d>_(A). ■ 

Corollary 3.19. Let T G L{X), X a Banach space, and suppose that 
Ao/-Tg$±(A). We have: 

(i) If T has the SVEP at Aq then ind {XqI — T)< 0; 

(ii) If T* has the SVEP at Xq then ind {XqI — T) > 0. 

Consequently, if both the operators T and T* have the SVEP at Aq then 
XqI — T has index 0. 
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Proof By Theorem 3.16 if T has the SVEP then p{XoI ~ T) < oo, and 
hence a{XaI — T) < !3 {XqI — T) by part (i) of Theorem 3.4. This shows 
the assertion (i). The assertion (ii) follows similarly from Theorem 3.17 and 
part (ii) of Theorem 3.4. The last assertion is clear. ■ 

The following example shows that a Fredholm operator T having index 
less than 0 may be without the SVEP at 0. 

Example 3.20. Let R and L denote the right shift operator and the 
left shift operator, respectively, on the Hilbert space H := £^(N), defined by 

R{x) := { 0 ,xi,X 2 , ■ ■ ■) and L{x) := {x 2 , X 3 , . . .) 

for all (x) := (xn) G f 2 (N)- Clearly 

a{R) = (3{L) = 0 and a{L) = (3{R) = 1, 

so L and R are Fredholm. Let e„ := (0, • • • , 0, 1, 0, . . .) G where 

1 is the n-th term and all others are equal to 0. It is easily seen that 
Cn+i G ker whilst e„+i ^ ker L" for every n G N, so p{L) = 00 . 

Moreover, p{R) = 0 being R injective, and hence, since R and S are each 
one the adjoint of the other, 

p{L) = q{R) = 00 and q{L) = p{R) = 0. 

Consider the operator L © i? G L[H x H) defined by 

{L © R){x, y) ■— {Lx, Ry), with x,y e £ 2 (N)- 

It is easy to verify that 

a{L ® R) = a{L) = 1, (3{L ® R) = 1 and p{L © i?) = 00 . 

Analogously, ifT :=L©i?©i?G L{H x H x H) then 

(3{T) = 2, a{T) = a{L) = 1 and p{T) = 00 , 

so T is a Fredholm operator having index ind T < 0 which by Theorem 5.4 
does not have the SVEP at 0. 

Corollary 3.21. Let Aq G <y{T) and assume that XqI — T G d>±(X). 
Then the following statements are equivalent: 

(i) T and T* have the SVEP at Aq; 

(ii) A = HoiXoI - T) © K{XoI - T); 

(hi) Hq{XqI — T) is elosed and K{XqI — T) is finite- eodimensional; 

(iv) Ao is a pole of the resolvent {XI—T)~^, equivalently 0 < p{XqI—T) = 
q{XoI -T) < 00 ; 

(v) Aq is an isolated point of cr{T) . 

In partieular, if any of the equivalent eonditions (i)-(v) holds and p := 
p{XqI — T) = q{XoI — T) then 

HoiXoI -T)= AA“(Ao/ - T) = ker(Ao/ - T)p, 
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and 

K{XoI -T) = (Ao/ - T)“(X) = (Ao/ - TfiX). 

Proof The equivalences of (i), (ii), (hi), and (iv) are obtained by combining 
all the results previously established. The implication (iv) => (v) is obvious 
whilst the implication (v) ^ (i) is an immediate consequence of the fact 
that both T and T* have the SVEP at every isolated point of the spectrum 
a{T)=a{T*). 

The next result shows that also the implications of Theorem 2.36 and 
Corollary 2.37 are actually equivalences if we assume that Aq/ — T is essen- 
tially semi-regular. 

Theorem 3.22. Suppose that Aq/ — T e L{X), X a Banach space, is 
essentially semi-regular. Then T has the SVEP at Aq if and only if one of 
the following conditions hold: 

(c) A/"°°(Aq/ — T*) + (Aq/ — T*){X*) is weak -k-dense in X* ; 

(d) Hq(XqI — T*) + (Aq/ — T*){X*) is weak k-dense in X*; 

(e) Hq{XqI — T*) + K{XqI — T*) is weak k-dense in X*. 

Proof Assume Aq = 0. If one of the conditions (c), (d) and (e) holds then, 
by Theorem 2.36 and Corollary 2.37, T has the SVEP at 0. 

Conversely, suppose that T has the SVEP at 0 or, equivalently by The- 
orem 2.22, that K{T) Piker T = {0}. We know from Theorem 1.70 that if T 
is essentially semi-regular then -*-A/"°°(T*) = K{T). Since ker T =-*- T*{X*) 
we then obtain 

{0} = K{T) n ker T =-^ P ^T*{X*), 

which implies via the Hahn-Banach theorem that the sum A/"°°(T*)-|-T*(X*) 
is weak *- dense in X*. 

The proof that the SVEP of T at 0 implies each one of the conditions 
(d) and (e) is similar, and therefore is omitted. ■ 

If Aq/ — T is of Kato type, the SVEP at Aq is simply characterized in 
terms of the approximate point spectrum as follows: 

Theorem 3.23. Suppose that XqI — T, X a Banach space, is of Kato 
type. Then the following statements are equivalent: 

(i) T has SVEP at Aq; 

(ii) CTap(T) does not cluster at Aq. 

Proof If aap(T) does not cluster at Aq then T has the SVEP at Aq, see 
the observation just before Theorem 2.58. Hence we need only to prove the 
implication (i) ^ (ii). We may suppose that Aq = 0. 

Assume that T has SVEP at 0 and let (M, N) be a GKD for T. From 
Theorem 1.44 we know that there exists e > 0 such that XI — T is semi- 
regular, and hence has closed range for every 0 < |A| < e. If Dg denotes the 
open disc centered at 0 with radius e then A e (D^ \ {0}) P (Jap{T) if and 
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only if A is an eigenvalue for T. 

Now, from the inclusion ker(A/ — T) C T°°[X) for every A yf 0 we infer 
that every non-zero eigenvalue of T belongs to the spectrum of the restriction 
T|T“(X). 

Finally, assume that 0 is a cluster point of aap(T'). Let (A„) be a sequence 
of non-zero eigenvalues which converges to 0. Then A„ G cr(r|T°°(X)) for 
every n G N, and hence 0 G cr(T|T°°(X)), since the spectrum of an operator 
is closed. But T has the SVEP at 0, so by Theorem 3.14 the restriction T\M 
is injective, and hence by Theorem 1.41 {0} = kerT|M = kerT n T°°{X). 
This shows that the restriction T\T°°[X) is injective. 

On the other hand, from the equality T(T°°(X)) = T°°(X) we know 
that T |T°°(X) is surjective, so 0 ^ a{T |T°°(X)); a contradiction. ■ 

The result of Theorem 3.23 is quite useful for establishing the member- 
ship of cluster points of some distinguished parts of the spectrum to the 
Kato type spectrum a^{T). 

A first application is given from the following result which improves a 
classical Putnam theorem about the non-isolated boundary points of the 
spectrum as a subset of the Fredholm spectrum. 

Corollary 3.24. // T G L{X), X a Banach space, every non-isolated 
boundary point of a{T) belongs to crk(T). In particular, every non-isolated 
boundary point of a{T) belongs to the Fredholm spectrum cn{T). 

Proof If Aq G da(T) is non-isolated in cr(T) then crap(T) clusters at Aq, 
since by Theorem 2.42 da{T) C (Jap(T). But T has the SVEP at every point 
of da{T), so by Theorem 3.23 Aq/ — T is not of Kato type. 

The last assertion is obvious since crk(T) C crf{T). ■ 

Corollary 3.25. Suppose that T G L{X), X a Banach space, has the 
SVEP. Then all cluster points of aap{T) belong to o'k{T) and in particular 
to (Tf(r). 

Proof Suppose that Aq ^ cr'k{T). Since T has the SVEP , and in particular 
has the SVEP at Aq, by Theorem 3.23 it follows that crap(T) does not cluster 
at Aq . ■ 

The next result gives a clear description of the points Aq ^ which 

belong to the boundary of cr(T). 

Theorem 3.26. Let T G L{X), X a Banach space, and suppose that 
Aq G da{T). Then Aq/ — T is of Kato type if and only if Aq is a pole of the 
resolvent R{\, T). 

Proof By Corollary 3.24 if Aq/ — T is of Kato type then Aq is isolated in 
a{T). Moreover T and T* have the SVEP at Aq G da{T) = da{T*), so 
by Theorem 3.23 and Theorem 3.27 it follows that both p{\qI — T) and 
q{XoI — T) are finite,. 
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Conversely, assume that Aq is a pole of the resolvent R{X,T) or, equiv- 
alently, that d := p{\qI — T) = q{XoI — T) < oo. Put M := {XqI — T)'^(X) 
and N ■.= ker(Ao/ — T)‘^. Then the restriction Aq/ — T\M is bijective by 
Theorem 3.6, and hence semi-regular. Obviously the restriction Aq/ — T\N 
is nilpotent. ■ 

The following result is dual to that established in Theorem 3.23. 

Theorem 3.27. Suppose that XqI — T, X a Banach space, is of Kato 
type. Then the following properties are equivalent: 

(i) T* has the SVEP at Aq; 

(ii) (Tsu{T) does not cluster at Aq. 

Proof The equivalence immediately follows from Theorem 3.23 since crap(T*) 
o-su{T). ■ 

Corollary 3.28. Suppose that for T e L{X), X a Banach space, T* 
has the SVEP. Then all cluster points of asu{T) belong to ct],^{T). 

Proof Suppose that Aq ^ o'y,{T). Since T* has the SVEP at Aq by Theorem 
3.27 it follows that crsn{T) does not cluster at Aq. ■ 

Since ase{T), aes{T) and crk(E) are subsets of (Tap{T), one may ask if T 
has the SVEP at a point Aq whenever one of these spectra does not cluster 
at Aq. Generally this is not true. To see this it suffices to consider the case 
that CTse{T) does not cluster at Aq, since aes{T) and crk(T) are subsets of 

O-se('T). 

Let T G L(X) be any non-injective semi-regular operator T. Then 0 is a 
point of the semi-regular resolvent Pse{T) := C\crse{T) . This implies, Pse{T) 
being an open set of C, that crse(T) does not cluster at 0. On the other hand, 
since T is not injective then by Theorem 2.49 T does not have the SVEP at 0. 



Theorem 3.29. Suppose that for T G L{X), X is a Banach space, the 
semi-regular spectrum ase{T) clusters at Aq. Then Aq G asf(T'). 

Proof Suppose that ase(E) clusters at Aq and XqI — T g d>±(X). Then 
Aq G Psi{T), where Ps({T) := C\asf{T) is the semi-Fredholm resolvent of T. 
Let fl denote the component of the open set Psf{T) which contains the point 
Aq. If we set P := O n ase(T) then P C ase{T) \ cTs{{T) and by Theorem 1.65 
the last set is denumerable. 

This shows that there exists a an open disc D(Ao) centered at Aq such that 
A ^ ase{T)\as{{T) for every A G D(Ao)\{Aq}. But XI — T are semi-Predholm 
for all A G O, so A ^ crse{T) for all A G D(Ao) \ {Aq}; a contradiction. ■ 

Example 3.30. Let 1 < p < oo and let T denote an arbitrary weighted 
right shift operator on It has been already observed that 

aap(T) = {A G C : i{t) < |A| < r(T)}, 
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where the quantity i{T) is defined before Theorem 2.54. Since T has the 
SVEP, see Theorem 2.88, by part (i) of Theorem 2.45 we have that crap(T) = 
CTse(T). We prove that 

0-f(T) = ak(T) = aes(T) = asf(T) = aap(E). 

The inclusion (Tap(7") V crf{T) follows from Corollary 3.25. We show now 
the opposite inclusion. 

Assume that A ^ aap(T'). In the case |A| > r(T) then XI — T is invertible, 
so A ^ ct{{T). 

Assume the other case |A| < i{T) and therefore |A| < c(T), where the 
quantity c{T) is defined as in the discussion after Example 2.60. To show 
that XI — T is Fredholm we need only to prove that fI{XI — T) < oo, because 
by assumption a{XI — T) = 0. Now, XI — T is bounded below so {XI — T){X) 
is closed and hence ker {XI — T*) = [(A/ — T)(X)]-*-. The last space is 
canonically isomorphic to the quotient space {X/{XI — T){X))* so, to show 
that {XI—T){X) is finite-codimensional, it suffices to prove that ker {XI— T*) 
is finite-dimensional. We prove that dim ker {XI* — T*) = 1. 

Assume that T*x = Xx. Then Xn+ii^n = Xxn for every n e N, where 
{ujn} is the sequence which defines T. If we impose the normalization xi = 1 
and define the empty product to be 1, a simple recursive argument shows 
that this system has the unique solution 

^n— 1 

X = {Xn)n€n, where x„ := . 

' ' ' ^n—1 

The standard formula for the radius of convergence of a series then 
yields that the series e„a;„ converges for all |A| < c{T). This shows 

that X = {xn) G P^(N). Hence the solutions of the equation T*x = Xx form 
a 1-dimensional subspace of and hence 

/3(A/ - T){X) = a{XI* - T*) = 1. 

Therefore A ^ ct{{T), so the reverse inclusion a{{T) C aap(T) is proved. 
From this we then conclude that ase{T) = crap(T) = af(T), as desired. 

The inclusions crk(T') C aap(T) and asj{T) C aap(T) are true for every 
operator. The opposite of these inclusions follows from Corollary 3.25 and 
Theorem 3.29, respectively. The equality of all these spectra with cTes(E) is 
then clear, since crk(T) C aes{T) C a{{T) for every T G L{X). 

3. The SVEP on the components of p]^{T) 

In this section we shall give a closer look at the connected components of 
resolvent sets associated with the various spectra introduced in the previous 
chapters. In particular, we shall obtain a classification of these components 
by using the equivalences between the SVEP at a point and the kernel type 
and range type conditions established in the previous section. 

The results of Theorem 1.36 and Theorem 1.72 show that the mappings 
A ^ K{XI — T) and A ^ Ho{XI — T) are constant as A ranges through a 
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connected component of the semi-regular resolvent pse{T). Now, also the 
Kato type resolvent pk{T) is an open subset of C, so it may be decomposed 
in connected maximal components. The first result of this section shows the 
constancy of some mappings on the components of p]^{T). 

Theorem 3.31. Let T € L{X), X a Banach space, he of Kato type. 
Then there is an e > 0 such that: 

(i) K{XI -T) + Ho{XI -T) = K{T) + Hq(T) for all 0 < |A| < e, 
and 

(ii) K{XI - T) n Ho{XI-T) = K{T) n Ho{T) for all 0 < |A| < e. 

Proof (i) Let (M, N) be a GKD for T such that T |N is nilpotent. Prom the 
proof of part (i) of Theorem 1.74 we know that K(T) + Hq{T) = K(T) + N. 

Now, from Theorem 1.44 there exists e > 0 such that XI — T is semi- 
regular for all 0 < |A| < e, and hence by Theorem 1.70, 

(61) Ho{XI - T) C K{XI - T) for all 0 < |A| < e. 

Clearly, the nilpotency of T |fV implies that {XI — T)"'{N) = N for all 
A yf 0 and n G N. Prom Theorem 1.24 it then follows that 

K{XI-T) = {XI-T)°^{X) = {XI-T\M)°^{M) + {XI-TN)°^{N) 

= K{XI -T\M) + N, 

for all A 7 ^ 0. Since T |M is semi-regular by Theorem 1.36 we may choose 
e > 0 such that K{XI - T\M) = K{T\M) = K{T), and hence 

(62) K{XI-T)=K{T)+N for all 0 < |A| < e. 

By Theorem 1.22 the equality {XI — T){N) = N implies that 

N C K{XI - T) for all A / 0. 

Pinally, from (61) and (62) for all 0 < |A| < £ we obtain that 
Hq{XI -T) + K{XI -T)= K{XI -T)= K{T) +N = K{T) + Ho{T), 
so the first statement is proved. 

(ii) Recall that from the proof of part (ii) of Theorem 1.74, if XI — T is 
of Kato type then 

Ho{{XI-T)\M) = Ho{XI-T)nM = Hq{XI-T) n M. 

Now, by Theorem 1.44 we know that there is e > 0 such that XI — T is 
semi-regular for all 0 < |A| < e. Hence by Theorem 1.70 and Theorem 1.24, 
we have 

Ho{XI - T) C K{XI -T) = K{XI - T) for all 0 < |A| < £, 
and therefore 

(63) Ha{XI -T)= Ho{XI - T) n K{XI - T) for all 0 < |A| < e. 

Prom Lemma 1.3 and Theorem 1.70 we also have 

(64) Ho{XI-T) = A/'“(A/-T) C T“(X) = K{T) C M, 
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for all 0 < |A| < e. By Theorem 1.70 the semi-regularity of T\M yields that 
Hq{T\M) C K{T\M) = K{T), so 

Hq{t) n K{T) = Ho{T) n (M n k{t)) = Ho{t) n m n k{t) 

= Ho{T\M) n K{T) = Ho{T\M). 

Finally, by Theorem 1.72 we may chosen e > 0 such that 

Ho{T\M) = Ho{XI-T\M) = Ho{XI - T) n M for all |A| < e. 

Using the inclusions (64) and (63) we then conclude that 

Ha{T) n K{T) = Ha{T\M) = Hq{XI -T)f\M 

= Ho{XI -T) = Ho{XI -T)n K{XI - T) 

for all |A| < e, so also (ii) is proved. ■ 

By using a compactness argument similar to that which has been used 
in the proof of Theorem 1.36 we obtain the following result: 

Corollary 3.32. LetT G L{X), X a Banach space. Ifflisa component 
of Pk{T) and Aq G 11 is arbitrarily given, then 

K{XI -T) + Ho{XI -T) = K{XoI -T)+ Ho{XoI - T) 

and 

Ho{XI - T) n K{XI - T) = 7fo(Ao/ - T) n iF(Ao/ - T) 
for all X Gfl. Therefore the mappings 

X K{XI -T)+ Ho{XI - T) 

and 

X Ho{XI-T) n K{XI - T) 

are constant on the connected components of pk{T). ■ 

Remark 3.33. As an obvious consequence of Theorem 1.74 we obtain 
that the mappings 

A ^ Ho{XI -T) + K{XI -T), A ^ Af°°{XI -T) + {XI - T)°°{X), 
and 

A ^ Ho{XI - T) n K{XI - T), X A/'“(A/ - T) n {XI - T)“(X) 
assume the same values on each component of p]^{T). 



Prom Theorem 3.31 and the results established in the previous section 
we now obtain the following classification of the components of Pk{T). 
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Theorem 3.34. Let T e L{X), X a Banach space, and Ll a component 
of the Kato type resolvent Pk{T). Then the following alternative holds: 

(i) T has the SVEP for every point ofLl. In this case p{XI — T) < oo for 
all X gLI. Moreover, aap{T) does not have limit points in Ll; every point of 
Ll is not an eigenvalue of T, except a subset of Ll which consists of at most 
countably many isolated points. 

(ii) T has the SVEP at no point of Ll. In this case p{XI — T) = oo for 
all X gLI. Every point of Ll is an eigenvalue ofT. 

Proof (i) Suppose that T has the SVEP at Aq G Then by Theorem 3.14 
Hq{XI — T) is closed and 

HoiXoI -T)n K{XoI -T) = HoiXoI - T) n K{XpI -T) = {0}. 

By Corollary 3.32 the mapping A ^ Hq{XI — T) fl K{XI — T) are constant 
on LI, so 

Hq{XI - T) n K{XI -T) = {0} for all A G 

and therefore, again by Theorem 3.14, T has the SVEP at every A G H. 
This is equivalent by Theorem 3.16 to saying that p{XI — T) < oo for all 
XeLl. 

By Theorem 3.23 crap(T) does not clusters in Ll, and consequently every 
point of LI is not an eigenvalue of T, except a subset of LI which consists of 
at most countably many isolated points. 

(ii) It is clear, again by Theorem 3.16. ■ 

Recall that A G C is said to be a deficiency value for if XI — T is not 
surjective. 

Theorem 3.35. Let T G L{X), X a Banach space, and LI a component 
of Pk{T). Then the following alternative holds: 

(i) T* has the SVEP for every point of Ll. In this case q{XI — T) < oo 
for all X G Ll and asu{T) does not have limit points in Ll and XI — T is not 
a deficiency value, except a subset of Ll which consists of at most countably 
many isolated points. 

(ii) T* has the SVEP at no point of Ll. In this case q{XI — T)=oo for 
all X gLI and every X & Ll is a deficiency value of T. 

Proof Proceed as in the proof of Theorem 3.34, combining the constancy 
of the mapping 

XeLl-^ K{XI -T) + Ho{XI - T) 

with Theorem 3.16, Theorem 3.17 and Theorem 3.15. ■ 

Let us consider the Fredholm resolvent Psf{T) := C \ ag{{T). Clearly 
Psi{T) C pes{T) C pk(r), 

and all these sets are open. It is natural to ask what happens for the compo- 
nents of Ps({T) and the components of Pes{T) := C\aes{T). The classification 
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of the components of Pes{T) may be easily obtained from Theorem 3.34 and 
Theorem 3.35, once observed, by Corollary 1.45, that the two sets Pes{T) 
and Pk{T) may be different only for a denumerable set. 

A more interesting situation is that relative to the components of psi{T), 
since for semi-Predholm operators we can consider the index. Clearly, by 
Theorem 3.34 and Theorem 3.35 T, as well as T*, has the SVEP either for 
every point or no point of a component fl of Psf{T). 

We can classify the components of Psf{T) as follows: 

Theorem 3.36. Let T e L{X), X a Banach space, and Ll a component 
of ps({T). For the SVEP, the index, the ascent and the descent on Ll, there 
are exactly the following four possibilities: 

(i) Both T and T* have the SVEP at every point of Ll. In this case we 
have ind (A/ — T) = 0 and p{XI — T) = q{XI — T) < oo for every X e Ll. 
The eigenvalues and deficiency values do not have a limit point in Ll. This 
case occurs exactly when intersects the resolvent p{T); 

(ii) T has the SVEP at the points ofLl, whilst T* fails to have the SVEP 
at the points of Ll. In this case we have ind {XI — T)<0, p{XI — T) < oo, 
and q{XI — T) = oo for every A e H. The eigenvalues do not have a limit 
point in Ll, every point of Ll is a deficiency value; 

(hi) T* has the SVEP at the points ofLl, whilst T fails to have the SVEP 
at the points of Ll. In this case we have ind {XI — T)>0, p{XI — T) = oo, 
and q{XI — T) < oo for every A e H. The deficiency values do not have a 
limit point in Ll, whilst every point of Ll is an eigenvalue; 

(iv) Neither T or T* have the SVEP at the points of Ll. In this case we 
have p{XI — T) = q{XI — T) = oo for every A e H. The index may assume 
every value in Z; all the points of Ll are eigenvalues and deficiency values. 

Proof The case (i) is clear from the results established in the previous 
section, from Theorem 3.34 and Theorem 3.34. In the case (ii) the condition 
p{XI — T) < oo implies that ind {XI — T) <0, by part (hi) of Theorem 3.4, 
whilst the condition q{XI — T) = oo excludes that ind {XI — T) = 0, again 
by Theorem 3.4, part (iv). 

A similar argument shows in the case (iii) that ind {XI — T) > 0. 

The statements of (iv) are clear. ■ 

The following corollary establishes that a very simple classification of 
the semi-Predholm is obtained in the case that T or T* has the SVEP. Note 
that the case that both T and T* have the SVEP applies in particular to 
the decomposable operators, which will be studied later. 

Corollary 3.37. Let T e L{X), X a Banach space, and Ll any compo- 
nent of psi{T). IfT has the SVEP then only the case (i) and (ii) of Theorem 
3.36 are possible, whilst if T* has the SVEP only the case (i) and (iii) are 
possible. Finally, if both T and T* have the SVEP then only the case (i) is 
possible. m 
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4. The Fredholm, Weyl, and Browder spectra 



Two important classes of operators in Fredholm theory are given by the 
classes of semi-Fredholm operators which possess finite ascent or a finite 
descent. We shall distinguish two classes of operators. The class of all upper 
semi-Browder operators on a Banach space X that is defined by 

B+{X) :={Te$+(X) :p(T) <oo}, 
and the class of all lower semi-Browder operators that is defined by 
B-{X) ■- {T e $-(X) : q{T) < oo}. 

The class of all Browder operators (known in the literature also as Riesz 
Schauder operators) is defined by 

B(X) := B+{X) n B-{X) = {T e 4>(X) : p{T), q{T) < oo}. 

Clearly, from part (i) and part (ii) of Theorem 3.4 we have 

TeB+(X)^indT<0, 

and 

T€B_(X)^indT>0, 

so that 

T e B{X) ^ ind T = 0. 

From Remark 3.7 and Remark 1.54, we also obtain that 



T eB+{X) ^T* eB-{X*) 

and, analogously, 

TeB-{X) ^T* eB+{X*). 

A bounded operator T e L{X) is said to be a Weyl operator if T is a 
Fredholm operator having index 0. Denote by W(X) the class of all Weyl 
operators. Obviously B{X) C W{X) and the inclusion is strict, see the 
operator L © i? of Example 3.20. Combining Theorem 3.16, Theorem 3.17, 
and Theorem 3.4, we easily obtain for a Weyl operator T the following 
equivalence: 

T has the the SVEP at 0 4^ T* has the SVEP at 0. 



Moreover, if T or T* has SVEP at 0 from Theorem 3.4 we deduce that 
T is Weyl 44 T is Browder. 

Note that by part (c) of Remark 3.7 if 0 G o'{T) and T is Browder then 0 is 
an isolated point of cr(T). Furthermore, from Theorem 3.16 and Theorem 
3.17 it follows that 

X = N°°{T) © T“(X) = Hq{T) © K{T) = © TP{X), 

where p := p{T) = q{T). 

The classes of operators defined above motivate the definition of several 
spectra. The upper semi-Browder speetrum of T G L{X) is defined by 

aub(T) :={AgC: A/-T^B+(A)}, 
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the lower semi-Browder speetrum of T e L{X) is defined by 
mb{T) :={AeC: A/-T^B_(X)}, 
whilst the Browder speetrum of T G L[X) is defined by 
(Tb(r) := {A e C : A/ - T ^ B{X)}. 



Clearly 



o'b(T) = aub{T) U crib(T). 

The Weyl speetrum of T € L{X) is defined by 

o-w(T) := {A e C : A/ - T ^ W(X)}. 



Obviously 



(65) af(T) Caw(T) Cab(T). 

Moreover, part (g) of Remark 1.54 ensures that if X is infinite-dimensional 
then (Tf(r) is non-empty, and consequently also aw(T) and crb(T) are non- 
empty. 

It is clear that 

c^sfiT) C auf(T) C (Jub(T) C 0-b(T), 

and 

CTsi{T) C aii{T) C crib(T) C cTb(r). 

It is easy to see that, in general, the inclusions (65) are proper. For instance, 
for the right shift operator R on £ 2 (N) of Example 3.20 we have 0 G aw(T), 
whilst 0 ^ cTf(r). Furthermore, if T := L ® R then 0 ^ cTw(T), whilst 
0G(Xb(r). 



Remark 3.38. Recall that by F{X) we denote the ideal in L{X) of all 
finite-dimensional operators. A basic result of operator theory establishes 
that every finite-dimensional operator T G L{X) may be always represented 
in the form 

n 

Tx = '^fk{x)xk, 

where the vectors x\, . . . ,Xn from X and the vectors /i, . . . , /„ from X* are 
linearly independent, see Heuser[159, p. 81]. Clearly T{X) is contained in 
the subspace Y generated by the vectors xi, . . . , x„. 

Conversely, if y := AiXi A„x„ is an arbitrary element of Y we can 

choose zi,. . . ,Zn in X such that fi{zj) = 6ij, where 6ij denote the delta 
of Kronecker (a such choice is always possible, see Heuser [159, Proposition 
15.1]). If we define z := ^kZk then 

n n / n \ n 

= fk{z)xk = ^kZk I ajfe = ^ AfcXfc = y. 

k—1 k—1 Vfc— 1 / k—1 

This shows that the set {xi, . . . ,x„} forms a basis for the subspace T{X). 
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Theorem 3.39. For a bounded operator T on a Banaeh space X, the 
following assertions are equivalent: 

(i) \qI — T is a Weyl operator; 

(ii) There exists a finite- dimensional operator K e F[X) such that Aq ^ 
a{T + K); 

(hi) There exists a compact operator K e K{X) such that Xq ^ a{T-\-K). 



Proof We can assume Aq = 0. 

(i) ^ (ii) Assume that T is a Fredholm operator having index ind T = 
a{T) — j3{T) = 0 and let m := a{T) = j3{T). Let P e L{X) denote 
the projection of X onto the finite-dimensional space ker T. Obviously, 
ker T fi ker P = {0} and according Remark 3.38 we can represent the 
finite-dimensional operator P in the form 

m 

Px = '^fi{x)Xi, 

i—1 

where the vectors xi, . . . , Xm from X, the vectors /i, • • • ,fm from X*, are 
linearly independent. As observed in Remark 3.38, the set {x\, . . . ,Xm\ 
forms a basis of P{X) and therefore Pxi = Xi for every i = 1, . . . , m, from 
which we obtain that fi{xk) = 5i^k- 

Denote by Y the topological complement of the finite-codimensional 
subspace T{X). Then Y is finite-dimensional with dimension rn, so we can 
choose a basis {yi, . . . , pm} of Y. Let us define 

m 

Kx ■■=^fi{x)yi 

i=l 



Clearly A is a finite-dimensional operator, so by part (f) of Remark 1.54 
S \= T + K \s a. Fredholm operator, and from Remark 3.38 we know that 
K{X) = Y. 

Finally, consider an element x G ker S. Then Tx = Kx = 0, and this 
easily implies that fi{x) = 0 for all i = 1, . . . , m. From this it follows that 
Px = 0 and therefore x G ker T n ker P = {0}, so S is injective. 

In order to show that S is surjective observe first that 



fi{Px) 



'^fk{x)xk 



\k=l 



fi{x)- 



From this we obtain that 

m m 

(66) KPx = ^ h{Px)y, = ^ Mx)y, = Kx. 

i=l i=l 



Now, we have A = T{X) © T = T{X) ® K{X), so every z G A may be 
represented in the form z = Tu + Kv, with u,v G X. Set 



u\ := u — Pu and v\ := Pv. 
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From (66) and from the equality P{X) = kerT we easily obtain that 
Ku\ = 0, Tv\ = 0, Kvi = Kv and Tu\ = Tu. 

Therefore 

S{ui + vi) = (T + K){u\ + ui) = Tu + Kv — z, 
and hence S is surjective. Therefore S = T + K is invertible. 

(ii) ^ (in) Clear. 

(iii) ^ (i) Suppose T + K = U , where U is invertible and K is compact. 

Obviously 17 is a Fredholm operator having index 0, and hence by part (f) 
of Remark 1.54 we conclude that T e W(X). ■ 

Remark 3.40. By means of a modest modification of the proof of Theo- 
rem 3.39 we easily obtain the following equivalence: 

(a) The operator XqI — T e d>+(X) has ind {XqI — T) < 0 preeisely when 
Ao ^ o-ap(T -h K) for some K e K{X). 

To show this equivalence take m := a{T) and proceed as in the proof 
of Theorem 3.39. The operator S = T + K is then injective and has closed 
range, since T + K G <b+(X), by part (f) of Remark 1.54. 

Analogously we have: 

(b) The operator XqI — T e <b_(A) has ind [XqI — T) > 0 preeisely when 
Ao ^ ctsu(7" + K) for some K e K(X). 

The proof of equivalence (b) is easily obtained taking m := /3{T) and 
proceeding as in the proof of Theorem 3.39. 

Corollary 3.41. Let T € L{X), X a Banaeh spaee. Then a^{T) is 
elosed and 

(67) a^{T)= f| a(T + K)= f| a(T + K). 

KeF(X) KeK(X) 

Proof Let Pw{T) := C \ aw(7')- The equality (67) may be restated, taking 
the complements, as follows 

(68) Pw(T)= y p{T + K)= U p{T + K). 

KeF(X) KeK{X) 

The equalities (68) are now immediate from Theorem 3.39. The last asser- 
tion is clear ■ 

Lemma 3.42. Suppose that T € L[X) and K € K{X) eommute. 

(i) If T is bounded below then p{T — K) < oo; 

(ii) If T is onto then q{T — K) < oo. 

Proof We first establish the implication (ii). The implication (i) will follows 
then by duality. 

(ii) Obviously T is lower semi- Fredholm, and hence by part (f) of Remark 
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1.54 we have S := T — K G <1>_(X). Consequently, from part (c) of Remark 
1.54 also G for every fc G N, and hence the range S^{X) is finite- 

codimensional. 

Let us consider the map T : X/S^{X) X/S^{X), defined canonically 

by ^ 

Tx := Tx for all x := x + 5'^(X). 

Since T is onto, for every y G X there exists an element z G X such that 
y = Tz, and therefore y = Tz — Tz, thus T is onto. 

Since X/S^{X) is a finite-dimensional space then T is also injective and 
this easily implies that kerT C S^{X). The surjectivity of T also implies 
that 7 (T) > 0, 7 (T) the minimal modulus of T, and 

\\Tx\\ > 7 (T) dist(x,ker T) for all x e X. 

Let 2 G S^{X) be arbitrarily given. The equalities 
T{S^{X)) = {S^T){X) = S'‘{X) 

show that there is some y G S^{X) for which Ty = z. For every x (E X we 
have 

|Tx — z|| = ||T(a; — y)|| > 7 (T) dist(x — y,kerT) 

> 7(r)dist(x-y,5'=(X)), 

where the last inequality follows from the inclusion kerT C S^{X). Conse- 
quently, for every x G X we obtain that 

\\Tx-z\\ >-f{T)dist{x,S\X)) for all z G S’'=(X), 

and this implies that 

dist(Ta;, S'^(X)) > j{T) dist(rr, S’^iX)) for all ken. 

Suppose that q{S) = oo. Then there is a bounded sequence (x„)„gN 
with Xn G S^(X) and dist(a;„, > 1 for every n G N. For m > n, 

m and n G N, we have 

KXm - KXn = {KXm + {T - K)Xn) ~ TXn- 

Now 

Kxm G K{S^{X)) = S'^K{X) C S'™(X), 

and 

{TK)xn e {T-K)n+l^X) = 5”+i(X), 
hence w := Kxm + {T — K)xn G S'"+^(X) for all m> n. Therefore 
\\Kxm — Kxn\\ = ||re — Ta;„|| > dist(Ta;„, 

> dist(x„,5"+i(X)) > 7 (T), 

which contradicts the compactness of K. Therefore S = T — K has finite 
descent. 

(i) If iF is a compact operator and T is bounded below then K* is 
compact and T* is onto, see Lemma 1.30. Moreover, by part (f) of Remark 
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1.54 the operators T — K and T* — K* are semi- Fredholm, hence p{T — K) = 
q{T* - K*) < 00 . 

Theorem 3.43. Let T G L[X), K G L{X) be eommuting operators on 
a Banaeh spaee X. If K & K[X) we have the following eguivalenees: 

(i) IfTe d’+(X) then p{T + K) < oo if and only if p{T) < oo; 

(ii) IfTe 4>-(X) then q{T + K) < oo if and only if q{T) < oo. 

Proof Suppose first that T G and q := q{T) < oo. Then T'^(X) = 

T«+i(X) and T<i{X) is a closed subspace of finite-codimension, since by 
Remark 1.54, part (c), also T® G 4>_(X). Let S ~ T + K. We know from 
part (f) of Remark 1.54 that S G 4>_(X). The restriction of T to T^{X) is 
surjective, so by Lemma 3.42 the restriction of S to T'^{X) has finite descent. 
From this it follows that there is a positive integer k for which 

5'™(X) D (S'™T«)(X) = (S''=T«)(X) for all m>k. 

We have G 4>_(X), again from part (c) of Remark 1.54, thus the 

subspace S^T'^{X) has finite-codimension. From this we then conclude that 
S = T + K has finite descent. 

Conversely, assume that q{T + K) < oo. Since T + K G 4>_(X), from 
the first part of the proof we obtain that q{T) = q(T -\- K — K) < oo. Hence 
the equivalence (ii) is proved. 

The equivalence (i) follows by duality from (ii) , since T and S = T + K 
are upper semi- Fredholm if and only if T* and S* = T* + K* are lower semi- 
Fredholm, respectively, and hence p{T) = q{T*), p{S) = q{S*), see part (a) 
of Remark 3.7. ■ 

It should be noted that the equivalence (i) of Theorem 3.43 may be also 
deduced directly from the assertion (i) of Lemma 3.42. 

We now give a characterization of semi-Browder operators by means of 
the SVEP. 

Theorem 3.44. For an operator T G L{X), X a Banaeh spaee, the 
following statements are equivalent: 

(i) Aq/ — T is essentially semi-regular and T has the SVEP at Aq; 

(ii) There exists a finite- dimensional operator K G L[X) sueh thatTK = 
KT and Aq ^ crap(E -h K); 

(hi) There exists a eompaet operator K G L[X) sueh that TK = KT 
and Ao ^ crap(T -|- K); 

(iv) XoI-TeB+iX). 

Proof (i) => (ii) Suppose that Aq/ — T is essentially semi-regular and that 
Thas SVEP at Aq. Let (M,N) be a GKD for XqI-T, where {XoI-T)\N is 
nilpotent and N is finite-dimensional. Let P denote the finite-dimensional 
projection of X onto N along M. Clearly P commutes with T, because N 
and M reduce T. Since T has the SVEP at Aq it follows that (Aq/ — T)\M 
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is injective, by Theorem 3.14 . Furthermore, the restriction (XqI — T — I)\N 
is bijective, since from the nilpotency of (Aq/ — T)\N we have 1 ^ a((Ao/ — 
T)\N). Therefore (A/o - T - I){N) = N and ker((Ao/ -T-I)\N) = {0}. 
Prom this it follows that 

ker(Ao/-T-P) = ker((Ao/ - T - P)|M) © ker((Ao/ - T - F)|iV) 

= ker((Ao/ - T) |M) © ker((Ao/ -T-I)\N) 

= {0}. 

so that the operator (Aq/ — T — P) is injective. 

On the other hand, the equalities 

{XoI-T-P){X) = {XoI-T-P){M)®{XoI-T-P){N) 

- (Ao/ - T) (M) © ( Ao/ - T - /) (iV) 

- {XoI-T){M)®N, 

show that the subspace (Aq/ — T — P){X) is closed, since it is the sum 
of the subspace (Aq/ — T){M), which is closed by semi-regularity, and the 
finite-dimensional subspace N. This shows that Aq ^ cTap(7^ + P)- 
(ii) (hi) Clear. 

(hi) (iv) Suppose that there exists a commuting compact operator 
K such that Aq/ — (T + K) is bounded below, and therefore upper semi- 
Fredholm. The class <b+(X) is stable under compact perturbations, as noted 
in part (f) of Remark 1.54, and hence XoI—{T+K) — K = XqI — T e <b+(X). 

On the other hand, p{XoI — (T + K)) = 0, and hence from Lemma 3.42 
also p{XqI — T)= p{XqI — [T + K) — K) is finite. 

The implication (iv) ^ (i) is clear from Theorem 3.14 since every semi- 
Fredholm operator is essentially semi-regular and hence of Kato type. ■ 

Corollary 3.45. Let T e L{X), X a Banach space. Then cTub(7") is 
closed and 

(69) a,b(r)= f| a,p{T + K)= f| a,p{T + K). 

KeF(X),KT=TK KeK{X),KT=TK 



Later we shall see that the Browder spectrum crb(T) is the intersection 
of all spectra of commuting compact perturbations of T. For this reason 
o'ub(7") is sometimes called the Browder essential approximate point spectrum 
of Te L(X). 

The next result is dual to that given in Theorem 3.44. 

Theorem 3.46. Let T e L{X), X a Banach space. Then the following 
properties are equivalent: 

(i) Aq/ — T is essentially semi-regular and T* has the SVEP at Aq; 

(ii) There exists a finite- dimensional operator K e L[X) such thatTK = 
KT and Aq ^ (Xsu{T + K); 
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(iii) There exists a compact operator K e L[X) such that TK = KT 
and Ao ^ o-su{T + K); 

(iv) Xol -T e B-{X). 

Proof (i) => (ii) Let XqI — T he essentially semi-regular and suppose that 
T* has SVEP at Aq. Let (M,N) be a GKD for XqI-T, where {XqI-T) \N 
is nilpotent and N is finite-dimensional. Then is a GKD for 

Aq/* — T*, see Theorem 1.43. 

Let P denote the finite rank projection of X onto N along M. Then P 
commutes with T, since N and M reduce T. Moreover, (Aq/ — T*) is 
injective by Theorem 3.14, and this implies that (Aq/ — T) |M is surjective, 
see Lemma 3.13. From the nilpotency of (Aq/ — T) |iV we know that the 
restriction (Aq/ — T — I) \N is bijective, so we have 

{XoI-T-P){X) = {XoI-T-P){M)®(XoI-T-P){N) 

- (Ao/ - T) (M) © ( Ao/ - T - /) (iV) 

= M®N = X. 

This shows that Ao ^ ctsu{T + P). 

(ii) ^ (iii) Obvious. 

(iii) ^ (iv) Suppose that there exists a commuting compact operator K 
such that XqI — {T + K) is surjective and therefore lower semi- Fredholm. The 
class d>_ (X) is stable under compact perturbations, so XqI — (T + K) — K = 
Ao/-T€ $_(X). 

On the other hand, q{XoI — {T + K)) = 0, and hence, again by Lemma 
3.42, also q{XoI ~T)= q{XoI - (T + K) - K) is finite. 

(iv) (i) This is clear from Theorem 3.15. ■ 

Corollary 3.47. Let T e L{X), X a Banach space. Then crib(F) is 
closed and 

(70) aib(r)- f| asn(T + K)^ f| asu(T+K). 

KeF(X),KT=TK KeK(X),KT^TK 



The spectrum aih(T) is sometime called the Browder essential approxi- 
mate defect spectrum of T e L(X). 

Combining Theorem 3.44 and Theorem 3.46 and recalling that cr(T) = 
<7ap(F) Uctsu(F) we readily obtain the following characterizations of Browder 
operators. 

Theorem 3.48. Let T e L(X), X a Banach space. Then the following 
properties are equivalent: 

(i) Aq/ — T is essentially semi-regular, T and T* have the SVEP at Aq; 

(ii) There exists a finite- dimensional operator K e L(X) such thatTK = 
KT and Aq a(T + K); 
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(iii) There exists a compact operator K such that TK = KT and Aq ^ 
a{T + K); 

(iv) XoI-TeB{X). 

From the preceding characterizations of the Browder operators we read- 
ily obtain the following characterization of the Browder spectrum. 

Corollary 3.49. Let T e L{X), X a Banach space. Then (Xh{T) is 
closed and 

MT) = n a{T + K)= Pi a{T + K). 

KeF(X),KT=TK KeK(X),KT=TK 



Later we shall see that the ideal F{X) or K(X) in the intersections above 
may be replaced by any ideal of operators T in L(X) for which XI — T is 
a Fredholm operator for every A 7 ^ 0. Of course, this is also true for the 
intersections (69) and (70). 

The following corollary is an immediate consequence of Theorem 3.48, 
once observed that both the operators T and T* have the SVEP at every 
boundary point of cr{T). 

Corollary 3.50. Let T e L{X), X a Banach space, and suppose that 
Ao G da{T) . Then XqI — T is essentially semi-regular if and only if Aq/ — T 
is semi- Fredholm, and this is the case if and only if XqI — T is Browder. ■ 

It is immediate from Corollary 3.48 that if T G 4>j-(X) and both opera- 
tors T and T* have the SVEP at 0, then T is a Browder operator. 

An immediate consequence of Theorem 2.39 is given by the following 
result. 

Corollary 3.51. Suppose that T G L{X) is a bounded operator on a 
Banach space X and 

k 

p(A) := J](V - A)'^S n*GN. 

i=l 

Then p{T) G B+{X) if and only if Xil — T G B+{X) for every i. A similar 
statement holds if we replace B+{X) by B-{X), or by B(X). 

Proof From Remark 1.54, part (c), we know that 

p{T) G 4’+(V) <t4> Xil — Eg 4’+(V) for every i = 1, . . . ,k. 

From Theorem 2.39 we also have 

p{T) has the SVEP at 0 T has the SVEP at A^, i ~ 1, . . . ,k. 

The equivalence is then a consequence of Theorem 3.44. The other state- 
ments may be obtained in a similar way from part (c) of Remark 1.54, 
Theorem 3.46 and Theorem 3.48, respectively. ■ 
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The preceding result implies the spectral mapping theorem for the semi- 
Browder spectra and the Browder spectrum in the special case the analytic 
function is a polynomial. This result will be extended later to arbitrary 
functions analytic on an open neighborhood of cr{T). 

For an arbitrary operator T G L{X) let us consider the set 
H(T) := {A G C : T does not have the SVEP at A}. 

The following theorem describes the relationships between the semi- 
Browdwer spectra, the spectrum aes{T) and the points where T, or T*, 
do not have the SVEP. 

Theorem 3.52. Let T G L(X), X a Banach space. Then 

(71) ffub(r) = Ues(T) U 2(T) = ffuf(T) U H(T) 
and 

(72) aib(T) = aes(T) U H(T*) = au{T) U H(T*). 

Moreover, 

(73) ab(T) = (Tw(T) U H(T) = aw(r) U H(T*), 

Again, 

(74) Ub(T) = Uf(T) U H(T) U H(T*) 
and 

(75) (Tb(r) = aub(T) U 2(T*) = uib(T) U 2(T). 

Proof If Aq ^ (Tuh{T) then XqI — T g d>+(X) and p{XqI — T) < oo, so, by 
Theorem 3.14, Aq ^ UesiT) U 2(T). Hence aes{T) U 2(T) C (Tub(?^)- 

Conversely, if Aq ^ aes{T)U3{T) then XqI—T is upper semi-Browder, by 
Theorem 3.44. Hence the first equality in (71) is proved. The second equal- 
ity of (71) follows from this, that if T has the SVEP at Aq then by Theorem 
3.44 XqI — T is essentially semi-regular if and only if Aq/ — T g d>+(X). 

The equality of (72) follows in a similar way from Theorem 3.27 and 
Theorem 3.46. 

To prove the first equality of (73) it is sufficient to observe that if T fails 
to have the SVEP at Aq then p{XoI — T)=oo, by Theorem 5.4, so from the 
inclusion aw(T) C a\,{T) we may conclude that cTw{T) U 2(T) C ab(T). 

To show the opposite inclusion assume that Aq ^ Uw(T) U 2(T). Then 
XqI — T is a Predholm operator of index 0 and T has the SVEP at Aq. Prom 
Theorem 3.16 we know that p{XqI — T) < oo and this implies that also 
q{XoI — T) < 00 , see part (iv) of Theorem 3.4. Hence Aq ^ (Th{T). 

The second equality of (73) can be proved in similar way by using Theo- 
rem 5.4 , Theorem 3.15, and Theorem 3.4. The equality (74) is a consequence 
of Theorem 3.48. 

It remains only to prove the equalities (75). Clearly aub(r) C (T) and if 
T* fails to have the SVEP at Aq then q{XoI — T)= oo, again from Theorem 
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5.4, SO the inclusion a^hiT) U H(T*) C ah{T) is verified. 

On the other hand, the opposite inclusion readily follows from the prop- 
erty that if Aq ^ crub(r) U H(T*) then Aq/ — T is an upper semi- Fredholm 
operator having finite ascent. Since T* has SVEP at Aq then XqI — T has 
finite descent by Theorem 3.15, so Aq ^ o‘b(7")- 

The second equality of (75) follows from a similar argument, by using 
Theorem 5.4 and Theorem 3.14. ■ 

An useful consequence of the preceding result is that under the assump- 
tion of the SVEP for T, or for T*, various of the spectra considered above 
coalesce. This also generalizes some classical results on the spectra of normal 
operators on Hilbert spaces to operators having the SVEP. 

Corollary 3.53. Suppose that T € L{X), X a Banach space. We have 

(i) If T has the SVEP then 

(76) CTes(r) = Osf{T) = auf(T) = CTub(r), 
and 

(77) aib(T) =Ub(T) =(Tw(r); 

(ii) If T* has the SVEP then 

(78) aes{T) = Usf(T) = aif(T) = aib(T), 
and 

(79) a^b(T) = ab(T) = a^{T); 

(hi) If both T and T* have the SVEP then all the spectra in (76), (77), (78) 
and (79) coincide and are equal to the Predholm spectrum crf(T). 

Proof (i) For every bounded operator T G L(X) we have 

O-es(r) C CTsf(T) C a-uf(T) C CTub(r). 

If T has SVEP then H(T) = 0, and hence from the equality (110) we obtain 
CTes{T) = iTub(E). The equalities (77) are obvious from (73) and (75) of 
Theorem 3.52. 

(ii) The proof of (78) and (79) is similar to the proof of (76) and (77) of 
part (i). 

(hi) Clearly, all the spectra in (76), (77), (78) coincide, by part (i) and 
part (ii). Moreover, these spectra coincide with crf(r) since ct{{T) = cTuf(7")U 
crif(T). ■ 

In the next theorem we consider a situation which occurs in some con- 
crete cases. 

Theorem 3.54. LetT G L{X) be an operator for which a^piT) = da{T) 
and every A G da{T) is not isolated in cr{T). Then T has the SVEP and 

Tap(E) = CTk(r) = ase{T) = CTes(T) 
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Moreover, these speetra eoineide with all the speetra of (76) of Corollary 
3.53. 

Proof By Corollary 3.24 we have CTap(T') = da{T) C ak(T), whilst the 
inclusion a'k(T') C ag_p{T) is true for every T e L{X). Hence aap(T) = a'k(T). 

Moreover, these last two spectra coincide with ase{T) and aes{T) because 
the inclusions Uk(T') C aes{T) C ase{T) C aap(T') are verified for every 
T G L{X). Finally, T has the SVEP at every point of the boundary as well 
as at every point A which belongs to the remaining part of the spectrum, 
since Uap(E) does not cluster at A. 

Hence T has the SVEP, so all these spectra coincide with the spectra of 
(76). 

The proof of the following result is similar to that of Corollary 3.14, 
taking into account the equality (78) of Corollary 3.53, and that T* has the 
SVEP at Ao whenever asu{T) does not cluster at Aq. 

Corollary 3.55. Let T G L{X) be an operator for which asu(T) = 
da{T) and every A G da{T) is not isolated in criT). Then T* has the SVEP 
and 

CTsu(r) = CTk(r) = ase{T) = O-es(T). 

Moreover, these speetra eoineide with all the spectra of (78) of Corollary 

3.53. m 



5. Compressions 

In this section we establish further characterizations of the semi-Browder 
spectra by means of compressions. 

Let V{X) denote the set of all bounded projections P G L{X), where 
X is a Banach space, such that codim P{X) < oo. Let T G L[X) and 
V{X). The compression generated from P is the bounded linear operator 
Tp : P{X) P{X) defined by 

Tpy ■.= PTy for every y e P{X). 

Lemma 3.56. Let P G V{X), where X is a Banach space. If T is 
semi-Fredholm then Tp is semi-Fredholm and ind Tp = indT. 

Proof Prom the decomposition X = ker P © P{X) we obtain that a{P) = 
(3{P) < 00 , so P is a Fredholm operator and hence PTP is semi-Fredholm. 
It is easily seen that 

(80) a{Tp) = a{PTP)-a{P), 
and 

(81) P{Tp)=P{PTP)-P{P). 

Moreover, since 

T = PT + (/ - P)T = PTP + PT{I - P) + (/ - P)T, 
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where PT{I — P) + (I — P)T is a finite-dimensional operator, we conclude 
that indr = mdPTP. By subtracting (80) and (81) we then conclude that 
ind (Tp) =ind(T). 

Observe that TP = PT then P{X) is T-invariant and Tp coincides 
with the restriction T\P(X). In fact, for every y = Px G P{X) we have 

Tpy = PTPx = TP'^x = TPx = Ty. 

By Corollary 3.49 the Browder spectrum (Jh{T) is the intersection of 
the spectra of all commuting compact perturbations of T. The following 
result shows that (Jh{T) is the intersection of the spectra of all commuting 
compressions of T. 

Theorem 3.57. For every bounded operator T € L{X), where X is a 
Banach space, we have 

(82) cTb(r) = fl a{Tp). 

PeV{X),PT=TP 

Proof Suppose that A does not belong to the right hand side of (82). Then 
there is a projection P G L{X) commuting with T which is such that P{X) 
is finite-codimensional and XIp — Tp = (A/ — T)p is invertible on P{X). 
Since PT = TP the compression (XI — T)p coincides with the restriction of 
XI-Tto P(X), so that (A/ - T)P(X) is closed. 

From the decomposition X = P(X) © kerP, where kerP is finite- 
dimensional, we then obtain that 

(XI-T)(X) = (A/-T)P(X)©(A/-r)(kerP), 

and hence (XI — T)(X) is closed since it is the sum of a closed subspace and 
a finite-dimensional subspace. 

On the other hand, a((XI—T) \ ker P) < oo since ker P is finite-dimensional. 
Consequently 

a(XI-T) = a((XI - T)\P(X)) + a((XI - T)\ker P) 

— a((XI — T)\ker P) < oo, 

so XI — T is an upper semi- Fredholm operator. By Lemma 3.56 we also have 
ind (XI — T)= ind (XI — T)p = 0, and hence a(XI — T) = j3(XI — T)<oo. 
Therefore A/ — T is a Fredholm operator having index 0. 

Now we show that A ^ a\,(T). Obviously, if XI — T is invertible on X 
then A ^ a\,(T). Suppose the other case, that XI — T is not invertible on X. 

Let Q := I — P. Clearly Q is a finite-dimensional operator which 
commutes with XI — T. The restriction of XI — T to the invariant finite- 
dimensional subspace Q(X) has ascent finite, whilst the restriction of XI — T 
on ker Q = P(X) has ascent zero, since XI — T\P(X) is invertible on P(X). 
Therefore from the decomposition X = Q(X) © ker Q we then infer that 

p(XI-T) = p((XI -T\Q(X))+p((XI -T\ker Q) 

= p((XI -T\Q(X)) <oo. 
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Since A/ — T is a Fredholm operator having index 0, part (iv) of Theorem 
3.4 entails that the descent q{XI — T) is finite. This shows that A ^ (yhiT). 
Consequently, (Jh{T) is contained in the right hand side of (82). 

Conversely, suppose that A ^ o'b(T'). We have two possibilities: XI — T 
invertible or non-invertible. If XI — T is invertible in X then A ^ <^{Tp) for 
P = I. Suppose that XI — T is not invertible in X. Then A is an isolated 
point of cr{T) and XI — T is Fredholm. Let Q be the spectral projection 
associated with the spectral set A. If P := / — Q then P commutes with T 
and the subspace P{X) = kerQ is finite-codimensional. Hence P € V{X). 
Moreover, A ^ cr{Tp) = cr(T|P(X)) = cr(r) \ {A}. Therefore the right-hand 
side of (82) is contained in crb(T), and this completes the proof. ■ 

We show now that a similar result holds for the upper and lower semi- 
Browder spectra. In this case the spectra of the compressions are replaced 
by the approximate point spectra and by the surjectivity spectra of the 
compressions, respectively. 

Theorem 3.58. For every bounded operator T E. L{X) on a Banach 



space X we have 






(83) 


CTuh{T) = 


CTap(Tp) 






PeV{X),PT=TP 


and 






(84) 


©b(T) = 


Pi c^su(Tp). 



PeV(X),PT^TP 



Proof To show the equality (83) suppose that A does not belong to the right 
hand side of (83). Then there is a projection P E V{X) such that PT = TP 
and XI — T\P{X) is bounded below and hence upper semi-Fredholm. From 
the decomposition X = P{X) © ker P, since dim ker P < oo it follows that 
a{XI — T)= a{{XI — T)|ker P)) < oo and 

(A/ - T){X) = {XI - T){P{X)) © {XI - T)(ker P) 

is closed. Therefore XI — T E d>+(X). Moreover, p{{XI — T)p) = 0 and 
hence 

p{XI -T)= p{XIp - Tp) + p{{XI - T) I ker P) < oo, 
which implies that A ^ crub(r). 

Conversely, suppose that A ^ Puh{T)- Then XI — T is upper semi- 
Fredholm with finite ascent. According to Theorem 1.62 let {M,N) be a 
Kato decomposition for XI — T such that dim N < oo, XI — T\M is semi- 
regular and XI — T\N is nilpotent. Let P be the projection of X onto M 
along N. Obviously P E V{X) and commutes with T, because M and N 
reduce T. Since XI — T has finite ascent then by Theorem 3.16 {XI — T)p = 
{XI — T)\M is injective. Moreover, {XI — T)p{P{X)) = {XI — T){M) and the 
last subspace is closed since XI — T\M is semi-regular. Therefore XIp — Tp 
is bounded below and hence A ^ ffap (Tp). 




146 



3. THE SVEP AND FREDHOLM THEORY 



Analogously, to prove the equality (84) suppose that A does not belong 
to the right hand side of (84). Then there is a projection P G V{X) such 
that PT = TP and XI — T is surjective on P{X). This implies that XI — T 
is lower semi- Fredholm. 

Moreover, q({XIp — Tp) = 0, and since ker P is finite-dimensional from 
the decomposition X = P{X) © ker F* we then obtain that 

q{XI -T) = q{{XIp - Tp) + q{{XI - T) \ ker P) < oo. 

Hence A ^ aib{T). 

Conversely, suppose that A ^ crib(T). Then XI — T is lower semi- 
Fredholm with finite descent. Again, by Theorem 1.62 let (M,N) be a 
generalized Kato decomposition for XI — T such that dim N < oo. By The- 
orem 3.17 the condition q{XI — T)<oo entails that XI — T\M is surjective. 
Hence, if P is the projection of X onto M, then P € P{X), PT = TP and 

{XI - T)p{P{X) = {XI -T){M) = M = P{X). 

Thus A ^ <ysn{Tp). ■ 



6. Some spectral mapping theorems 

We wish now to show that for many of the spectra introduced in the 
previous sections, the spectral mapping theorem holds. We begin first with 
a preliminary result on the abstract setting of Banach algebras. This result 
provides an unifying tool in order to establish the spectral mapping theorem 
for some of the spectra previously introduced. 

Let A be a complex Banach algebra with identity u and J a closed 
ideal two-sided ideal of A. Let cj) be the canonical homomorphism of A onto 
A := Aj J . Moreover, let us denote by Q the group of all invertible elements 
in A. 

Definition 3.59. An open semigroup S of A is said to be a ^ -semigroup 
if the following properties hold: 

(i) If a,b G A and ab= ba G S then a G 5 and b G S; 

(ii) There exists a elosed two-sided ideal J and an open semi-group IZ 
in A = A/ J sueh that Q QIZ, IZ\Q is open and S = 4>~^{IZ). 

Obviously a <l>-semi- group S contains all invertible elements of A and 
S + JCS. 

For every a G 5 let Sa denote the component of S containing a. If 6 G 
and 

A := {a -\- tb : 0 < t < 1} 

is a path joining a to a + 6 then the inclusion S -\- J Q S implies that A C 5. 
From this it follows that a + Q Sa- This also implies that S = Si U S 2 , 
Si and S 2 open disjoint subsets of S then 5^ + C 5^ for f = 1, 2. 
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An index on a ^-semigroup S is defined as a locally constant homomor- 
phism of into N. Evidently, if i : 5 ^ N is an index, then 

i{a + b) = i{a) for all a e 5, 6 e J'. 

By Remark 1.54 the sets $(A), d'+(X) and d>_(A) satisfy the condition 
(i) of Definition 3.59. The Atkinson characterization of Fredholm operators 
establishes that $(X) = where Q is the set of all invertible elements 

of A := L(X)/ K{X), so d*(A) satisfies also the condition (ii) and hence is 
d>-semigroup of A = L{X). Clearly, 

$+(A) \ $(A) = {Te $+(X) : indT = -oo} 

and 

$_(A) \ $(A) = {Te $-(A) : indT = -hoo} 
are open sets. Since the canonical homomorphism (p is an open mapping, it 
follows that also d>+(A) and d'_(A) are ^-semigroups of A := L{X)/K{X). 

For every a G A and a <l)-semigroup 5 of A let 

CTs(a) := {A € C : Au — a ^ S}. 

The following result establishes an abstract spectral mapping theorem 
for spectra generated by <l)-semigroups. 

Theorem 3.60. Let A be a Banach algebra with identity u and S any 
^-semigroup. Suppose that i : S ^ N is an index such that i{b) = 0 for all 
invertible elements b G A. If f is an analytic function on an open domain 
D containing cr{a), a(a) the spectrum of a relative to A, then the following 
statements hold: 

(i) f{a) G S if and only if /(A) 7^ 0 for all A e (Xs{a); 

(ii) CTs(/(a)) = f{<Js{a))- 

Proof (i) Suppose that /(a) e S and /(Aq) = 0. Define on D the function 
g{A) := /(A) (A — Ao)“^. Clearly g is analytic and (a — Aou)g(a) £ S. Prom 
property (i) of Definition 3.59 we have a — Aqu £ A, and hence Aq ^ 175(0). 

Conversely, assume that /(A) 7^ 0 on 05(0). Consider first the case 
that / does not vanish identically on any component of D. Then / has 
only a finite number of zeros on a{a). Let Ai, . . . , Afc be these zeros with 
multiplicities m, . . . , rzfc, respectively. Since 

k 

5(a) = /(a)J](a-a,)-”^ 

i=l 

is invertible on a{a) then g{a) is invertible in A, thus g{a) £ S. Moreover, 
from Ai ^ (Ts{a), i = 1 , . . . , fc, we obtain that 

k 

f{a) = g(o) J|(o-Aio)“"* 
i=l 
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belongs to S. 

Suppose the case that / vanishes identically on at least one component 
n of D. Let a := a{a) fl fl. Clearly, a is a spectral set so we can consider 
the idempotent associated with a: 

” '■= i /r<^“ ■ 

where L is a simple closed Jordan curve in fl\ a. 

We claim that p & J , where J is the ideal given by (ii) of Definition 
3.59. Prom our assumption on / we easily obtain that An — a e 5 for A e a, 
so that 

{An — a:AeD\cr}C5. 

This implies that the set 

B := (A0(n) - (/>(a) : A e D \ u} C (f>{S) = H. 

Clearly B is connected, since D is connected and (p is continuous. Fur- 
thermore, for Ao G n \ a we have Xo<f>{u) — (j){a) G S fl so S C ^ by 
property (ii) of Definition 3.59. 

Finally, let us consider the function A G D ^ (A0(n) — 0(a))“^. This 
function is analytic on fl and 

<P{p) = ^ JjyM{u) - <(>(a))“MA = 0 G A/J, 

which proves that p f J . 

To conclude the proof let 

_ J /(A) on components of D where / yf 0 , 

' {1 on components of D where / = 0 , 

and let h{\) := g{\) — /(A). Then h{a) is the finite sum of projections 
corresponding to the spectral sets where / vanishes identically and this 
implies that h{a) G J . Furthermore, g(a) G S since g does not vanish 
identically on any component of D. Ffom this we then conclude that 

/(a) = g{a) — h{a) G 5 J- T C 5, 
which completes the proof of the equivalence (i). 

(ii) Clearly g ^ /(( 75 (a)) precisely when g — f{\) has no zeros on ( 75 (a). 
From part (i) this is true if and only if g — f(a) G A, or equivalently, 
gias{f{a)). ■ 

As usual, let H{a{T)) denote the set of all analytic function defined 
on an open set containing cr{T). Since d’(A), <f>+(X) and $_(X) are <f>- 
semigroups. Theorem 3.60 has as a consequence that the spectral mapping 
theorem holds for the spectra related to these classes of operators: 

Corollary 3.61. Let T G L[X) he an arbitrary operator on a Banaeh 
spaee X. If g f H{a{T)) then the following equalities hold: 
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(i) g{af{T)) = af{g{T)); 

(ii) g{(^ut{T)) = a^{{g{T)); 

(iii) g(aif(T)) = aif(fir(T)). 

It should be noted that the equality g{af{T)) = af{g{T)) may be ob- 
tained from the ordinary spectral mapping theorem, since by the Atkinson 
characterization of Fredholm operators we have <7f{T) = cr{T), where T is 
the element T + K{X) of the Calkin algebra L{X) / K{X). 

Let a G A and S a ^-semigroup of A with an index i. For every n G N 
let us define 

cr„ := {A G cr(T) : i{Xu — a) = n}. 

Lemma 3.62. Suppose that f{a) G S and let an be the number of zeros 
of f on an, counted according to their multiplicities, ignoring components 
of an where f is identically 0. Then 

(85) i{f{a)) =^nan. 

n 

Proof If /(a) G S then / does not vanish on as{a). If we define g and h 
as in the proof of Theorem 3.60 then 

(86) i{f{a)) = i{g{a) - h{a)) = i{g{a)). 

The equalities (86) suggest that in order to prove (85) we may only 
consider a function / which has at most a finite number of zeros on cr(a). 
For every n G N, let A™, i = 1, • • • , be the zero of the function / on 
an{a) with multiplicities ani- Define 

9(A) :=/(A)J](A-A™)-“"^ 

n,i 

Then q is invertible on a(a) 

From this we obtain 

*(/(«)) = 



where := <^n,i 

Theorem 3.63. Let T G L[X) a bounded operator on the Banach space 
X. If g & H{a{T)), then the following inclusions hold: 

(i) gMT)) C aMT)); 

(ii) g{a,^{T)) D a,„{g{T)). 



thus q{a) is invertible in A and i{q{a) = 0. 



i I 9(a) J|(«- A,; 

i{q{a) + ^ nani = ^ na„ 

n.i 
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Proof (i) Prom Corollary 3.61 we have 

(^A9{T)) = (Juf{g{T)) n au{{g{T)) = g{auf{T)) n g{cru{T)) 

2 gWnf{T) n ((Tif(T)] = g{asf{T)). 

(ii) For every n G N let 

$„(X) := {T e $(X) : ind T = n}, 

and 

:= {A € C : A/ - T e $„(X)}. 

Obviously 

(87) aw(T) = af(T) U MJ 

\n^0 

Now, if M ^ g{<^vf{T)) then g, — g{\) has no zeros on aw(T), and in 
particular has no zero on crf(T'). Prom part (i) of Theorem 3.60 applied to 
the d>-semigroup $(N) we then conclude that g — f{T) G and 

ind {gl - g{T) = ^ no;„, 

nj^O 

where o;„ is the number of isolated zeros of g—g{\) on counted according 
to their multiplicities. Prom the equality (87) we infer that o;„ = 0 for every 
n 7 ^ 0. Hence ind {gl — g{T)) = 0 and consequently g ^ aw{g{T)). ■ 

The next examples show that in general the inclusions (i) and (ii) of 
Theorem 3.63 are proper. 

Example 3.64. Let us consider an operator T G L{X), X a Banach 
space, for which (/ + T){X) is closed and that is such that 

a(/ + T)<oo, /3{I + T) = oo, a{I-T)=oo, (5{I-T)<oo. 

Clearly 7 + Tg $+(X) and / - T G $_(X), so {1,-1} C a^i{T). Define 

g{\) := (1 + A)(l - A). 

Then a{g{T)) = j3{g{T)) = oo, thus 0 G asf{g{T)). On the other hand, it is 
clear that 0 ^ g{asf{T)). This shows that the equality (i) of Theorem 3.63 
does not hold. 

To show that the inclusion (ii) of Theorem 3.63 generally is proper, let 
us consider a bounded operator T G $(77) such that ind {XI + T) = — 1 and 
ind {XI — T) = 1. Then 

ind [{XI - T){XI + T)] = ind {XI -T)+ ind {XI + T) = 0, 

so that 0 ^ av;{g{T)), where as before g{X) := (1 + A)(l — A). 

On the other hand, {1, —1} C cTw( 7") and hence 0 G g{a^{T)). 
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The Weyl approximate point spectrum is defined by 
Twa(r) := Pi ae,p{T + K), 

KeK(X) 

whilst the Weyl surjectivity spectrum is defined by 

cTws(T):= P asu{T + K). 

K€K{X) 

These denominations are motivated by Corollary 3.41 and Corollary 
3.47. 

The next result shows some basic properties of a'wa(T) and ctws(T). De- 
note by acc a the set of all accumulation point of cr C C. 

Theorem 3.65. For a bounded operator T e L{X), where X is a Ba- 
nach space, the following statements hold: 

(i) A ^ cTwa(T) if and only if XI — T e <b+(X) and ind {XI — T) < 0. 
Dually, X ^ aws(T) if and only if XI — T e <b_(X) and ind {XI — T)> 0; 

(ii) CTwa(r) = CTws(r*), Uws(T) = CTwa(r*) and 

av,{T) = 0-wa(T) U aws(T); 

(hi) awa(T) C o-ub(r) and a,„s{T) C crib(T); 

(iv) If X e Uap(T) is an isolated point ofaap{T) and p{XI — T) = oo then 

X G cTwa(T). If X G <Xsu{T) is an isolated point of asu{T) and q{XI — T) = oo 
then X e aws{T); 

(v) We have 

(88) Uub(r) = (Twa(r) U acc (7ap(T), 

(89) uib(T) = ctws(T) U acc ctsu(T), 
and 

(90) cTb(T) = aw{T) U acc a{T). 

Proof (i) See Remark 3.40. 

(ii) Clear, from part (i). 

(hi) Obvious, from Theorem 3.44 and Theorem 3.46. 

(iv) If A G iTap(r) is an isolated point of crap('T) then T has SVEP at 
A, by Theorem 3.23. Suppose that p{XI — T) = oo and A ^ <Jwa{T)- Then 

XI — T G <b_|_(X) and hence by Theorem 3.16 p( A/— T) < oo, a contradiction. 
The second statement may proved in a similar way. 

(v) If A ^ Uwa(T) U acc Uap(T) then A is an isolated point of Uap(T) and 
A/ — T G <1>+(X), by part (i). From part (iv) we also have p{XI — T) < oo 
and hence A ^ aub(T). Conversely, if A G acc aap{T) then A G crwa(T) or 
A ^ Uwa(T). In the first case A G (r,j,h{T), since awa(T) C aub{T)- In the 
second case XI — T G ^^(X), so by Theorem 3.23 T does not have the SVEP 
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at A, and hence p{XI — T) = oo by Theorem 3.16. From this we conclude 
that A ^ a^b{T). Therefore the equality (88) is proved. The proof of the 
equality (89) is similar. The equality (90) follows combining (88) with (89) 
and taking into account that (r{T) = CTap(7") U asu{T). ■ 

By passing we mention that similar formulas to those established in The- 
orem 3.57 and Theorem 3.58 hold for the Weyl spectrum cTw(T), the Weyl 
approximate point spectrum crwa(7"), and the Weyl surjectivity spectrum 
aws{T). Precisely, 

^w(T)= n 

P€V{X) 

and 

Twa(7') = Pi crap(7», <yws{T) = Q Cf^^{Tp). 

P€V{X) P€V{X) 

The interested reader may be find the proofs of these equalities in Zemanek 

[333]. 

Theorem 3.66. Suppose that for T e L{X), T or T* has the SVEP. 
Then 

(^wa{T) = o-ub(r) and a.^s{T) = crib{T). 

Proof Suppose first that T has the SVEP. By part (iv) of Theorem 3.65, to 
show that iTub(7") = o'wa(T')) it suffices to prove that ace crap(T) C cTwa(P)- 
Suppose that A ^ awa{T). Then XI — T e d>+(X) and the SVEP at A ensures 
that CTap(T) does not cluster at A, by Theorem 3.23. Hence A ^ ace (Tap(P)- 
To prove the equality crib(T) = av,s{T) it suffices to show that a'ib(P') V 
<^ws{T). Suppose that A ^ a^s{T). Then XI — T e <1)_(X) with j3{XI — T) < 
a{XI — T). Again, the SVEP at A gives p{XI — T) < oo, and hence by part 
(i) of Theorem 3.4 a{XI — T)= P{XI — T). At this point the finiteness of 
p{XI — T) implies by part (iv) of Theorem 3.4 that also q{XI — T) is finite, so 
A ^ crib(T). Therefore cr\h{T) C ctws(P), and the proof of the second equality 
is complete in the case that T has the SVEP. 

Suppose now that T* has SVEP. Then by the first part crub(P*) = 
Twa(7"*) and a'ib(T'*) = crws(P*)- By duality it follows that aib(T) = a^s{T) 
and crub(T') = awa('T)- ■ 

Theorem 3.67. LetT eL{X),X a Banaeh spaee, and let f G Tt{a{T)). 
Then 

awa(/(T)) C /(awa(T)) 

and 

aws(/(T)) C /(aws(T)). 

Proof For every n G N define 

:= {A e a{T) : XI - T e $+(X), ind {XI - T) = n}. 
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Clearly 

(91) CTwa(r) = auf(T) U I y 

\n>l 

Now, if ^ ^ /(o'wa(r)) then /x/ — /(A) has no zeros on av/a{T) and in 
particular has no zeros on (Tuf(T). Prom Theorem 3.60 and Lemma 3.62 we 
conclude that /x/ — T e d>+(X) and 

ind(^- /(T)) = ^na„, 

n 

where, as in Lemma 3.62, is the number of isolated zeros of /x— /(A) on 

counted according to their multiplicities. Prom (91) we obtain that o;„ = 0 
for n > 1 and hence ind(/x — f{T)) < 0. This implies that ^ ^ avfa{f{T)). 
The last inclusion is an obvious consequence of the equality f{a^s{T)) = 

/(^wa(T*)). 

Suppose that a Banach space X is the direct sum X = M®N , where the 
closed subspaces M and N are T-invariant, and let Pm denote the projection 
of X onto M. Clearly, Pm commutes with T and 

p{T) < 00 p{T\M), p{T\N) < 00 

and 

kerT = kerT|M©kerT|iV, T{X) = T{M)®T{N). 

Moreover, as observed before Lemma 2.47, T{X) is closed if and only if T(M) 
is closed in M and T{N) is closed in N. Combining all these properties we 
obtain 

T e B+{X) T\M e B+{M), T\N e B+(N), 

and hence 

aub(T) = a,b(r|M)Uaub(r|N). 

Similar equivalences may be established for B-(X) and B{X), so 
©b(T) =uib(T|M)Uaib(r|iV), 

and 

(7b(r) = ab(T|M)Uab(r|iV). 

Lemma 3.68. Let T e L{X), X a Banach space, and suppose that the 
function f e H{a{T)) is constant on each connected component of an open 
setU containing a {T). Then 

fMT)) = /(aib(T)) = /(ub(T)) ^ /(a(T)) = 
aub(/(T)) = aib(/(T))=ab(/(T))=a(/(T)). 

Proof The proof is similar to that given in the proof of Lemma 2.47. ■ 

In the proof of the following result we shall use the spectral mapping 
theorems for yl(T) and aap(T'). We have seen that for these spectra the 
spectral mapping theorem holds only in the cases that the analytic function 
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/ is non-constant on the connected components of its domain of definition. 
For this reason we will consider in the proof two distinct cases. Lemma 3.68 
will be then employed to prove the result also in the case that / is constant 
on some components of its domain. 

Theorem 3.69. LetT e L{X) be a bounded operator on a Banaeh spaee 
X and f e n{a{T)). Then 

(92) a,b(/(r)) = /(a,b(r)) and aib(/(T)) = /(aib(T)). 

Proof We show the inclusion /(cTub(7")) ^ cruh{f{T))- 

Suppose first that / is non-constant on each connected component of U. 
Then by Theorem 3.52, Theorem 1.78, and Theorem 2.39 

/(cTub(T)) = / (a,f(T) U H(T)) C /(a,f(T)) U /(H(T)) 

= a,f(/(T))UH(/(r)) = a,b(/(T)). 

It remains to prove the opposite inclusion f{(Ju_h{T)) 3 auh{f{T))- 
Suppose that A e a^b{f{T)). We distinguish two cases. 

First ease: Suppose that A e cTwa(/(7"))- In this case A e f{avfa{T)), 
by Theorem 3.67, and from the inclusion a^a{T) ^ a^hiT) it follows that 

A e /(a,b(T)). 

Seeond ease: Suppose that A ^ awa(/(7")). In this case by Theorem 
3.65 A is a limit point of cr^pifiT)), so there is a sequence {A„} of points 
of CTap(/(T)) such that A„ ^ A. Prom the equality aap(/(T)) = /(o-ap(T)), 
see Theorem 2.48, it follows that there is a sequence {p-n} C crap(T') such 
that f{p.n) = A„. The sequence {fin} is bounded, hence there exists a con- 
vergent subsequence and we may assume that fin ^ h ^ <Tap(r). Then 
A = f{fi) e /(acc (Jap{T), so A e /(o'ub(7")) by part (v) of Theorem 3.65. 

This completes the proof of the first equality of (92) in the case that / 
is non-constant on each connected component of U. 

Consider now the other possibility, i.e., / is constant on some compo- 
nents of U. Proceeding as in the proof of Theorem 2.48 we can find two 
closed subspaces T-invariant M and N such that X = M ® N and an open 
set such that cr(r|M) C H, a(T\N) C 17 \ 12 and the restriction g of f 
on 11, as well as the restriction h of f onto 17 \ H are analytic. Further- 
more, g is constant on every connected component of 12, h is non-constant 
on every connected component of 17 \ 11. From g{T\M) = /(T) \M and 
h{T\N) = f{T)\N, and taking into account Lemma 3.68 and the first part 
of the proof, we then obtain 

^ub(/(T)) = u,b(/(T)|M) U a,b(/(r)|lV) = aMT\M)) U aMT\N)) 

= 5(^ub(T|M)) U /i(aub(T|lV)) = f{anh{T\M)) U f{ani,{T\N)) 
(since anh{T\M) and cTub(7"|lV) are disjoint) 

= /(aub(T|M) U anh{T\N)) = /(a,b(T)), 
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which completes the proof of the first equality of (92). 

The second equality of (92) easily follows from the equality cr\\^{f{T)) = 

^ub(/(T*)). 

We now establish the spectral mapping theorem for the Browder spec- 
trum. Note that in the proof we use a argument similar to that used in the 
proof of preceding theorem. 

Theorem 3.70. LetT e L{X) be a bounded operator on a Banaeh spaee 
X and f e n{a{T)). Then 



Mf{T)) = fiMT)) 

Proof From Theorem 3.69 we have 

/(ab(T)) = /(aub(T) U aib(T)) C /(a,b(T)) U /(aib(T)) 

- a,b(/(T))Uaib(/(T))=ab(/(T)). 

Conversely, let A e ah{f{T)) and proceed as in the first part of the proof 
of Theorem 3.69. We have two possible alternatives: A e /(aw(T)) or 
A^/(^w(T)). 

If A e /((Tw(T)) then A e /(ab(T)), since aw{T) C ah{T). Consider the 
other possibility, A ^ /(aw(T)). By part (v) of Theorem 3.65 there exists 
a sequence {A„} C a{f{T)) = f{a{T)) such that A„ ^ A. Let /x„ e '^{T) 
be such that f{p,n) = A„. The sequence is bounded so there exists 
a subsequence converging to a certain p G cr{T). We may assume that 
Mn ^ so A = /(/x) is a limit point of a sequence of f{a{T)). Prom part 
(v) of Theorem 3.65 we then conclude that A G f{a\y{T)), which completes 
the proof. ■ 

The spectral mapping theorem for the Browder spectrum may be proved 
in a different way, by showing that the Browder spectrum u\^{T) is the 
ordinary spectrum of an element of a suitable Banach algebra. In fact, 
as noted by Gramsch and Lay in [141], see also Theorem 3.48, if A is the 
maximal commutative subalgebra of L{X) containing T and -k \ A^ Aj Af\ 
K(X) is the canonical quotient homomorphism, then crb(T') = a{Tr{T)). 
Moreover, for every analytic function on an open set U containing a(T) we 
have cr(7r(/(T)) = /(7r(T)) and /(T) G A, so the result follows from the 
usual spectral mapping theorem in A/AC\ K(X). The spectral mapping 
theorem for the spectra ab(T), au_h{T) and crit,{T) may be proved by using 
different methods. For instance, Oberai [252] proved this result by showing 
first that the mapping T ^ <Tb(T) is upper semi-continuous. The spectral 
mapping theorem for the upper semi-Browder spectrum cTub(?^) has been 
proved by Rakocevic [272], through a similar argument, by proving that the 
mapping T CTuh{T) is upper semi-continuous. Another proof may be also 
found in Schmoeger[294]. 
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Theorem 3.71. LetT e L{X) be a bounded operator on a Banaeh space 
X and f e n{a{T)). IfT or T* has SVEP then 

(93) awa(/(T)) = a,b(/(T)), aws(/(T)) = aib(/(T)), 

and 

(94) aw(/(T))=ab(/(r)). 

Proof Suppose first that T has the SVEP. Then f{T) has SVEP by The- 
orem 2.40, so the equalities of (93) follow from Theorem 3.66. 

The proof in the case T* has the SVEP follows by duality and Theorem 
3.69. In fact, f{T*) has the SVEP so, from the first part of the proof, we 
have 

^Uf(T)) = aws(/(T)*) = aws(/(T*)) = aib(/(T*)) 

- /(aib(T*)) = /(aab(T)) = aab(/(T)). 

The proof of the equality aws(/(E)) = aib(/(T)) is analogous. 

Finally, 

aw(/(T)) = awa(/(T))Uaws(/(T)) 

= aab(/(T))UcTib(/(T))=cTb(/(r)), 

so also (94) is proved. ■ 

Corollary 3.72. If T or T* has the SVEP and f e H{a{T)), then 
f{avf{T)) = a^{f{T)). Analogous equalities hold for a^jaiT) and (Tws(E). 
Moreover, 

aMT)) = Mf(T)) = f{a,.{{T)) = /(cTb((T)), 
for every f e H{a{T)). 

Proof By Theorem 3.71 and Theorem 3.70 we have (Tw(/(T')) = ab(/(T)) = 
/(ab(T)) and crb(T) = ctw(T), by Corollary 3.53. 

The assertions for awa{T) and iTws(E) follow in a similar way. ■ 

For an operator T G L{X), X a Banach space, we say that the a- 
Browder’s theorem holds if awa(7") = o‘ub(?^)- Note that if T satisfies a- 
Browder’s theorem then ctw(T) = o'b(T'). Indeed, if av/a{T) = o-ah{T) and 
A ^ cTw(T) from the inclusion a^a{T) C avj{T) it follows that A ^ CTwa(E) = 
o'nh{T), and hence p{XI — T)<oo. But XI — T is Weyl, hence by Theorem 
3.4 q{XI — T) is also finite, and consequently A ^ crb(T). This shows that 
Tb(E) C avf{T), and since the opposite inclusion is always verified we con- 
clude that aw(T) = crb(T). 

In literature a bounded operator on a Banach space for which the equal- 
ity ctw(E) = erh{T) holds is said to satisfy Browder’s theorem. Taking into 
account that o-wa{T*) = (Tws(E) and (Juh{T*) = crib(T), from Theorem 3.71 
we immediately obtain the following result. 
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Corollary 3.73. Let T e L{X) be a bounded operator on a Banaeh 
spaee X and f e TC{a{T)). If either T or T* has SVEP then both f{T) 
and f{T*) obey to a-Browder’s theorem. In partieular, T and T* obey a- 
Browder’s theorem. ■ 

7. Isolated points of the spectrum 

In this section we shall take a closer look at the isolated points of the 
spectrum. Recall that from the functional calculus, if Aq is an isolated point 
of the spectrum and Pq is the spectral projection associated with the spectral 
set {Ao}, then the subspaces Po{X) and kerPo are invariant under T and 
cr(T |Po(-^)) = {Ao}, whilst a(T \ ker Pq) = C \ {Aq}. 

The first result of this section shows that for an isolated point Aq of cr{T) 
the quasi-nilpotent part Ho{XoI — T) and the analytical core K{XoI — T) 
may be precisely described as a range or a kernel of a projection. 

Theorem 3.74. LetT e L{X), where X is a Banaeh spaee, and suppose 
that Ao is an isolated point ofa{T). If Pq is the speetral projeetion assoeiated 
with (Ao), then: 

(i) Po{X) = Ho{XoI-T); 

(ii) ker Po = R(Ao/-T). 

In partieular, if (Ao) is a pole of the resolvent, or equivalently p := 
p{XqI — T) = q{X(jI — T)< 00 , then 

Po{X) = HoiXoI -T) = ker(Ao/ - Tf, 

and 

kerPo = K{XoI -T) = (Ao/ - TY{X). 

Proof (i) Since Ao is an isolated point of cr[T) there exists a positively 
oriented circle V := (A e C : |A — Aq| = <i} which separates Aq from the 
remaining part of the spectrum. We have 

(Ao/ - TYPqx = — [ (Aq/ - T)”(A/ - T)-^x dX for all n = 0, 1, • • • . 

2777 Jy 

Now, assume that x e Po{X). We have Pqx = x and it is easy to verify 
the following estimate: 

||(Ao/-T)”a;|| < ^27r<5”+^ max ||(A/ - T)-^||||a;||. 

277 Asp 

Obviously this estimate also holds for some So < S, and consequently 

(95) limsup ||(Ao/ — < <5. 

This proves the inclusion Po{X) C i/o(Ao/ — T). 

Conversely, assume that x e //o(Ao/ — T) and hence that the inequality 
(95) holds. Let S e L{X) denote the operator 
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Evidently the Neumann series 

oo oc / ^ \ n 

converges for all A G E. If y\ denotes its sum for every A G F, from a 
standard argument of functional analysis we obtain that (/ — S)y\ = x. A 
simple calculation also shows that 

yx = {X-Xo){XI-T)-^x 

and therefore 

(AJ -T)-'x = -f' y ~ for all A er, 

A term by term integration then yields 

and this proves the inclusion Ho(XoI — T) C Pq(X). This completes the 
proof of the equality (i). 

(ii) There is no harm in assuming that Aq = 0. We have cr(T|To(-^)) = 
{0}, and 0 G p(T|kerPo)- Prom the equality T(kerFo) = kerPo we obtain 
kerPo C K(T), see Theorem 1.22. 

It remains to prove the reverse inclusion K{T) C kerPo- To see this we 
first show that Hq{T) r\K{T) = {0}. This is clear because Hq(T) r\K{T) = 
K{T\Hq(T)), and the last subspace is {0} since the restriction of T on the 
Banach space Hq{T) is a quasi-nilpotent operator, see Corollary 2.28. Hence 
Hq{T) n K{T) = {0}. Prom this it then follows that 

K(T) C K{T)r\X = K{T)r\^evPQ®Po{X)] 

= ker Fo + K{T) n Hq{T) = ker Pq, 
so the desired inclusion is proved. 

The last assertion is clear from Remark 3.7, part (b). ■ 

Corollary 3.75. Let T G L{X), where X is a Banaeh spaee. The 
following statements are equivalent: 

(i) T is quasi-nilpotent; 

(ii) K{T) = {0} and 0 is an isolated point of the speetrum; 

(hi) Ho{T) = X and 0 is an isolated point of the speetrum. 

Proof (i)<t^(ii) Obviously, if T is quasi-nilpotent then 0 is an isolated point 
of a(T) and K{T) = {0}, by Corollary 2.28. 

Conversely, if 0 is isolated in a(T) then Po{X) = Ho(T) = X and 
K(T) = ker Pq = {0}. Obviously this implies that Pq is the identity, so 
Hq(T) = X. From Theorem 1.68 we conclude that T is quasi-nilpotent. 
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(iii) ^(i) If 0 is an isolated point of the spectrum then Hq{T) = Po{X) 
is closed and therefore Hq(T) — X. Again, by Theorem 1.68 we conclude 
that T is quasi-nilpotent. 

(i)^(iii) Obvious. ■ 

From Theorem 3.74 we infer that if Aq is isolated in a{T) then X = 
K{\qI — T) © — T). The following result show that the reverse 

implication holds if we assume that K(\qI — T) is closed . 

Theorem 3.76. For a bounded operator T e L{X), where X is a Ba- 
naeh spaee, the following assertions are equivalent: 

(i) Ao is an isolated point of a{T); 

(ii) K{XoI - T) is elosed and X = K{XoI - T) © Ho{XoI - T). 

Proof Also here we assume Aq = 0. Since K{T) is closed, by Theorem 1.22 
we know T{K(T)) = K(T). Moreover, since kerT C Hq{T) the operator 
T : K{T) —>■ K{T) is invertible. Hence there exists a £ > 0 such that XI — T 
is invertible for every |A| < s. It follows that 

(96) {XI - T){K{T)) = K{T) for every |A| < £. 

Since ker {XI — T) C K{T) for all A yf 0, we have 

(97) ker {XI — T) = {0} for every 0 < |A| < £. 

By Theorem 3.74, we also have 

(98) Ho{T) C {XI - T){X) for every A yf 0. 

The equality (96) and the inclusion (97) imply 

X = K{T) © Ho{T) C {XI - T){X) for every 0 < |A| < £. 
Consequently 

{A e C : 0 < |A| < £} C p{T), 

and hence 0 is an isolated point of cr{T). ■ 

Theorem 3.77. Let Aq be an isolated point of a{T). Then the following 
assertions are equivalent: 

(i) Ao/-Te$±(X); 

(ii) Aq/ — T is Browder; 

(hi) Ho{XqI — T) is finite-dimensional; 

(iv) K{XqI — T) is finite- eodimensional. 

Proof The equivalence (i) (ii) follows from Corollary 3.50. The im- 
plication (ii) => (hi) is clear from Theorem 3.18 since T has the SVEP at 
every isolated point of o{T). The implication (hi) => (iv) is clear, since, as 
observed above, X = Ho{XqI — T) © K{XoI — T). 

(iv) ^ (i) We have K{XqI - T) C (Aq/ - T)“(A) C (Aq/ - T){X), so 
the finite-codimensionality of K{XqI — T) implies that also (Aq/ — T){X) is 
finite-codimensional and hence Aq G 4>_(A). ■ 
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Now, a{T) = cTap(7") U asu{T). In the next result, instead of isolated 
points of cr(T) we shall consider, separately, spectral points isolated in 
Tap(7"), or isolated in asu{T). 

Theorem 3.78. Let T e L{X), X a Banach space, and Aq G C. We 
have: 

(i) If Xo is isolated in aa,p{T) then 

XqI — T g $±(X) dim Ho{XqI — T) < oo and (Aq/ — T){X) is closed. 

(a) If Aq is isolated in asu{T), then 

XqI — T g d’±(X) 4^ codim K{XqI — T)<oo. 

Proof (i) Let Aq be a spectral point isolated in aap(T'). Then T has the 
SVEP at Aq, and hence by Theorem 3.44 XqI — T g d>±(X) precisely when 
XqI — T G Bj^{X). In this case the range of XqI — T is closed, Ho{XqI — T) is 
finite dimensional and coincides with ker(Ao/ — T)p, where p := p{XqI — T), 
by Theorem 3.16 and Theorem 3.18. 

Conversely, if Ho{XqI — T) is finite-dimensional the inclusion ker (XqI — 
T) Q Ho{XqI — T) entails that ker {XqI — T) is finite-dimensional, so if 
XqI — T has closed range then XqI — T g d>+(X). 

(ii) Let Aq be a spectral point isolated in asu{T). Then T* has the 
SVEP at Aq, and hence by Theorem 3.46 XqI — T g d>±(X) precisely when 
XqI — T G B+{X). In this case K{XqI — T) is finite-codimensional and 
coincides with {XqI — T)^{X), where q := q{XqI — T), again by Theorem 
3.17 . 

Conversely, if K{XqI — T) is finite-codimensional, from K{XqI — T) C 
{XqI — T){X) we obtain that also {XqI — T){X) is finite-codimensional, and 
hence Aq G d>_(X). ■ 

The following result gives a description of (Js{{T) or ct{{T) from the point 
of view of local spectral theory. 

Theorem 3.79. Let T G L{X) and Aq G C. Then we have: 

(i) IfT has the SVEP then Aq G o'sf(T') if and only if Xq is a cluster point 
of (^ap{T) or Aq is an isolated point of aap{T) for which either Ho{XoI — T) 
is infinite-dimensional or XqI — T has closed range. 

(ii) If T* has the SVEP then Aq G (Ts({T) if and only if Aq is a cluster 
point of (Tsu{T) or Aq is an isolated point of Usu(E) for which K{XoI — T) is 
infinite- codimensional. 

(hi) If both T and T* have the SVEP then Aq G crf(T) if and only if 
Aq is a cluster point of cr{T) or Aq is an isolated point of cr{T) for which 
K{XoI—T) is infinite- codimensional, or equivalently, Ho{XoI—T) is infinite- 
dimensional. 

Proof (i) If T has the SVEP and Aq is a cluster point of crsp{T) then 
Aq G o'kt{T) C asf(T), by Corollary 3.25. If Aq is isolated in crap(T) and 
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Ho{XoI — T) is infinite-dimensional, or Xgl — T has closed range, then Aq G 
asf(T), by part (i) of Theorem 3.78. 

Conversely, suppose that Aq € asf{T). Obviously Aq is a cluster point 
of crap{T) or is isolated in crap(T). In the second case, again by part (i) of 
Theorem 3.78, either Ho{XoI — T) is infinite-dimensional, or XqI — T has 
closed range. 

(ii) If T* has the SVEP and Aq is a cluster point of (Js\i{T) then Aq G 
crkt(7") C asf{T) by Corollary 3.28. If Aq is isolated in asu{T) and K{XoI—T) 
is infinite-codimensional then Aq G (Ts{{T) by part (ii) of Theorem 3.78. 

Conversely, if Aq is an isolated point of asu{T) then K{XoI—T) is infinite- 
codimensional, again by part (ii) of Theorem 3.78. 

(hi) If both T and T* have the SVEP then by Corollary 3.53 cr{T) = 
o'ap(E) = (Tsu(E) and crf(T) = agf(T). The assertion then follows from part 
(ii). 

It has been observed in Remark 2.25 that if an operator T G L(X) has 
the SVEP atAo, and if V is a closed subspace of X such that {XqI — T){Y) = 
Y then ker (Aq/ - T) n V = {0}. 

The following useful result shows that this result is even true when- 
ever we assume that Y is complete with respect to a new norm and Y is 
continuously embedded in X. 

Lemma 3.80. Suppose that X is a Banach space and that the oper- 
ator T G L{X) has the SVEP at Aq. Let Y he a Banach space which 
is continuously embedded in X and satisfies (Aq/ — T){Y) = Y . Then 
ker(Ao/-T)nV = {0}. 

Proof It follows from the closed graph theorem that the restriction T|V is 
continuous with respect to the given norm || • ||i on V. Moreover, since every 
analytic function f :U ^ (Y, || • ||i) on an open set U Q C remains analytic 
when considered as a function from U to X, it is clear that T\Y inherits the 
SVEP at Ao from T. Hence Corollary 2.24 applies to T|Y with respect to 
the norm || • ||i. ■ 

By Theorem 3.16, if XqI — T a semi- Fredholm operator T has the SVEP 
at Aq precisely when p{XqI — T) < oo. The next result shows that this 
equivalence holds also under the assumption that q{XoI — T)<oo. 

Theorem 3.81. Let T G L{X), X a Banach space, and suppose that 
q{XoI — T) < 00 . Then the following conditions are equivalent: 

(i) T has the SVEP at Aq; 

(ii) p{XqL -T) < oo; 

(hi) Ao is a pole of the resolvent; 

(iv) Ao is an isolated point of a{T) . 

Proof There is no harm in assuming Ao = 0. 

(i) ^ (ii) Let q := q{T) and Y := T'^{X). Let us consider the map 
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T : X/ker T'^ ^ Y defined by T(x) := Tx where x G x. Clearly, since T is 
continuous and bijective we can define in X a new norm 

||y||i := inf{||a;|| : T«(a;) = y}, 

for which (X, j| • ||i) becomes a Banach space. Moreover, if 1 / = T'^{x) from 
the estimate 

||y|| = ||T«(a;)|| < ||T«||||x|| 

we deduce that Y can be continuously embedded in X. Since T{T^{X)) — 
T«+i(X) = T«(X), by Corollary 3.80 we conclude that ker TnT«(X) = {0} 
and hence by Lemma 3.2 p{T) < 00 . 

(ii) (hi) If p := p{\qI — T) = q{XoI — T) < 00 then Aq is a pole of 
order p, see Remark 3.7, part (c). 

(hi) ^ (iv) Obvious. 

(iii) ^ (iv) This has been observed above. ■ 

The preceding result is reminiscent of the equivalences established in 
Corollary 3.21 under the assumption that Aq/ — T is semi- Fredholm. 

Theorem 3.82. For a bounded operator T e L{X), X a Banaeh spaee, 
the following statements are equivalent: 

(i) Ao is a pole of the resolvent of T; 

(ii) There exists p e N sueh that ker (Aq/ — T)p = Ho{XoI — T) and 
{XoI-T)P{X) = K{XoI-T). 

Proof Suppose that Aq € criT) is a pole of the resolvent of T. Then 
p{XqI — T) and q{XoI — T) are finite and hence equal, see Remark 3.7 and 
Theorem 3.3. Moreover, if p := p(Aq/ — T) = q{XoI — T) then P^){X) = 
ker (XI — T)P and ker Pq = {XI — T)p{X), where Pq is the spectral projection 
associated with {Aq}, so the assertion (ii) is true by Theorem 3.74. 

Conversely, assume that (ii) is verified. We show that p{XqI — T) and 
q{XoI — T) are finite. From 

ker (Aq/ - T)P+^ C i7o(Ao/ ~T)= ker (Aq/ - Tf 

we obtain that ker (Aq/ — T)p+^ = ker (Aq/ — T)p, thus p{T) < p. 

From the inclusion 

(Ao/ - T)P+\X) D (Ao/ - T)“(X) D //(Ao/ - T) = (Aq/ - T)p{X) 

we then conclude that (Ao/ — T)p^^{X) = {XqI — T)p{X), thus also q{T) is 
finite. Therefore Ao is a pole of R{X,T). ■ 

Recall that T G L{X) is algebraie if there exists a non-trivial polynomial 
h such that h{T) = 0. The next result characterizes the operators having 
the Kato type of spectrum empty. 

Theorem 3.83. Let T G L{X), where X is a Banaeh spaee. Then the 
following statements are equivalent: 

(i) o-kt(r) is empty; 




7. ISOLATED POINTS OF THE SPECTRUM 



163 



(ii) XI — T has finite descent for every A e C; 

(iii) XI — T has finite descent for every X e da{T), where da{T) is the 
topological boundary ofa{T); 

(iv) cr(T) is a finite set of poles of R{XI,T); 

(v) T is algebraic. 

Proof (i) ^ (ii) Suppose that crkt(7") = 0. Then p\ix{T) has an unique 
component = C and therefore by Theorem 3.34 T has the SVEP at every 
point of C since T has the SVEP at the point of the resolvent p{T). 

On the other hand, if A/ — T is of Kato type then also XI* — T* is of 
Kato type. Therefore C = Pkt(7") = Pkt(7"*)> and consequently by Theorem 
3.35 also T* has the SVEP. Since XI — T is of Kato type by Theorem 3.17 
we then conclude that q{XI — T) < oo for every A e C. 

(ii) ^ (iii) Obvious. 

(iii) ^ (iv) Since T has the SVEP at every A G da{T) then the condition 
q{XI — T) < oo entails that every A G da{T) is a pole of R{X,T), by 
Theorem 3.81, and hence an isolated point of u{T). Clearly this implies 
that cr(T) = da{T), so a(T) is a finite set of poles. 

(iv) (i) It suffices to prove that XI — Tis of Kato type for all A G cr(T). 
Suppose that (t(T) is a finite set of poles of R{X, T). If A G cr(T) let P be the 
spectral projection associated with the singleton {A}. Then X = M ® N , 
where M := K{XI — T) = her P and N := Hq{XI — T), by Theorem 3.74. 
Since I — T has positive finite ascent and descent, if p := p{XoI — T) = 
q{XI — T) then N = ker(A/ — T)^, see Remark 3.7, part (b). From the 
classical Riesz functional calculus we know that a{T\M) = a{T) \ {A}, so 
that {XI — T)\M is bijective, whilst {XI — T\N)p = 0. Therefore XI — T is 
of Kato type for every A G C. 

(iv) (v) Assume that a(T) is a finite set of poles {Ai, . . . , A„}, where 
for every i = l,...,n with pi we denote the order of A^. Let h{X) := 
(Ai — A)^i . . . (A„ — A)P". Then by Lemma 1.76 

n n 

h{T){X) = f|(A,/ - TYfiX) = f| K{Xa - T), 

i—1 1 

where the last equality follows since T has SVEP and A^/ — T is of Kato 
type, see Theorem 3.17. But the last intersection is {0}, because if a; G 
K{XiI — T) n K{XjI — T), with Xi Y then ar{x) C {Ai} fl (Aj) = 0 and 
hence a; = 0, since T has the SVEP. Therefore h{T) = 0. 

(v) => (i) Let /i be a polynomial such that h{T) = 0. Prom the spectral 
mapping theorem we easily deduce that cr{T) is a finite set (Ai,. . . ,A„}. 
The points Ai, . . . , A„ are zeros of finite multiplicities of h, say ki, - ■ ■ ,kn, 
respectively, so that h{X) = (Ai — A)^^ . . . (A„ — A)^" and hence by Lemma 
1.76 

n 

X = ker h{T) = 0 ker( A*/ -T^k 
i=l 
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Now suppose that A = Xj for some j and define 

ho{X) 

i¥=j 

We have 

M :=kerho{T) = 0 ker(A*/ - 
i¥=j 

and if N := ker(Aj/ — then X = M ® N and M, N are invariant under 
Xjl — T. From the inclusion ker(Aj/ — T) C ker(Aj/ — = N we infer 

that the restriction of XjI — T on M is injective. It is easily seen that 

(A,/ - T)(ker(A,/ - T)^^) = ker(A,/ - T)^% i j, 

so {Xjl — T){M) = M. Hence the restriction of Xjl — T on M is also 
surjective and therefore bijective. Obviously {Xjl — T)\N)^^ = 0, so A/ — T 
is of Kato type also at the points of the spectrum, and the proof is complete. 



8. Weyl’s theorem 

In 1909 H. Weyl [325] studied the spectra of all compact perturbations 
T + iF of a Hermitian operator T acting on a Hilbert space and showed that 
A e C belongs to av;{T) precisely when A is not an isolated point of finite 
multiplicity in cr{T). Today this classical result is known as Weyl’s theorem, 
and it has been extended to several classes of operators acting in Banach 
spaces. In this section Weyl’s theorem will be related to the single-valued 
extension property. We shall emphasize the role of the quasi-nilpotent part 
Hq{XI — T) and shall see that the reason for which Weyl’s theorem holds 
for many classes of operators essentially depends upon the form which the 
subspaces Hq{XI — T), A e C, assume. 

The first result of this section establishes several equivalences for bounded 
operators defined on Banach spaces. For a bounded operator T € L{X) we 
set 

Poo{T) ■= cr{T) \ a'b(T') = {A e cr{T) : A/ — T is Browder}, 

and 

7Too{T) := {A e iso cr(T) : 0 < a{XI — T) < cx)}. 

By part (b) of Remark 3.7 we have 

(99) Poo{T) C 7roo(r) for every T e L{X). 

Recall that the reduced minimum modulus of a non-zero operator T is 
defined by 
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Theorem 3.84. For a bounded operator T e L[X) the following state- 
ments are equivalent: 

(i) 7 Too(T) =poo{T); 

(ii) a^{T) n 7 Too(T) = 0 ; 

(iii) CTsf(r) n 7roo(T) = 0 ; 

(iv) (A/ — T){X) is elosed for all A e 7 Too(T); 

(v) Ho{XI — T) is finite-dimensional for all A e 7 Too(T); 

(vi) K{XI — T) is finite- eodimensional for all X e 7100 ( 7 "); 

(vii) {XI — T)°°(X) is finite- eodimensional for all X e 7 Too(7"); 

(viii) /3(A/ — T) < 00 for all X e 7 Too(7"); 

(ix) q{XI — T) < 00 for all X e 7 Too(7"); 

(x) The mapping X 7 (A/ — T) is not eontinuous at eaeh Ao G 7roo(7"). 
Proof (i) => (ii) Evidently Poo{T) = a{T) \ a\,{T), so 

Poo{T) n (Jb(7") = 7 Too(T) = 0, 

and since a^{T) C crb(7") this implies that a^{T) fl 7 Too(T) = 0. 

(ii) ^ (iii) Obvious, since asf(7") C cr^(r). 

(iii) ^ (iv) If A e 7100 ( 7 ") then XI — T is semi-Fredholm, so (XI — T)(X) 
is closed. 

(iv) (v) If (XI — T)(X) is closed for all A G 7ioo(7") then XqI — T g 
4>+(X). Since T has the SVEP at every isolated point of cr(T), by Theorem 
3.18 it follows that Hq(XI — T) is finite-dimensional. 

(v) ^ (vi) If A is an isolated point of cr(T) then the decomposition 
X = H(j(XI — T) © K(XI — T) holds by Theorem 3.74. Consequently, if 
Ho(XI — T) is finite-dimensional then K(XI — T) is finite-codimensional. 

(vi) (vii) Immediate, since K(XI — 7") C (XI — T)°^(X) for every 
A G C. 

(vii) (viii) It is obvious since (XI — T)°°(X) C (XI — T)(X) for every 
A G C. 

(viii) (i) For every A G 7ioo(7") we have a(XI — T) < 00 , so if /3(AI — 
T) < 00 then A/ — T G 4*(-^). Since A is an isolated point of a(7") the 
SVEP of T and T* at A ensures that p(XI — T) and q(XI — T) are both 
finite, by Theorem 3.16 and Theorem 3.17. Hence 7ioo(7") C poo(7") and 
since the opposite inclusion is satisfied by every operator it then follows 
that 7100 (7") =Pm(T)- 
(i) (ix) Clear. 

(ix) (viii) This is immediate. In fact, by Theorem 3.4 if q(XI—T) < 00 
then /3(XI — T)< a(XI — T) < 00 for all A G tioo(7"). 

(iv) (x) Observe first that if Aq G 71oo( 7") then there exists a punctured 
open disc Do centered at Aq such that 

(100) 7 (A/-T) < |A- Aol for all A G Do. 




166 



3. THE SVEP AND FREDHOLM THEORY 



In fact, if Ao is isolated in a{T) then XI— T is invertible, and hence has closed 
range in an open punctured disc D centered at Aq. Take 0 ^ x e ker(Ao/— T) . 
Then 

< ll(AJ-r)x|| _ ||(AJ-r)x|| 

’ - dist (x,ker(A/-T)) ||x|| 

||(AJ-r)x-(AoJ-T)x|| _ 

||x|| 

Clearly, from the estimate (100) it follows that 7 (A/ — T) ^ 0 as A ^ Aq, 
so the mapping A — > 7 (A/ — T) is not continuous at a point Aq G 7Too(T) 
precisely when 7 (Aq/ — T) >0, or, equivalenty, by Theorem 1.13 when 
(Aq/ — T)(X) is closed. Therefore the condition (iv) is equivalent to the 
condition (x). ■ 



if 



Following Coburn [81] we say that Weyl’s theorem holds for T G L{X) 
u(r)\aw(T) = 7roo(T). 



Note that 

Weyl’s theorem ^ crb(T) = aw(T). 

Indeed, if A G cr{T) does not belong to cr^{T) then A G cr{T) \ a^{T) = 
7Too(T), and hence A is an isolated point of cr(T). Since XI — T G 
the SVEP for T and T* at A ensures that p{XI — T) and q{XI — T) are 
both finite, by Theorem 3.16 and Theorem 3.17. Therefore, A ^ o'b(T') so 
o'b(T) C aw(T). The reverse inclusion holds for every T G L{X), and hence 
o-b(T) = o-w(T). 



Theorem 3.85. Suppose that T G L{X) or T* has the SVEP. Then 
Weyl’s theorem holds for T if and only if one of the equivalent eonditions 
(i)-(x) of Theorem 3.84 holds. If both T and T* have the SVEP then Weyl’s 
theorem holds for T if and only if o'f{T) n 7 Too(T) = 0. 

Proof By Corollary 3.53 if T or T* has the SVEP then a^{T) = ab(T). If 
Weyl’s theorem holds for T then 

too(T) = a{T) \ a^{T) = a{T) \ a^{T) = poo{T), 

so the condition (i) of Theorem 3.84 is satisfied. Conversely, suppose that 
7!‘oo(r) =Poo{T). Then 

too(T) = poo{T) = a{T) \ a^{T) = a{T) \ a^{T). 

Finally, if both T and T* have the SVEP by Corollary 3.53 we know 
that CTf(r) = ctw(T). ■ 



Example 3.86. In general, we cannot expect that Weyl’s theorem holds 
for an operator satisfying the SVEP. For instance, if T G is defined 

by 

1 1 

T{xo,xi, ...):= (-X 1 , -X 2 ,...) for all (x„) G 
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then T is quasi-nilpotent and hence has the SVEP. But T does not satisfy 
Weyl’s theorem, since cr(T) = aw{T) = {0} and 7 Too(T') = {0}. 

Definition 3.87. T G L{X), X a Banach space, is said to be relatively 
regular if there exists an operator S G L{X) for which 

T = TST and STS = S. 

There is no loss of generality if we require in the definition above only 
T = TST. In fact, if T = TST holds then the operator S' := STS will 
satisfy both the equalities 

T = TS'T and S' = S'TS'. 

We now establish a basic result. 

Theorem 3.88. A bounded operator T G L{X) is relatively regular if 
and only f/kerT and T{X) are complemented 

Proof If T = TST and STS = S then P := TS and Q := ST are 
idempotents, hence projections. Indeed 

{TSf = TSTS = TS and {STf = STST = ST. 

Moreover, from the inclusions 

T{X) = {TST){X) C {TS){X) C T{X), 

and 

kerT C ker(S'T) C ker(5T5') = kerT, 
we obtain P{X) = T{X) and ker Q = [I — Q){X) = kerT. 

Conversely, suppose that kerT and T{X) are complemented. Write 
X = kerT © U and X = T{X) ® V and let us denote by P the projection 
of X onto kerT along U and by Qo the projection of Y onto T(X) along V. 
Define Tq : U ^ T{X) by Tqx = Tx for all x G X. Clearly Tq is bijective. 
Put S := To“^Qo- If we represent an arbitrary x G X in the form x = y + z, 
with y G kerT and z G U, we obtain 

STx = To-^QoT{y + z)=To~^QoTz 
= Tq~^Tz — z = x — y = x — Px. 

Similarly one obtains TS = Qq. If Q := I — Qq then 
(101) ST = Ix-P and TS = Iq. 

If we multiply the first equation in (101) from the left by T we obtain 
TST = T, and analogously multiplying the second equation in (101) from 
the left by S we obtain STS = S. ■ 

A bounded operator T G T(X) is said to be isoloid if every isolated 
point of cr(T) is an eigenvalue of T. A bounded operator T G L(X) is said 
to be reguloid if for every isolated point A of cr(T) the operator XI — T 
is relatively regular. Note that if T is reguloid then T is isoloid. To see 
this, suppose that T is reguloid and A G isocT(r). If a{\I — T) = 0 then 
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A/ — T e $+(X), since {XI — T){X) is closed. But T* has the SVEP at 
A, so by Theorem 3.17 we know that q{XI — T) < oo, and consequently by 
Theorem 3.3 q{XI — T) = p{XI — T) = 0. This implies that A ^ cr(T), a 
contradiction. Hence A is an eigenvalue of T. 

Lemma 3.89. For every T e L{X), X a Banaeh spaee, and f e 
TC{a{T)) we have 

(102) a{f{T)) \ too(/(T)) C / (a{T) \ too(T)) . 

Furthermore, ifT is isoloid then 

(103) a{f{T)) \ too(/(T)) = / (a(T) \ 7roo(T)) . 

Proof To show the inclusion (102) suppose that Aq G a{f{T)) \7Too(/(T)). 
We distinguish two cases: 

Case I. Aq is not an isolated point of f{a{T)). In this case there ex- 
ists a sequence (A„) C f{a{T)) such that A„ ^ Aq as n ^ oo. Since 
f{a{T)) = a{f{T)) there exists a sequence (/i„) in a(T) such that f{pn) = 
An ^ Aq. The sequence (pn) contains a convergent subsequence and we may 
assume that lim„^oo /in = ho- Hence Aq = limn^oo /(/in) = fiho)- Since 
ho G cr(T) \ 7 Too(T) it then follows that Aq G f{a{T) \ ttqo{T))- 

Case II. Ao is an isolated point of a{f{T)), so either Aq is not an eigen- 
value of f{T) or it is an eigenvalue for which a(Ao — f{T)) = oo. Put 
g{X) := Aq — /(A). The function g{X) is analytic and admits only a finite 
number of zeros in a{T), say {Ai, . . . , A^}. Write 

k 

g{X) = p{X)h{X) with p{X) := J|(Ai - A)"% 

where Ui is the multiplicity of Xi for every i = 1, . . . , fc. Clearly, XqI— f{T) = 
g{T) = p{T)h{T) and h{T) is invertible. 

Now, suppose that Aq is not an eigenvalue of f{T). Then none of 
Ai, . . . , Afc can be an eigenvalue of T, and hence Aq G f{a{T) \ ttoo{T)). 

Consider the other possibility, i.e., Aq is an eigenvalue of T of infinite 
multiplicity. Then at least one of Ai, . . . , Afc, say Ai, is an eigenvalue of T 
of infinite multiplicity. Consequently Ai G cr(T) \7 Too(T) and /(Ai) = Aq, so 
Aq G f{a{T) \ 7Too(T)). This concludes the proof of the inclusion (102). 

To prove the equality (103) suppose that T is isoloid. We need only to 
prove the inclusion 

(104) f{a{T) \ Troo(r)) C a{f{T)) \ 7roo(/(T)). 

Let Aq G f{a{T) \ ttqq{T)). Prom the equality f{a{T)) = a{f{T)) we know 
that Aq G a{f{T)). If possible let Aq G too(/(T)), in particular, Aq is an 
isolated point of a{f{T)). As above we can write Aq/ — f{T) = p{T)h{T), 
with 

k 

p{T) = \{{xa-Tr^ 



(105) 
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From the equality (105) it follows that any of Ai, . . . , must be an isolated 
point of <y{T) and hence an eigenvalue of T, since by assumption T is isoloid. 
Moreover, since Aq is an eigenvalue of finite multiplicity any Ai must also be 
an eigenvalue of finite multiplicity, and hence Xi G 7Too(F). This contradicts 
that Ao G f{a{T) \ 7Too(T)). Therefore, Aq ^ 7Too(/(T), so the proof of the 
equality (103) is complete. ■ 

By Theorem 3.85 every reguloid operator T for which T or T* has the 
SVEP obeys Weyl’s theorem since the condition (iv) of Theorem 3.84 is 
satisfied. The next result shows that we have much more. 

Theorem 3.90. Suppose thatT G L{X) is reguloid and let f G H{a{T)). 
If either T or T* has the SVEP then Weyl’s theorem holds for f{T). 

Proof Suppose that T is reguloid. Since T is isoloid by Lemma 3.89 we have 
a{f{T)) \7Too(/(T)) = f{a{T) \7Too(T)). If either T or T* has the SVEP then 
f {a^{T)) = cTw(/(T)) by Corollary 3.72. As observed above the SVEP for 
T or T* entails that Weyl’s theorem holds for T, so a(T) \ 7 Too(T) = aw(T). 
Hence 

^(/(r)) \ cTw(/(r)) = fia(T) \ Troo(r)) = /(cTw(T)) = aw(/(T)), 

from which we see that Weyl’s theorem holds for f{T). ■ 

The condition (v) of Theorem 3.84 generally does not ensure that T has 
SVEP. However, if we let 

7To/(T) := {A G cr(T) : 0 < a{XI - T) < oo} 

we have the following result. 

Theorem 3.91. If T & L[X) then the following statements hold: 

(i) If Ho{XI — T) is closed for every X G aof{T) then <Jh{T) = avj{T); 

(ii) If Hq{XI — T) is finite- dimensional for every X G aof{T) then Weyl’s 
theorem holds for T. 

Proof (i) Let A G cr(T) \o'^{T). Clearly A G 7 To/(T), and hence by assump- 
tion Ho{XI — T) is closed. Since XI — T is Weyl from Theorem 3.16 it follows 
that p{XI — T) < oo and this implies, since a{XI — T) = j3{XI — T), that 
q{XI — T) < 00 . Therefore A ^ crb(T'), and consequently <Jh{T) C a^[T). 
Since the opposite inclusion is verified for every operator we then conclude 
that CTb(r) = ctw(T'). 

(ii) We have 7roo(T) C 7 To/(T), so Hq[XI — T) is finite-dimensional for 
every A G 7Too(T). By Theorem 3.84 it then follows that 7 Too(T) = poo(T), 
and hence from the inclusion ctw{T) C ab(T) we obtain that 7 Too(T') = 
a(T)\(7b(r) Ca(T)\aw(T). 

Conversely, to show the inclusion a{T) \ av,{T) C 7Too(T) assume that 
A G a(T) \ o-w(T). Then 0 < a{XI - T) = (5{XI - T) < oo, so A G ao/(T). 
Since Ho{XI—T) is finite-dimensional then, by Theorem 3.16, p{XI—T) < oo. 
The equality a{XI — T) ~ (i{XI — T) then implies by Theorem 3.4 that 
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q{XI — T) < 00 . Therefore A e Poo{T) C 7Too(T), and hence the equality 
a(T) \ (Tw(r) = 7 Too(T) is proved. ■ 

The condition (v) of Theorem 3.84, is an useful tool in order to prove 
that Weyl’s theorem holds for several important classes of operators. To see 
this we need to introduce a new class of operators. 

Definition 3.92. A bounded operator T e L{X) on a Banaeh spaee X 
is said to have the property (H) if 

Ho{XI -T)=ker{XI -T) for all X e C. 

Although the property (H) seems to be rather strong, the class of op- 
erators having property (H) is considerably large. In the next chapter we 
shall show that every multiplier of a semi-simple Banach algebra A has the 
property (H). 

Example 3.93. In the sequel we give some other important classes of 
operators which satisfy this property. 

(a) As observed in Example 3.9 every totally paranormal operator has 
the property (H), and in particular every hyponormal operator has the prop- 
erty (H). The class of totally paranormal operators includes also subnormal 
operators and quasi-normal operators. In fact, these operators are hyponor- 
mal, see Conway [85]. 

(b) A bounded operator T e L{X) is said to be transaloid if the spectral 
radius r{XI — T) is equal to ||A/ — T|| for every A e C. It is easy to check 
that every transaloid operator satisfies the property {H), see Lemma 2.3 
and Lemma 2.4 of [86]. 

Recall that operator S G L(X) is said to be a quasi-afline transform 
of T G L[X) if there is [/ G L{X) injective with dense range such that 
TU = US. The next result shows that property (H) is preserved by quasi- 
affine transforms. 

Theorem 3.94. Suppose that T G L{X) has the property (H) and S is 
a quasi-affine transform ofT. Then S has the property (H). 

Proof Suppose TU = US with U injective, A G C, and x G Hq{XI — S). 
Then 

|1(A/ - T)”t/x|]i/” = \\U{XI - < |]17f /”|1(A/ - 5)”x|]i/”, 

from which we obtain that Ux G Ho{XI — T) = ker (A/ — T). Hence 
U{XI - S)x = {XI - T)Ux = 0, 

and since U is injective this implies that {XI — S)x = 0. Consequently 
Hq{XI -S) = ker(A/ - S) for all A G C. 

As a consequence of Theorem 3.94 we obtain some other examples of 
operators which satisfy the property {H). To see this, for any operator 
T G L{H), where H is a complex Hilbert space, let us denote by T = lEjTj 
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the polar decomposition of T. Then R := is called the Aluthge 

transform of T, see Aluthge [44], If i? = y\R\ is the polar decomposition of 
R define 

(106) f ■- \R\^/‘^V\R\^/‘^ . 

Example 3.95. An operator T G L[H) is said to be log-hyponormal if 
T is invertible and satisfies log (T*T) > log (TT*). If T is log-hyponormal 
then the operator T defined in (106) is hyponormal and T = KTK~^, 
where K := |i?|V2|T|V2^ see Tanahashi [303] and Cho, Jeon and J.I. Lee 
[80]. Therefore T is similar to a hyponormal operator and consequently 
satisfies the property {H). 

An operator T G L[H) is said to be be p-hyponormal, with 0 < p < 1, if 
(T*T)'P > {TT*)P. Every invertible p-hyponormal T is quasi-similar to a log- 
hyponormal operator and consequently has the property (H), see Aluthge 
[44] and Duggal [98]). 

Theorem 3.96. Suppose that the operator T G L{X) has the property 
(H). Then T has the SVEP and p{XI — T)<1 for all A G C. Furthermore 
both T and T* are reguloid. 

Proof From the inclusion 

ker(A/ - T)” C Hq{XI -T)= ker(A/ - T) for all n G N 

we obtain that p(A/ — T) < 1 for all A G C. Note T has the SVEP by 
Theorem 5.4 or by Theorem 2.31. 

To show that T is reguloid we prove that every isolated point A of the 
spectrum a{T) is a simple pole of the resolvent. There is no loss of generality 
if we suppose that A = 0. Let P denote the spectral projection associated 
with the spectral set {0}. By Theorem 3.74 we know that P{X) = Hq{T) = 
kerT, and hence TP = 0. Now, 0 is an isolated in a(T) and hence a non- 
removable singularity of {XI — T)~^. Let us consider the Laurent expansion 

OO Q oo 

(A/-T)-i = ^^ + ^A”Q„ 

n=l n=0 

for every A such that 0 < [A] < e, with P„, Qn G L{X). Since P\ = P and 
Pn = T^~^P for all n = 1,2,..., the equality TP = 0 yields P„ = 0 for all 
n > 2. Hence 0 is a simple pole of the resolvent (A/ — T)~^. This implies 
by part (b) of Remark 3.7 that p(T) = q{T) = 1 and 0 is an eigenvalue of 
T. Moreover, by Theorem 3.74 we have kerP = K{T) = T{X), so kerP 
and T{X) are complemented, and consequently T is relatively regular. This 
shows that T is reguloid. 

To show that T* is reguloid let Aq be an isolated point of a{T*) = a{T). 
From the first part of the proof we know that Aq is a simple pole of {XI—T)~^. 
As above we have X = ker(Ao/ — T) © (Aq/ — T){X), and hence 

A* = ker(Ao/ - T)^ © (Aq/ - T){X)^. 
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On the other hand, (Aq/ — T){X) is closed implies that {XqI* — T*){X*) is 
also closed, and from the equalities 

(Aq/* - T*){X*) = ker(Ao/ - T)-^, ker(Ao/* - T*) = (Aq/ - T){X)^ 

we may conclude that both (Aq/* —T*){X*) and ker(Ao/* —T*) are comple- 
mented. Therefore Aq/* — T* is relatively regular and hence T* is reguloid. 



By Theorem 3.85 it is immediate that every operator T having the prop- 
erty {H) obeys Weyl’s theorem. As a consequence of Theorem 3.96 and 
Theorem 3.90 we readily obtain the following result. 

Corollary 3.97. If T e L{X) has the property (H) and f e H(a(T)) 
then Weyl’s theorem holds for f{T). ■ 

We have already observed that every invertible p-hyponormal T has the 
property (H), so Weyl’s theorem holds for these operators. Actually, every 
p-hyponormal operator satisfies Weyl’s theorem. To prove this result we 
first introduce a new property formally weaker than the property (H). 



Definition 3.98. A bounded operator satisfies the property (i?o) is for 
every A e C there exists an integer p\ gN sueh that 

Ho{XI - T) = ker{XI - T)P>' for all A e C. 

The first result shows that the property (i?o) implies Weyl’s theorem. 

Theorem 3.99. Let T € L{X) be a bounded operator on a Banaeh spaee 
X. Then the following statements hold: 

(i) IfT has the property {Hq) then WeyTs theorem holds for T and T* ; 

(ii) IfTG L{X) has the property (Hq) and S is a quasi-ajfine transform 
of T then S has property (Hq); 

(hi) If T G L{X) has the property (Hq) and Y is a elosed T-invariant 
subspaee of X then T\Y has the property (Hq). 

Proof (i) By Theorem 2.31 the property (Hq) implies the SVEP for T, and 
by Theorem 3.74 for every A e vroo(T) we have X = ker{XI—T)P(BK{XI—T), 
from which it follows that (XI-T)p{X) = {XI-T){K{XI-T)) = K{XI-T). 
Consequently, A is a pole of the resolvent and q{XI — T) is finite for all 
A e 7 Too(T), so by Theorem 3.85 T satisfies Weyl’s theorem. 

To show that T* satisfies Weyl’s theorem, assume that A e 7 Too(T*). 
Evidently, {XI — T)p{X) is closed, and hence {XI* — T*)p{X*) is closed. 
An inductive argument shows that ker(A/* — T*)p is finite-dimensional, so 
{XI* — T*)P, and hence also XI* —T*, is semi- Fredholm. By Theorem 3.77 
it follows that Hq{XI* — T*) is finite-dimensional, or equivalently we have 
p{Xi* - T*) = q{XI* - T*) < 00 , so A e pm{T*). Hence 7roo(T*) = pm{T*), 
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and by Theorem 3.85 this equality implies that Weyl’s theorem holds for 

(ii) The proof is analogous to that of Theorem 3.94. 

(hi) If Ho{XI -T) = her (A/ - T)p>~ then 

Ho{{XI -T)\Y)C her (A/ - T)p^ n T = her ((A/ - T)\Y)p\ 
from which we obtain Ho{{XI — T)\Y) = her ((A/ — T)|T)^^. ■ 

Remark 3.100. It should be noted that Weyl’s theorem is not generally 
inherited by the restriction on invariant subspaces, even if the operator has 
the SVEP. For instance, let T be the operator defined in Example 3.86 and 
let S be the unilateral left shift on Define U on X := © £^(N) 

by 17 := T ® S. Clearly T is quasi-nilpotent, and hence has SVEP, S has 
SVEP and its spectrum is the unit closed disc D(0, 1), see Theorem 2.86. 
By Theorem 2.9 it follows that also U has the SVEP and, as it easy to see, 
cr{U) = D(0, 1). Therefore cr{U) does not have any isolated point, and this 
implies that Weyl’s theorem holds for U. However, the restriction T of U 
does not satisfy Weyl’s theorem. 

Lemma 3.101. Let T e L[X) and let p be a eomplex polynomial. If 
p{Xo) 7 ^ 0 then H{XqI — T) n kerp(T)) = {0}. If, additionaly, T has the 
SVEP then 

Ho{p{T)) = HoiXJ - T) © Ho{X 2 l - T) • • • © i7o(A„/ - T), 
where Ai, A 2 , . . . , A„ are the distinet roots of p. 

Proof Suppose that there is a non-zero element x G H{XqI — T) Piker p(T)) 
and set p{Xo)I — p{T) = q{T){XoI — T), where q denotes a polynomial. Then 
q(T)(XoI — T)x = p(Ao)x and hence q{T){XoI — T)”a; = p(Ao)"x. Therefore 

b(Ao)|||x||i/"|| < ||(?(T)"||1 /"||(Ao/-T)x 1|^/" forallneN. 

Since a; is a non-zero element of H{XoI — T) we then obtain p{Xo) = 0, which 
is a contradiction. 

To show the second assertion, let x G Hq{p{T)). By Theorem 2.20 
Hq{p{T)) = Tp(y)({0}), so there exists an analityc function / such that 
x = {pi — p{T))f{p) for all // G C \ {0}. Hence for A G C \ {Ai, . . . , A^} we 
have 

X = {p{X)I - p{T))f{p{X)) = {XI - T)Q{T, X)f{p{X)), 

where Q is a polynomial of T and A. Consequently ctt{x) C {Ai, . . . , A„}, 
and hence 

n 

X G Xx({Ai, . . . , A„}) = © 
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Since T has the SVEP, Theorem 2.20 also implies that Xx({Ai}) = — 

T) for all i = 1, . . . , n, and hence 

n 

The opposite inclusion is clear, since each is a root of the polynomial p. ■ 

Theorem 3.102. For a bounded operator T e L{X) the following as- 
sertions are equivalent: 

(i) T has the property (Hq); 

(ii) f{T) has the property (Hq) for every f e H{a{T)); 

(hi) There exists an analytie funetion h defined in an open neighbourhood 
U of a{T), not identieally eonstant in any eomponent ofU, sueh that h(T) 
has the property (Ho). 

Proof (i) ^ (ii) Suppose that T has the property (Hq). Let ^ e C be 
arbitrarily given. If ^ ^ f{a{T)) — f{a{T)) then pi — f{T) is invertible, 
and hence 

Hoipl - f{T)) = ker{pl - f{T)) = {0}. 

Therefore we may assume that p e f{a{T)). Let g := f — p and suppose 
first that g has only finitely many zeros in u{T). Then g(X) = p(X)h{X), 
where h is analytic on U without zeros in cr{T), p is a polynomial of the 
form p{X) = n'L^(Ai — A)”S with Xi € cr{T) distinct roots of p. Then 
g{T) = p{T)h{T) and h(T) is invertible, so by Lemma 3.101 

n 

Ho{g{T)) = Ho{p{T)) = ^Ho{Xa - T). 

On the other hand, since T has the property {Hq) we can choose an 
integer d e N such that Ho{XiI — T) = ker(Ai/ — T)‘^ for alH = 1, . . . ,n. 
Clearly the condition (Hq) entails that XI — T has finite ascent for all A € C 
and consequently 

HoiXil -T)= ker(Ai/ - T)”''^ for alii = 1, . . . , n. 

Prom this it follows that 

n 

Ho{g{T)) = 0ker(V/ - T)"^'" = ker (n(Li(V/ - 
i=l 

= ker {p{T)Y = ker {g{T)f, 

from which we conclude that f{T) has the property {Hq). 

Suppose now that g has infinitely many zeros on cr{T). Then there are 
two disjoint open subsets Ui, U 2 such that U = U ^/ 2 , g = Q on Ui and g 
has only finitely many zeros on U 2 - It follows that c{T) — ai U (T 2 , where 
a I and a 2 are two closed disjoint subsets of C and F Hi for i = 1,2. 
Therefore, if Pi and P 2 are the spectral projections associated with a\ and 
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ct 2 , respectively, then X = X\ ©X 2 , X\ := Pi{X), Xi := P2{X), a{T\Xi) = 
Gi\ in particular g(T)\X\ = g[T\Xi) = 0. Since T\X2 has the property 
{Hq) by Teorem 3.99, and g has only finitely many zeros in cr(T|X 2 ), the 
same argument as in the first part of the proof shows that g(T\X2) has the 
property (iJo)> and consequently — f{T)) = k.ev{g{T)^\X 2 ) for some 

k>\. Finally, 

i?o(/i/-/(T)) = Ho{g{T))=Xi®\^ev{g{Tf\X 2 ) 

= ker(5(T)")=ker(/l/-/(T))^ 

which completes the proof. 

(ii) (iii) is obvious. 

(iii) ^ (i) Suppose that Aq G cr(T) and let := /(Aq). Since / is non- 
constant on the components oiU it follows that — = (Ao — A)^p(A)g(A), 

where p is a polynomial such that p(Aq) yf 0 and g is an analytic function 
which does not vanish in cr(T). Therefore 

Ml - f(T) = (Aol - Typ(T)g(T) 

with g(T) invertible. On the other hand, by hypothesis there exists a natural 
d > 1 such that Ho{mI ~ f{T)) = ker(/i/ — f{T)Y. Hence 

Ho{AoI - T) C Ho{mI - f{T)) = ker(Ao/ - © kerp(T))'^. 

From the inclusion ker(Ao/ — T)'^^ C Hq{AoI — T) and since Hq(AoI — T) n 
kerp(T) = {0} we may then conclude that Ho{AoI — T) = ker(Ao/ — , 

see Lemma 3.101; so the proof is complete. ■ 

The class of operators having the property {Hq) is rather large. Ob- 
viously it contains every operator having the property {H). An operator 
T G L{X), X a Banach space, is said to be generalized sealar if there ex- 
ists a continuous algebra homomorphism ik : C°°(C) ^ L{X) such that 
ik(l) = I and ^{Z) = T, where C°°(C) denote the Frechet algebra of all 
infinitely differentiable complex- valued functions on C, and Z denotes the 
identity function on C. An operator similar to a restriction of a generalized 
scalar operator to one of its closed invariant subspaces is called subsealar. 
The interested reader can find a well organized study of these operators in 
the Laursen and Neumann book [214]. Note that every quasi-nilpotent gen- 
eralized scalar operator is nilpotent, [214, Proposition 1.5.10]. Moreover, 
every generalized scalar operator possesses Dunford property (C) since it is 
super-decomposable, see Theorem 1.5.4 of [214]. 

We show now that every subscalar operator T has the property (Ho)- 
By Theorem 3.99 we may assume that T is generalized scalar. Consider a 
continuous algebra homomorphism 'k : C°°(C) ^ L(X) such that 'k(l) = I 
and ^{Z) = T. Let A G C. Since T has the property ((7) we know from 
Theorem 2.77 that T has the SVEP and Hq{AI — T)= Ax({A}) is closed. 
On the other hand, if / G C“(C) then 4'(/)(Ho(A/ - T)) C Ho{AI - T) 
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because T = ^{Z) commutes with '&(/). Define ^ : C°°(C) ^ L{X) by 

^(/) = ^{f)\Ho{XI - T) for every / e C“(C). 

Clearly T|iJo(A/ — T) is generalized scalar and quasi-nilpotent, so it is nilpo- 
tent. Thus there exists d > 1 for which Hq{XI — T) = ker(A/ — T)'^. 

Example 3.103. We give some other examples of operators having the 
property (Hq). 

A bounded operator T on a Hilbert space is said to be M -hyponormal if 
there is M > 0 such that TT* < MT*T. Every M-hyponormal operator is 
subscalar, see [214, Proposition 2.4.9], so it satisfies the property (Hq). 

Every p-hyponormal operator is subscalar, see C. Lin, Y. Ruan and Z. 
Yan [219], so it satisfies the property (Hq). An operator T e L[H) is 
said algebraically p-hyponormal if there exists a non-constant polynomial q 
such that q{T) is p-hyponormal. By Theorem 3.102 every algebraically p- 
hyponormal operator has the property (Hq). Evidently every hyponormal 
operator is algebraically hyponormal whilst the converse is not true. To 

see this set T ^ ^ | ^ on It is easy to check that is not 

hyponormal for every fc G N, whereas g{T) = 0 with g{X) := (A — 1)^. 

Theorem 3.104. Let T G L{X), X a Banach space, and suppose that 
there exists an analytic function h defined on an open neighbourhood of 
cr{T), not identically constant in any component ofU, such that h{T) has 
the property (Hq). Then WeyTs theorem holds for both f{T) and f{T*) for 
every f G H{a{T). In particular, if T has the property (Hq) then Weyl’s 
theorem holds for both f{T) and f{T*) for every f G TC{a{T)). 

Proof By Theorem 3.102 f{T) has the property (Hq) for every / G TL{a{T). 
Therefore Weyl’s theorem holds for both f{T) and f{T*) by part (i) of 
Theorem 3.99. ■ 

Define 

^oo(^) € iso crap(T') : 0 < a{XI - T) < oo}. 

Clearly, for every T G L{X) we have 

Poo{T) C 7Too(T) C -k^q{T). 

Theorem 3.105. For a bounded operator T G L{X) the following state- 
ments are equivalent: 

(i) cTub(r) n7T[]o(T) = 0; 

(ii) a-uf(T) n7Tf]o(T) = 0; 

(hi) {XI — T){X) is closed for all X G 7rgQ(T); 

(iv) Hq{XI — T) is finite- dimensional for all X G vroo(T) and {XI — T){X) 
is closed for all X G 7fQQ{T) \ 7 Too{T); 
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(v) q{XI — T) < 00 for all A e t^oo{T) and {XI — T){X) is closed for all 
A e tt^T) \ ^oo(T); 

(vi) The mapping X 'y{XI — T) is not continuous at each Aq G 7rQQ(T). 

Proof (i) => (ii) is clear since a^f{T) C cr^b{T). 

(ii) => (iii) The implication follows since A/ — T G $+(X) for every 
AG^o“o(r). 

(iii) (iv) We have 7 Too(T) C 7Tqq{T) so XI — T g $+(X) for each 
A G 7 Too(T). The SVEP at every A G 7 Too(T) is equivalent by Theorem 3.18 
to saying that Hq{XI — T) is finite-dimensional for all A G 7 Too(T). The 
second assertion is obvious. 

(iv) (v) By Theorem 3.74 we have X = Hq{XI — T) © K{XI — T) for 
every isolated point A G cr{T), so K{XI — T) has finite-codimension for every 
A G 7 Too(T). For every A G C the inclusion K{XI — T)C (A/ — T){X) holds, 
and this obviously implies that (3{XI — T) < oo. Therefore XI — T G ‘I’(Af) 
for all A G 7roo(T). Finally, by Theorem 3.17 the SVFP of T* at A implies 
that q{XI — T)<oo for all A G 7 Too(T). 

(v) (i) Suppose that A G T^QoiT) \ 7Too(T). Then {XI — T){X) is 
closed, and since a{XI — T) < oo this implies that A/ — T G d>+(X). By 
assumption crap(T') does not cluster at A, hence from Theorem 3.23 we obtain 
p{XI — T) < 00 . Therefore A ^ aub(F). 

Suppose now the other case, A G 7 Too(T). By Theorem 3.4 the condition 
q{XI — T) < oo implies that /3(A/ — T) < a{XI — T) < oo, and hence 
XI — T G ‘I’(Af). Finally, since T has the SVEP at every isolated point of 
the spectrum, by Theorem 3.16 we may conclude that p{XI — T)< oo, and 
hence A ^ aub(F). 

(vi) (iv) The proof is analogous to the proof of the equivalence (iv) 

(x) established in Theorem 3.84. ■ 

Following Rakocevic [273] we say that a-Weyl’s theorem holds for T G 
L{X) if 

<o(T) = cTap(T) \ aUT). 

An immediate example of operator which satisfies a-Weyl’s theorem is 
given by any compact operator T on a Banach space having infinite spec- 
trum. In fact, from the Riesz Schauder theory we know that CTwa(F) = 0, 
aap(T) = a{T), and tt^o{T) = a{T) \ {0} = aa{T) \ a^^T). 

Theorem 3.106. Suppose that T G L{X) satisfies a-Weyl’s theorem. 
Then both Weyl’s theorem and a-Browder’s theorem hold for T. 

Proof Suppose that a-Weyl’s theorem holds for T and let A G a(T)\aw(T). 
Prom the inclusion awa(7") V a.f,{T) it follows that A ^ crwa(T), and since 
XI — T is Weyl we also have 0 < a{XI — T) < oo, otherwise we would 
have 0 = a{XI — T) = j3{XI — T) and hence A ^ <t(T). Therefore A G 
<^a.p{T) \ av,a.{T) = 7 Tqq{T). Hence A is an isolated point of c7ap(T) and this 
implies that T has the SVEP at A. By Theorem 3.16 it then follows that 
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p{\I — T) < 00 . Since a{\I — T) = (3{XI — T), by Theorem 3.4 we then 
deduce that q{XI — T) < oo, and hence A is an isolated point of cr(T), see 
Remark 3.7, part (b). This shows that cr(T) \ a^{T) C 7Too(T). 

Conversely, suppose that A e 7 Too(T). Obviously, 

A e nUT) = ^ap(T) \ awa(T) C a{T) \ a^,{T). 

Consequently, XI — T G d>+(X) with index less than or equal to 0. Since 
both T and T* have the SVEP at every isolated point of cr(T) then p{XI — T 
and q{XI — T are finite, again by Theorem 3.16 and Theorem 3.17. Hence by 
Theorem 3.4 we conclude that a{XI — T)= f5{XI — T) < oo, so A ^ a^iT). 

This shows the inclusion 7 Too(T) C cr(T)\crw(T), from which we conclude 
that Weyl’s theorem holds for T. 

To show that a-Browder’s theorem holds suppose first that A e acc crap(T). 
If were A ^ awa(E) then A e cr^piT) \ a^a{T) = A e 7rgQ(T), so A is an iso- 
lated point of cr ap(T) and this is impossible. Therefore acc (Tap{T) C a^a{T) 
and this implies by part (v) of Theorem 3.65 that awa{T) = crub(T’)- ■ 

Theorem 3.107. IfT orT* has the SVEP, then a-Weyl’s theorem holds 
forT if and only if one of the equivalent conditions (i)-(vi) of Theorem 3.105 
holds. 

Proof Observe first that both 7TQg(T) and (Juh{T) are subsets of aap{T) and 
the condition CTub(7") H vtqq(T) = 0 obviuously implies that 

7Too(r) C (Tap(T) \ CTub(r) C CTap(T) \ CTwa(E). 

To prove that a- Weyl’s theorem holds for T we need to show the reverse 
inclusion aap(T) \ awa(E) C ttqq{T). 

Suppose that T has SVEP and A e aap{T) \ awa{T). Then A e crap(T) 
and XI — T ^ ^^(X). Clearly, since {XI — T){X) is closed, XI — T is not 
injective and hence 0 < a{XI—T) < oo. On the other hand, XI— T G d>+(X) 
so by Theorem 3.23 the SVEP at A is equivalent to saying that crap(T) does 
not cluster at A. Hence A G 7rQQ(r). 

Finally, suppose that T* has SVEP and A G crap(T') \awa(E). The SVEP 
for T* implies by Corollary 3.53 and Theorem 3.66 that 

o-wa(T) = auh{T) = a,^{T) = ah{T). 

Moreover, by Corollary 2.45 we know that crap(T') = cr{T), and hence 
A G aap(T) \ ab(T) = a{T) \ a^{T) = poo{T) C 7ro“o(T), 
so the proof is complete. ■ 

Theorem 3.108. If T* has SVEP then the following statements are 
equivalent: 

(i) Weyl ’s theorem holds for T; 

(ii) a-WeyTs theorem holds for T. 
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Proof We have only to show the implication (i) => (ii). By Corollary 2.45 
we know that if T* has the SVEP then (Tap(E) = cr(T), so 7 Tqo(T) = 7roo(r)- 
On the other hand, by Corollary 3.53 the SVEP for T* yields the equalities 

aw(T) = Crb(T) = Uub(E) = CTwa(T). 

If Weyl’s theorem holds for T then 

7Tgo(T) = 7roo(T) = a(T) \ a^{T) = a,p{T) \ 
so a- Weyl’s theorem holds for T. ■ 

Corollary 3.109. Suppose that T e L{X) is reguloid and let f e 
Tt{a{T)). If T* has the SVEP then a-Weyl’s theorem holds for f{T). In 
partieular, a-Weyl’s theorem holds for f{T) whenever T has property (H) 
and T* has the SVEP. 

Proof By Theorem 2.40 we know that if T* has the SVEP then f{T*) = 
f{T)* has SVEP. Since by Theorem 3.90 Weyl’s theorem holds for /(T) we 
then conclude, by Theorem 3.108, that a-Weyl’s theorem holds for f{T). 
The second assertion follows from Corollary 3.97. ■ 

9. Riesz operators 

We now introduce a class of operators T on Banach spaces for which 
every non-zero spectral point is a pole of R{X,T). 

Definition 3.110. A bounded operator T e L{X) on a Banach space 
X is said to be a Riesz operator if XI — T e $(V) for every A e C \ {0}. 

The classical Riesz-Schauder theory of compact operators establishes 
that every compact operator is Riesz, see Heuser [159]. Other classes of 
Riesz operators will be investigated in Chapter 7. Clearly, if T G L{X) is 
Riesz then crf(T) C {0} and if X is infinite-dimensional then ct{{T) — {0} 
since a'f(T') is non-empty. 

Theorem 3.111. Por a bounded operator T on a Banach space the 
following statements are equivalent: 

(i) T is a Riesz operator; 

(ii) XI -Te B{X) for allXeC\ {0}; 

(in) XI -Te W(X) for allXeC\ {0}; 

(iv) XI -Te B+{X) for allXeC\ {0}; 

(v) XI -Te B-(X) for all XeC\ {0}; 

(vi) XI -Te $+(X) for allXeC\ {0}; 

(vii) XI — T e d>_(X) for all X e C \ {0}; 

(viii) XI — T is essentially semi-regular for all X e C \ {0}; 

(ix) Each spectral point X ^ Q is isolated and the spectral projection 
associated with {A} is finite- dimensional. 
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Proof (i) (ii) If T is a Riesz operator the semi- Fredholm resolvent has 
a unique component C \ {0}. Prom this it follows by Theorem 3.36 that 
both T, T* have SVEP at every A yf 0. Therefore, again by Theorem 3.36, 
XI -Te B{X) for all A / 0. 

The implications (ii) => (hi) => (i) are clear, so (i), (ii), and (hi) are 
equivalent. The implications (ii) => (iv) (vi) => (vih), (ii) => (v) => 
(viii) are evident, so in order to show that all these assertions are actually 
equivalences we need to show that (viii) => (ii). 

(viii) (ii) Suppose that (viii) holds. Then the Kato type of resolvent 
P\^(T) contains C \ {0}, and hence, since T, T* have the SVEP at every 
A e p{T), both the operators T and T* have the SVEP at every A 0, 
by Theorem 3.34 and Theorem 3.35. Prom Theorem 3.48 we then conclude 
that XI -Te B{X) for all A / 0. 

(i) (ix) As above, T and T* have the SVEP at every A y^ 0, so by 
Corollary 3.21 every non-zero spectral point A is isolated in cr{T). Ffom 
Theorem 3.77 and Theorem 3.74 it then follows that the spectral projection 
associated with {A} is finite-dimensional. 

(ix) ^ (ii) If the spectral projection associated with the spectral set {A} 
is finite-dimensional then Ho{XI — T) is finite-dimensional, so by Theorem 
3.77 A/ — T is Browder. ■ 

Since every non-zero spectral point of a Riesz operator T is isolated, the 
spectrum a{T) of a Riesz operator T e L{X) is a finite set or a sequence 
of eigenvalues which converges to 0. Moreover, since XI — T e B{X) for all 
A e C \ {0}, every spectral point A yf 0 is a pole of R{X,T). Clearly, if X 
is an infinite-dimensional complex space the spectrum of a Riesz operator 
T contains at least the point 0. In this case T e L{X) is a Riesz operator 
if and only if T := T + K(X) is a quasi-nilpotent element in the Calkin 
algebra L := L{X) /K(X). This result is a consequence of the Atkinson 
characterization of Ffedholm operators and in the literature is known as the 
Ruston characterization of Riesz operators. 

Generally, the sum and the product of Riesz operators T,S e L{X) need 
not to be Riesz. However, the next result shows that is true if we assume T 
and S commutes. 

Theorem 3.112. IfT,S € L{X) on a Banach space X the following 
statements hold: 

(i) If T and S are commuting Riesz operators then T + S is a Riesz 
operator; 

(ii) If S commutes with the Riesz operator T then the products T S and 
ST are Riesz operators; 

(iii) The limit of uniformly convergent sequence of commuting Riesz op- 
erators is a Riesz operator; 
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(iv) If T is a Riesz operator and K e K{X) then T + K is a Riesz 
operator. 

Proof If T, S commutes the equivalences classes T, S commutes in L, so (i), 
(ii), and (iii) easily follow from Ruston characterization of Riesz operators 
and from the well known spectral radius formulas 

r{T +S)<r{f) + r{S) and r{TS) < r{f)r{S) . 

The assertion (iv) is obvious, by the Ruston characterization of Riesz oper- 
ators. ■ 

It should be noted that in part (i) and part (ii) of Theorem 3.112 the 
assumption that T and K commute may be relaxed into the weaker assump- 
tion that T, S commute modulo K{X), i.e., TS — ST € K(X). 

Theorem 3.113. Let T e L{X), where X is a Banaeh spaee, and let f 
be an analytie funetion on a neighbourhood ofa{T). 

(i) IfT is a Riesz operator and /(O) = 0 then f{T) is a Riesz operator. 

(ii) If f{T) is a Riesz operator and f e H{a{T) does not vanish on 
cr(T)\{0} then T is a Riesz operator. In partieular, ifT^ is a Riesz operator 
for some n e N then T is a Riesz operator. 

('(iii) If M is a elosed T -invariant subspaee of a Riesz operator T then 
the restrietion T\M is a Riesz operator. 

Proof (i) Suppose that T is a Riesz operator. Since /(O) = 0 there exists 
an analytic function 5 on a neighbourhood of cr(T) such that /(A) = Ag(A). 
Hence f{T) = Tg(T) and since T,g{T) commute it then follows by part (ii) 
of Theorem 3.112 that f{T) is a Riesz operator. 

(ii) Assume that f{T) is a Riesz operator and / vanishes only at 0. 
Then there exist an analytic function g on a neighbourhood of cr(T') and 
n e N such that /(A) = X"‘g{X) holds on the set of definition of / and 
g{X) 7 ^ 0. Hence f{T) = T'^g(T) and g(T) is invertible. The operators 
f{T),g{T)~^ commute, so by part (ii) of Theorem 3.112 T" = f{T)g{T)~^ 
is a Riesz operator. Hence T" is quasi- nilpotent modulo K(X) and from 
this it easily follows that T is quasi-nilpotent modulo K{X). By the Ruston 
characterization we then conclude that T is a Riesz operator. 

(iii) We show first that {XI — T){M) = M for all A e p{T). The inclusion 

{XI — T){M) C M is clear. Let |A| > r{T). If R\ := {XI — T)~^ from the well 
known representation R\ = T"/A"^^ it follows that R\{M) C M. For 

every x' e M-*- and a; e M let us consider the analytic function A e p{T) 
x'{R\x). This function vanishes outside the spectral disk of T, so since p{T) 
is connected we infer from the identity theorem for analytic functions that 
x'{R\x) = 0 for all A e p{T). Therefore R\x e M-*"*- = M and consequently 
x = {XI- T)Rxx e {XI - T){M). This shows that M C {XI - T){M), and 
hence {XI - T){M) = M for all A e p{T). 

Now, XI— T is injective for all A e p{T), so if T := T\M then p{T) C p{T) 
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and hence cr{T) C a{T). Let Aq be an isolated spectral point of T, and hence 
an isolated point of cr(T'). If P denotes the spectral projection associated 
with {Aq} and T and P denotes the spectral projection associated with {Aq}, 
T and T then, as is easy to verify, Px = Px for all x G M. Hence P is 
the restriction of P to M, so that, since P is finite-dimensional, P is finite- 
dimensional. Prom part (ix) of Theorem 3.111 we then conclude that T is a 
Riesz operator. ■ 

Corollary 3.114. A bounded operator T of the eomplex Banaeh spaees 
X is a Riesz operator if and only if T* is a Riesz operator. 

Proof By definition, if T is a Riesz operator then XI — T G 4*(^) for all 
A 7 ^ 0. Therefore XI* —T* G <1'(X*) for all A 7 ^ 0, so T* is Riesz. Conversely, 
if T* is a Riesz operator, by what we have just proved the bi-dual T** is 
also a Riesz operator. Since the restriction of T** to the closed subspace X 
of X** is T, it follows from part (iii) of Theorem 3.113 that T itself must be 
a Riesz operator. ■ 

If T G L{X) for any closed T-invariant subspace M of X, let x denote 
the class rest x + M. Define Tm ■ X/M — s- X/M as 

Tmx : Tx for each x & X. 

Evidently Tm is well-defined. Moreover, Tm G L[X/M) since it is the 
composition QmT, where Qm is the canonical quotient map of X onto 
X/M. 

Theorem 3.115. If T G L{X) is a Riesz operator and M is a elosed 
T -invariant subspaee M of X then Tm is a Riesz operator. 

Proof By Corollary 3.114 T* is a Riesz operator. The annihilator M-^ of 
M is a closed subspace of X* invariant under T* , so by part (iii) of Theorem 

3.113 the restriction is a Riesz operator. Now, a standard argument 

shows that the dual of Tm may be identified with T*\M-^, so by Corollary 

3.114 we may conclude that Tm is a Riesz operator. ■ 

Further insight into the classes of Riesz operators will be given in Chap- 
ter 7. 



10. The spectra of some operators 

In this section we shall describe in some concrete cases the various spec- 
tra studied before, and in particular, in the case of unilateral weighted right 
shifts. As in the preceeding chapter we shall first consider bounded op- 
erators T on a Banach space X which satisfy the abstract shift condition 
T°°(X) = {0}, where T°°(X) as usual denotes the hyper-range . Recall that 
this condition entails that 0 G cr(T) since T is not surjective. 
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Theorem 3.116. Let T e L{X), where X an infinite- dimensional Ba- 
nach space, and suppose that T°°(X) = {0}. Then we have: 

(i) a{T) = (Tw(r) = (Tb(r); 

(ii) q{\I — T)=oo for every X e cr{T) \ {0}; 

(hi) T is nilpotent g(T) < oo. 

Proof (i) By Corollary 3.53 we have a^{T) = a\,{T). We show that erh{T) = 
cr(T). The inclusion crb(T) C a{T) is obvious, so it remains to establish that 
t(T) C a\y{T). Observe that if the spectral point A e C is not isolated in 
a(T) then A e crb(T). 

Suppose first that T is quasi-nilpotent. Then crh{T) = a{T) = {0} since 
ab(T) is non-empty whenever X is infinite-dimensional. Suppose that T 
is not quasi-nilpotent and let 0 A e <r(T). Since a{T) is connected, by 
Theorem 2.82, and 0 G cr(T), it follows that A is not an isolated point in 
cr(T). Hence cr(T) C ab(T). 

(ii) Let A G cr(T) \ {0} and suppose that q{XI — T) < oo. By Theorem 
2.82 we have p{XI — T) = 0 for every 0 yf A, and hence by Theorem 3.3 
q{XI — T)= p{XI — T) = 0, which implies A G p{T), a contradiction. 

(hi) Clearly the nilpotency of T implies that q{T) < oo. Conversely, if 
q := q{T) < oo then T«(X) = T“(X) = {0}. 

As in the previous chapter we set 

i{T) := lim fc(T")V", 

n—^oc 

where k{T) denotes the lower bound of T. 

Theorem 3.117. Suppose that T G L{X), X an infinite-dimensional 
Banach space, is non-invertible and i{T) = r{T). Then 

(107) aw(T) = (Tb(r) = (Tsu(r) = a{T) = D(0, r(T)), 
and 

(108) Uap(r) = (Tsf(r) = Use(T) = Ues(T) = 5D(0, r(T)). 

In particular, these equalities hold ifT°°{X) = {0} and i{T) = r{T). 

Proof If T is non-invertible and i{T) = r{T) then, as noted in Theo- 
rem 2.55, (t{T) is the whole closed disc D(0, r(T)) and crap{T) is the circle 
9D(0, r(T)). Since T has the SVEP then a^niT) = a{T) by Corollary 2.45, 
and aw{T) = crb(T), by Corollary 3.53. Suppose first that i{T) = r{T) = 0. 
Then T is quasi-nilpotent. The equalities (107) and (108) are then triv- 
ially satisfied (note that since X is infinite-dimensional, <Jb(T') is non-empty 
and hence is {0}). Suppose then that i{T) = r{T) > 0. Also in this case 
cr{T) = ab(T), since every non-isolated point of the spectrum lies on Ub(T). 
Therefore the equalities (107) are proved. The equalities (108) follow by 
part (i) of Corollary 3.53. ■ 
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Note that Theorem 3.117 applies to every unilateral weighted right shift 
T on 1 < p < 00 , which satisfies the equality i{T) — r{T). In the 

next result we shall consider a very special situation. 

Corollary 3.118. Suppose that T is an unilateral weighted right shift 
on t'P(N), 1 < p < 00 , with weight sequenee (cu„)„gN. If 

c{T) — lim inf(cui • • • = 0, 

n— ^oo 

then 

o-su(r) = o-ap(T) = ase(T) = aes(T) 

- a,f(T) = af(T) = aw(T) 

- (Tb(r) =a(T) =D(0,r(T)). 

Proof If c(T) = 0 then both T and T* have SVEP . The equalities of the 
spectra then follow by combining part (iii) of Corollary 3.53, Theorem 2.86 
and part (i) of Theorem 3.116. ■ 

Theorem 3.117 also applies to every non-invertible isometry T on a Ba- 
nach space X since i{T) = r(T) = 1. Examples of non-invertible isometries 
are the semi-shifts on Banach spaces. These are defined as the isometries 
for which the condition T°°[X) = {0} is satisfied. It should be noted that 
for Hilbert space operators the semi-shifts coincide with the isometries for 
which none of the restrictions to a non-trivial reducing subspace is unitary, 
see Chapter 1 of Conway [85]. 

An operator T G L[X) for which the equality ctt(x) = o~(T) holds for 
every a; 0 is said to have fat loeal speetra, see Neumann [246]. Clearly, 
by Corollary 2.84 an isometry T is a semi-shift if and only if T has fat local 
spectra. 

Examples of semi-shifts are the unilateral right shift operators of arbi- 
trary multiplicity on as well as every right translation operator on 

L^’([0, oo)). In Laursen and Neumann [214, Proposition 1.6.9] it shown that 
if X is the Banach space of all analytic functions on a connected open subset 
U of C, fa non-constant analytic function on U, and if Ty G L{X) denotes 
the pointwise multiplication operator by /, then the condition cr{Tf) C f{U) 
implies that T/ has local fat spectra. In particular, these conditions are ver- 
ified by every multiplication operator 7/ on the disc algebra A(D) of all 
complex- valued functions continuous on the closed unit disc of C and ana- 
lytic on the open unit disc D, where / G A(D), and the same result holds 
for the Hardy algebra i7°°(D). If / G i7°°(D) and 1 < p < oo the analytic 
Toeplitz operator on i7^(D) defined by the multiplication by / has also a 
local fat spectra. 

The next result generalizes the result of Corollary 2.83, which corre- 
sponds to the case that T is bounded below. 
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Theorem 3.119. Let T e $±(X), X a Banach space, and let Ll denote 
the connected component of Psi{T) which contains 0. Then the following 
assertions are equivalent: 

(i) T“(X) = {0}; 

(ii) p := p{T) < 00 and 

(109) nc Pi arix). 

a;^ker TP 



In this case the following assertions are valid: 

(iii) q{XI — T) = oo for all X e cr{T); 

(iv) /3{XI — T)>0 for all X e cr{T); 

(v) T e $+(X) and ind (A/ — T) < 0 for all X e LI; 

(v) T* does not have the SVEP. 

Proof Suppose that T“(X) = {0}. Then K{T) = {0} and T has the SVEP 
by Theorem 2.82. But T e d*±(V), so by Theorem 3.16 p := p(T) < oo and 
Ho{T) = 7V“(r) = kerTJ'. 

Now, by Theorem 3.31 the mapping X e LI ^ Ho{XI — T) + K{XI — T) 
is constant on LI, so 

kerTP = Hq{T) + K{T) = Hq{XI - T) + K{XI - T) 

for all A e fl. Again, from Theorem 2.82 we have Hq{XI — T) = {0} for all 
A yf 0, so by Theorem 2.18 

kerTP = K{XI - T) = {x e X : X arix)}. 

for all A G 12 \ {0}. Thus for x ^ ker we have LI \ {0} C axix), and since 
by Theorem 2.82 0 G o't(x) for all a; 0, we conclude that the inclusion 
(109) holds. 

Conversely, suppose that p = p{T) < oo and that (109) holds. Then 
0 G ut{x) for every x ^ kerT^’. Suppose that there exists x G T°°(A) with 
a; 7 ^ 0. By Theorem 5.4 then x ^ kerT^, so 0 G axix). But this is impossible 
since 

a; G T“(A) = K{T) = {x e X : 0 (f arix)}. 

Therefore T“(A) = {0}. 

(iii) By part (iii) of Theorem 3.116 we need only to prove that q{T) = oo. 
Suppose q{T) < oo. By part (iii) of Theorem 3.116 T is then quasi-nilpotent, 
and since p{T) < oo this implies that T is a Fredholm operator, so ct{{T) is 
empty, which is impossible since X is infinite-dimensional. 

To show that P{XI — T) for all A G cr(T), recall that T is upper semi- 
Predholm since the SVEP at A ensures that o;(r) < (3{T), see Corollary 

3.19. The SVEP at all the points X n LI also implies, again by Corollary 

3.19, that ind(A/ — T) < 0 for all A G fl a(T). 

Finally, assume that ind(/x/ — T) = 0 for some p & LI C\ cr{T). Then p ^ 
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cTw(T) = cr(T) by Theorem 3.116; a contradiction. Hence ind(A/ — T) < 0 
for all A e H n a(T). 

(v) This is a consequence of Theorem 3.17, since q{\I — T) = oo for all 
A G n n ■ 

Clearly, every isometry T G L(X) on a Banach space satisfies the con- 
dition i(T) = r{T) = 1, so if T°°(X) = {0} we have 

aT(x) = a(T) = D(0,1) 

by Corollary 2.83. Moreover, since an isometry is bounded below, and there- 
fore upper semi- Fredholm, Theorem 3.119 applies to every isometry which 
satisfies the condition T°°(X) = {0}. 

For every semi- Fredholm operator T G L[X) we have by Theorem 1.70 
^K{T*) =J\f°^{T) and K{T) 

These equalities, together with the characterizations of the SVEP at a point 
established in this chapter concerning semi-Fredholm operators allow us to 
deduce the following dual result of Theorem 3.119. We shall state it omitting 
the proof. 

Theorem 3.120. Let T G d>±(X), X a Banach space, and let LI be 
the connected component of Psi{T) which contains 0. Then the following 
assertions are equivalent: 

(i) A/'“(T) = X; 

(ii) q ■.= q{T) < oo and 

nc Pi aT*{x*). 
x*^ker T*^ 

In this case the following assertions are valid: 

(hi) {XI - T){X) = X for all A / 0; 

(iv) T* has the SVEP ; 

(v) T does not have the SVEP ; 

(vi) Por every x* 7 ^ 0, 0 G aT*{x*) and aT*{x*) is connected; 

(vii) a{T) = ay,{T) = (Jh{T) is connected; 

(viii) T G d>_(X) and ind {XI — T) > 0 for all X G Psf{T) fl c{T); 

(ix) p{XI — T) = oo and a{XI — T) > 0 for all X G o'{T). 

Theorem 3.54 also applies to the Cesaro operator Cp defined on the 
classical Hardy space i7p(D), D the open unit disc and 1 < p < 00 , by 

(Cp/)(A) := \ for all / G Hp{V>) and A G D. 

A Jo 1 ~ M 
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As noted by T. L. Miller, V. G. Miller, and Smith in [237], the spectrum of 
the operator Cp is the closed disc Fp centered at p/2 with radius p/2, and 

o-f(Cp) C 0'ap(C'p) = dTp. 

From Corollary 3.14 we also have (Tap(C'p) = asf(C’p) C cTf(r) and there- 
fore cTap(C'p) = cTsf(C'p) = cTf(T) = (9Fp. Moreover, since T has the SVEP 
by Corollary 3.14 we obtain that cr,^[T) = a\,{T). It should be noted that 
Cp* does not have SVEP at every point of the interior of Fp. In fact, if 
Xo & Cp\ dTp then XqI — Cp is Fredholm and the SVEP of Cp* at Aq 
would be equivalent to saying that q{Xo — Cp) < oo, by Theorem 3.17. But 
Aq/ — Cp is injective, so we would have g(Ao — Cp) = q{Xo — Cp) = 0 and 
hence Aq ^ cr(C'p), which is impossible. This argument also shows that 
Tw(C'p) = Crb(Cp) = Fp. 

We shall now consider Weyl’s theorem for operators T G L{X) for which 
the condition K{T) = {0} holds. Observe that Theorem 3.85 works for 
unilateral weighted left shift on £^(N). In fact, although these operators 
need not to have the SVEP, the adjoints T* are left shifts and hence have 
the SVEP. Moreover, Theorem 3.85 applies also to bilateral weighted shifts 
on CCL), since by Theorem 2.91 at least one of the operators T and T* has 
the SVEP. 

Theorem 3.121. Suppose that for a bounded operator T G L{X) on 
a Banach space X we have K{T) = {0}. If T is not quasi-nilpotent and 
f G TC{a{T)) then f{T) and f{T*) obey Weyl’s theorem. 

Proof By Theorem 2.82 the condition K{T) = {0} entails that T has the 
SVEP. Moreover, see Theorem 3.116 and Theorem 2.82, a{T) = ah{T) = 
av/{T) and a(T) is a connected set containing 0. In particular, a{T) does 
not have any isolated point because otherwise cr{T) = {0}. 

Now, let / be an analytic function defined on an open neighbourhood 
of u{T). Since the identity operator obeys Weyl’s theorem we may assume 
that / is non-constant. Hence f{a{T)) = a{f{T)) = a{f{T*)) is a connected 
subset of C without isolated points and therefore 

7roo(/(T)) = 7 Too(/(T*)) = iso a(/(T)) = 0. 

Moreover, by Corollary 3.72 we have also 

^(f(T)) = f{a{T)) = f{a^{T)) = a^{f{T)) = a^{f{T*)). 
Consequently both /(T) and f{T'> obey Weyl’s theorem. ■ 

Corollary 3.122. Let T G L{X) be a non quasi-nilpotent weighted uni- 
lateral right shift T on 1 < p < oo, with weight uj = Then 

T obeys Weyl’s theorem. Moreover, if 

c(T) := lim inffwi • • = 0, 

n— ^oo 

then T obeys a-Weyl’s theorem. 
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Proof The first assertion is clear. If c(T) = 0 then T* has SVEP, see 
Theorem 2.88, and hence Theorem 3.108 applies to T. ■ 

Remark 3.123. The previous theorem cannot, in general, be reversed. 
In fact, let V be the quasi-nilpotent Volterra operator on the Banach space 
X := (7[0, 1], defined in Example 2.35. V is quasi-nilpotent and K{V) = {0}. 
Since V is injective we have 7 Too(E) = 0 = a(V)\c7w(V). We note in passing 
that this argument also shows that if T G L{X), K{T) = {0} and T is 
injective then T obeys Weyl’s theorem. Consequently every weighted right 
shift with none of the weights = 0 obeys Weyl’s theorem. 

10.1. Comments. A relevant part of the material of this chapter is a 
sample of results of Aiena et al. [31] [32], [32], [16], [33], [34] and [14]. 
Some of these results, in the more special case of semi-Predholm operators, 
have been found in Finch [115], Schmoeger [295], and Mbekhta [229], see 
also the book [17]. The property that the finiteness of the ascent p{XqI — T) 
implies that T has SVEP at Aq was first noted by Finch [115], see also 
Laursen [201]. However, Theorem 5.4 in the form stated here has been 
taken from Aiena and Monsalve [32]. 

The class of paranormal and hyponormal operators has been investigated 
in the literature by several authors, for instance in Heuser’s book [159] or 
Istratescy [172]. A somewhat different notion of paranormal operator may 
be found in Albrecht [39] and Mbekhta [226], whilst an extension of the 
concept of hyponormal operators has been studied, in the framework of lo- 
cal spectral theory by Duggal and Djordjevic [101], [99] and [100]. That 
every totally paranormal operator has the property (C) was first observed 
by Laursen [201], who studied, by using different methods, the class of all 
operators for which the ascent p{XI — T) is finite for every A G C. 

The material on the operators which satisfy a polynomial growth con- 
dition is modeled after Barnes [61]. An illuminating discussion of these 
operators may be found in Laursen and Neumann [214], see, in particu- 
lar, Theorem 1.5.19, where the operators which satisfy a polynomial growth 
condition are characterized as the generalized scalar operators having a real 
spectrum. Further information may be found in Colojoara and Foia§ [83]. 

The section on the SVEP for operators of Kato type is modeled after 
Aiena and Monsalve [32], Aiena, Colasante , and Gonzalez [16]. The part 
concerning the SVEP at the points where the approximate point spectrum, 
as well as the surjectivity spectrum, does not cluster is taken from Aiena 
and Rosas [33]. 

Theorem 3.32, owed to Mbekhta and Ouahab [233], generalizes to the 
components of p^(T) the results obtained in [253] by O Searcoid and West, 
which showed the constancy of the mappings 

A ^ N°°{XI -T) + {XI - T)“(X), A ^ Af°^{XI-T) n {XI - T)“(A) 

on the connected components of the semi-Predholm spectrum psf{T). 

The work by O Searcoid and West [253] extended previous results 
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established by Homer [ 165 ], by Goldman and Krackovskii [ 143 ], [ 144 ], 
and by Saphar [ 284 ], which have studied the continuity of the functions 
A ^ A/"°°(A/ — T) and A ^ (A/ — T)°°(X) on a connected component of the 
semi- Fredholm resolvent, except for the discrete subset of points for which 
XI — T is not semi-regular. In particular, the constancy of the mappings 
A ^ A/'“(A/-T) n (A/ - T)“(X) and A ^ A/'“(A/ - T) + (A/ - T)“(X) 
as A ranges through a connected component of the semi-Fredholm resolvent 
was noted by West [ 323 ]. 

The classification of the components of the semi-Fredholm region given 
in Theorem 3.36 is classical. However, it should be noted that the methods 
used here, inspired by the work of Aiena and Villafane, which extend this 
classification to the other resolvents and involve the SVEP seem to be new. 

The classes of semi-Browder operators were introduced by Harte [ 147 ] 
and have been investigated in latter years by several authors, see Rakocevic 
[ 276 ], V. Kordula, Muller, and Rakocevic [ 192 ], Laursen [ 204 ], Aiena and 
Carpintero [ 14 ]. Lemma 3.42 and Theorem 3.43 are taken from Grabiner 
[ 139 ]. The equivalences (ii) (in) of Theorem 3.44 and Theorem 3.46 
were proved by Rakocevic in [ 272 ], see also [ 275 ], whilst the equivalences 
(i) (ii) of Theorem 3.44 and Theorem 3.46 were observed in Aiena and 
Carpintero [ 14 ]. The interested reader may find results on Weyl and Brow- 
der spectra in Harte [ 146 ], Harte and Raubenheimer [ 154 ], Harte, Lee and 
Littlejohn [ 153 ]. The relationship between the Dunford property (C) and 
the Weyl and Browder spectra for some special classes of operators has also 
been investigated by Duggal and Djordjevic [ 101 ], [ 99 ] and [ 100 ]. 

The characterizations of the Browder spectrum and the semi-Browder 
spectra of an operator by means of the compressions are owed to Zemanek 
[ 333 ]. 

The spectral mapping theorems for (Jui{T), crif(T) are modeled after 
Gramsch and Lay [ 141 ]. The subsequent material on the spectral mapping 
theorems for cTub(2^)) crib(T) is inspired in part by the work of Rakocevic in 
[ 272 ] and the work of Oberai [ 252 ]. The spectral mapping theorem for the 
Browder spectrum was first proved by Nussbaum [ 250 ], and successively 
proved, by using different methods, by Gramsch and Lay [ 141 ] and Oberai 
[ 252 ]. However, the methods used here, which involve the local spectral the- 
ory, are taken from Aiena and Biondi [ 13 ]. The interested reader may find 
further results on the spectral mapping theorem also in Schmoeger [ 294 ]. 
A modern and unifying approach to the axiomatic theory of the spectrum 
may also found in Kordula and Muller [ 190 ] and in Mbekhta and Muller 
[ 232 ]. 

Theorem 3.66 and Theorem 3.71 are taken from Aiena and Biondi [ 13 ], 
whilst Corollary 3.72 was established by Curto and Han [ 86 ]. The class of 
operators for which a-Browder’s theorem holds has been studied recently by 
several authors, see, for instance Harte and Lee [ 152 ], S. V. Djordjevic and 
Han [ 91 ], Curto and Han [ 86 ]. 
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Theorem 3.81 and the subsequent material on isolated points of the spec- 
trum are modeled after Schmoeger [ 291 ]. The section concerning Weyl’s 
theorem and a- Weil’s theorem contains ideas from S. V. Djordjevic, I. H. 
Jeon, E. Ko [ 92 ], Curto and Han [ 86 ], Aiena and Carpintero [ 15 ], Aiena and 
Villafane [ 35 ], Oudghiri [ 254 ]. Lemma 3.89 is owed to Oberai [ 251 ]. The 
class of operators which satisfy Weyl’s theorem was introduced by Coburn 
[ 81 ] and later studied by Berberian [ 65 ] and [ 66 ]. Berberian also showed 
that every Toeplitz operator obeys Weyl’s theorem. These authors extended 
to some other classes of operators a classical result obtained by Weyl [ 325 ] 
for selfadjoint operators on Hilbert spaces. The interested reader may find 
more recent results in Harte and W. Y. Lee [ 152 ], Harte, W. Y. Lee and 
Littlejohn [ 153 ], Schmoeger [ 295 ], Barnes [ 58 ], Han and W. Y. Lee [ 145 ], 
Rakocevic [ 273 ], D. S. Djordjevic, S. V. Djordjevic [ 90 ], S. H. Lee and W. Y. 
Lee [ 218 ], B. P. Duggal, S. V. Djordjevic [ 101 ]. The class of operators which 
satisfy a- Weyl’s theorem was introduced by Rakocevic [ 273 ]. The class of 
operators having property (H) has been studied by Aiena and Villafane 
[ 35 ]. All the material concerning the property (Hq) is taken from Oudghiri 
[ 254 ]. The interested reader may find some generalizations of these results 
in Duggal and S. V. Djordjevic [ 102 ]. 

The class of Riesz operators was introduced by Ruston [ 283 ] and has 
received a lot of attention in many articles, see Caradus [ 79 ], West [ 321 ], 
Aiena [ 1 ] [ 4 ], and standard books on Fredholm theory, see, for instance, 
Heuser [ 159 ], Dowson [ 93 ], Caradus, Pfaffenberger, and Yood [ 76 ]. How- 
ever, the methods here adopted for the study of this class of operators by 
means of the SVEP seems to be new, and, in particular, the characteriza- 
tion (viii) of Theorem 3.111 is taken from Aiena and Mbektha [ 29 ]. The 
last section on isometries is a sample of results due to Schmoeger [ 295 ] 
and Neumann [ 246 ], see also Laursen and Mbekhta [ 208 ], T.L. Miller and 
V.G. Miller [ 235 ], Aiena and Biondi [ 12 ] for further results. Semi-shifts 
were introduced by Holub [ 164 ] and studied by Laursen and Vrbova [ 216 ], 
Neumann [ 246 ] which introduced the concept of fat local spectra [ 246 ]. 




CHAPTER 4 



Multipliers of commutative Banach algebras 



A significant sector of the development of spectral theory outside the 
classical area of Hilbert spaces may be found among multipliers defined on a 
complex commutative Banach algebra. In fact, the Fredholm theory and the 
local spectral theory developed in the previous chapters find a significant, 
and elegant, application to the study of the spectral properties of this class 
of operators. 

Multipliers first appeared in harmonic analysis in connection with the 
theory of summability for Fourier series, but subsequently this notion has 
been employed in many other contexts, amongst which we mention the study 
of the Fourier transform, the investigation of homomorphisms of group al- 
gebras, Banach modules, and the general theory of Banach algebras. Our 
main concern will not be with the investigation of these applications, but 
we shall address primarily the spectral theory of multipliers of commutative 
semi-prime Banach algebras, in particular, to the Fredholm and local spec- 
tral theory of multipliers. 

The concept of multiplier extends that of a multiplication operator on 
commutative Banach algebras, but one of the reasons of the interest in this 
class of operators is given by the reason that the concept of multiplier pro- 
viding an abstract frame for studying another important class of operators 
which arises from harmonic analysisl, the class of all convolution operators 
of group algebras. Of course, a thorough study of multipliers of commuta- 
tive Banach algebras requires the knowledge of the basic tools of the theory 
of Banach algebras, and, in particular, the machinery of the Gelfand repre- 
sentation theory of commutative Banach algebras. 

In the first section we shall develop the elementary properties of multipli- 
ers of Banach algebras. For the most part we have restricted our attention 
to faithful commutative algebras, although some notions are given in the 
absence of commutativity. In the second section we see shall show that to 
every multiplier T of a semi-simple commutative Banach algebra A there 
corresponds an unique bounded continuous function, the Helgason-Wang 
function (fix defined on the maximal ideal space A (A) of A. The space 
A (A) may be viewed as an open subset, always with respect to the Gelfand 
topology, of the maximal ideal space A(M(A) of M{A). The Helgason- 
Wang function is the restriction of the Gelfand transform T of the element 
T G M{A) to A(A) and this property leads, in the third section, to some 
descriptions of the various parts of the spectrum of multipliers in terms of 



191 




192 



4. MULTIPLIERS OF COMMUTATIVE BANACH ALGEBRAS 



the range of this function. We shall see that if T is a multiplier of a semi- 
prime Banach algebra then the ascent p{XI — T) is finite for every A G C, 
so T has the SVEP and therefore all the results proved in Chapter 2 and 
Chapter 3 apply. 

The subsequent sections of this chapter address the multiplier theory 
of some concrete Banach algebras, such as group algebras, Banach alge- 
bras with orthogonal basis, commutative C* Banach algebras, commutative 
H* algebras. For these algebras we shall also give a precise description of 
the ideal in M(A) of all multipliers which are compact operators. These 
characterizations will be then used in the next Chapter for giving a precise 
description of multipliers which are Fredholm. 

1. Definitions and elementary properties 

The purpose of this section is to introduce the basic properties of mul- 
tipliers of Banach algebras. The material here presented is not exhaustive 
and we shall limit ourselves essentially to the multiplier theory of faithful 
commutative Banach algebras. 

Let A denote a complex Banach algebra (not necessarily commutative) 
with or without a unit. 

Definition 4.1. The mapping T : A ^ A is said to be a multiplier of 
A if 

(110) x{Ty) = {Tx)y for all x,y e A. 

The set of all multipliers of A is denoted by M{A). 

An immediate example of a multiplier of a Banach algebra A is given 
by the multiplication operator Lq : x G A ^ ax G A by an element a 
which commutes with every x G A. In the case in which A is a commutative 
Banach algebra with unit u the concept of multiplier reduces, trivially, to the 
multiplication operator by an element of A. To see this, given a multiplier 
T G M{A), let us consider the multiplication operator L^u by the element 
Tu. For each x G A we have 

LtuX = {Tu)x = u{Tx) = Tx, 

thus T = Lxu- In this case we can identify A with M{A). 

Given a nonempty subset B of A, we recall that the left annihilator and 
the right annihilator of B are the sets lan(il), ran(i?) defined by 

lan(i3) := {x G A : xB = {0}}, 

and 

ran(i?) := {x G A : Bx = {0}}. 

The basic properties of multipliers that we develop are generally presented 
in the framework of a very large class of Banach algebras. 

Definition 4.2. The Banach algebra A is said to be faithful f/ran(A) = 
{0} or lan(A) = {0}. 
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In the definition of faithful Banach algebras we follow the terminology 
of Johnson [ 175 ] and of the recent book of Laursen and Neumann [ 214 ], 
Faithful Banach algebras was also called proper by Ambrose [ 46 ] and with- 
out order in the book of Larsen [ 200 ], as well as by several other authors. 
Trivially, any Banach algebra with an identity is faithful. More generally, 
every Banach algebra A with approximate units is faithful, where A is said 
to have approximate units if for every x G A and e > 0 there is an element 
u for which |)a; — ux\\ < e. 

We recall that an algebra A is said to be semi-prime if {0} is the only 
two-sided ideal J for which = {0}. It is easy to check that if J is a left 

(or right) ideal of a semi-prime algebra A for which = {0} then J — {0}. 
In fact, lan(A) is a bi-ideal of A with 

[lan(A)]^ C (lan(A))A = {0}, 

and hence lan(A) = {0}. Clearly JA is a bi-ideal of A and (JA)(JA) C 
J^A = {0}. Therefore JA = {0} so that J C lan(A) = {0}. This also shows 
that any semi-prime algebra is faithful. 

Note that if A is semi-prime and xAx = {0}, then a; = 0. This follows 
immediately from the equalities {Ax)‘^ = Ax Ax = {0}, which imply that 
Ax = {0} and hence x = 0. 

We recall that a left ideal J of a Banach algebra A is said to be regular 
(or also modular) if there exists an element v G A such that A(1 — u) C J, 
where 

A{1 — v) := {x — XV ■. X ^ A}. 

Similar definitions apply to right regular ideals and regular ideals. It is clear 
that if A has a unit u then every ideal, left, right, or two-sided, is regular. 
A two-sided ideal J of A is called primitive if there exists a maximal regular 
left ideal L of A such that 



J = {x & A : xA C L}. 

It is well known that J is a primitive ideal of A if and only if J is the kernel 
of an irreducible representation of A, see Bonsall and Duncan [ 72 , Propo- 
sition 24.12]. 

The (Jacobson) radical of an algebra is the intersection of the primitive 
ideals of A, or, equivalently, the intersection of the maximal regular left 
(right) ideals of A, see [ 72 , Proposition 24.14]. An algebra A is said to be 
semi-simple if its radical rad A is equal to {0}. If A = rad A then A is 
said to be a radical algebra. Each semi-simple Banach algebra is semi-prime 
and therefore faithful [ 72 , Proposition 30.5]. Note that in a commutative 
Banach algebra A the radical is the set of all quasi-nilpotent elements of A, 
see Bonsall and Duncan [ 72 , Corollary 17.7], and consequently A is semi- 
simple precisely when it contains non-zero quasi-nilpotent elements, whilst 
a commutative Banach algebra A is semi-prime if and only if it contains 
non-zero nilpotent elements. 
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The weighted eonvolution algebra Li(M+,a;), where the weight oj is cho- 
sen so that ^ 0 as t ^ 0, is an example of a semi-prime Banach algebra 
which is not semi-simple [ 72 ], so these two classes of Banach algebras are 
distinct. 

A trivial example of a semi-primeBanach algebra is an integral domain. 
This is a Banach algebra A for which the product of two nonzero elements 
of A is always nonzero. On the other hand, it is easy to see that a nonzero 
Banach algebra A for which the multiplication of any two elements is zero 
will provide an example of a Banach algebra which is not faithful. 

As usual, let L[A) denote the Banach algebra of all linear bounded op- 
erators on A. Observe that in the definition of multipliers there are no 
assumptions of linearity or continuity. 

The next theorem shows that if A is faithful Banach algebra the linear- 
ity and continuity of a multiplier are consequences of the definition (110). 
Observe first that if A is faithful and x,y,z G A, for each T G M{A) we 
have 

z[x{Ty)] = z[{Tx)y] = iTz){xy) = zT{xy), 

thus 

[x{Ty) — T{xy)] G ran(A) = {0} 
and therefore the equalities 
(111) x{Ty) = {Tx)y = T{xy) 

hold for each x,y G A. 

Theorem 4.3. Let A be a faithful Banaeh algebra. Then: 

(i) Every multiplier is a linear bounded operator on A. The multiplier 
algebra M{A) is a elosed eommutative subalgebra of L{A) whieh eontains 
the identity I of L{A); 

(ii) For every T G M{A), T{A) is a two-sided ideal in A; 

(hi) If the Banaeh algebra A is eommutative then every multiplieation 
operator La ■ x G A ^ ax G A, where a G A, is a multiplier of A. The 
mapping a G A ^ La & M{A) is a eontinuous isomorphism of the algebra 
A onto the ideal {La : a G A} of M{A). 

Proof (i) First we prove that any T G M{A) is linear. For any x,y,z^A 
and A, /I G C we have 

z[T{Xx -h fiy)] = {Tz){Xx py) = Xz{Tx) pLz{Ty) = z[XTx + pTy], 

and since ran(A) = {0} this implies T[Xx -\- p.y) = XTx -\- yTy. 

To prove that T is bounded let y,z E A and (i/„) C A be a sequence for 
which \\yn — y|| ^ 0 and \\Tyn — z\\ 0. For each a; G A we have then 
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which implies that xz = x{Ty) and hence {z — Ty) G ran(A). Therefore 
z = Ty and by the closed graph theorem we then conclude that T is a 
bounded operator. 

Next, we show that M{A) is a commutative subalgebra of L(A). It 
is easy to verify that the sum of multipliers is a multiplier. Moreover if 
T,S e M{A) and x,y e A we have 

[{TS)x]y = [T(5x)]y = T[(fe)i/] = T[x(5y)] = x[TS{y)], 

so TS G M{A). Furthermore, by applying (111) to the product TS we 
obtain that 



x[{TS)y] = {TS){xy) = T[S{xy)]=T[{Sx)y] 

= {Sx)(Ty) = x[{ST)y] 

from which we conclude that {TS)y = {ST)y for all y G A. Therefore M{A) 
is commutative Banach algebra. 

Now, let (T„) G M{A) be a sequence which converges to T G L{A). 
Then for every x,y G A we have 

\\{Tx)y - x{Ty)\\ < \\{Tx)y - {Tnx)y\\ + \\{Tnx)y - x{Ty)\\ 

< 2||T- r„||||a;j|||i/||, 

and this implies that {Tx)y = x{Ty). Hence M{A) is closed. 

(ii) Clearly, if T G M{A) the equalities (111) imply, since T is linear, 
that T{A) is a two-sided ideal of A. 

(iii) The proof is straightforward. ■ 

Theorem 4.4. If A is semi-prime then M{A) is semi-prime. 

Proof Suppose that J is a two-sided ideal of M[A) with = {0}. If 
T e J then = 0 and, from the equality (Tx){Ty) = [T‘^x)y = 0 for all 
x,y G A, it follows that [T(A)]^ = {0}. Since T{A) is a two-sided ideal of A 
and A is semi-prime then T(A) = {0}. Hence T = 0, so that J = {0}. ■ 

By Theorem 4.3 a commutative faithful Banach algebra A may be iden- 
tified the subset {La : a G A] of the multiplier algebra M{A). Clearly, for 
each a G H we have ||Ta|| < ||fl||- Generally, if A is regarded as a subset of 
M{A), the norm of A and the operator norm of M{A) are not equivalent. 
A straightforward consequence of the open mapping theorem is that these 
two norms are equivalent if and only if the ideal A is a closed in M{A). 

We give now an example of a commutative faithful Banach algebra A 
for which the two norms on A and M{A) are not equivalent. 

Example 4.5. Let u> := (cu„) be a sequence of real number such that 
u>n> I for all n G N and denote by co(w) the space of all complex sequences 
X := (xn) for which XnCZn — *• 0, as n — > 00 . The space co(co) with respect 
the coordinatewise operations and equipped with weighted supremum norm 
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given by 



:= sup \XnUJn 
JiSN 



is a commutative Banach algebra. If we define 4>k{x) := Xk for all elements 
X = (xn) G co(w) then 4>f~ is a multiplicative linear function on co(cu) and it 
is easily seen that co{oj) is semi-simple. If := {Sjk)je¥i then ||efc|| = I for 
all fc G N. For every A: G N let us consider the multiplication operator . 
It is clear that ||iei,|| = 1 for all fc G N. Therefore if we choose ^ oo as 
n ^ 00 the norm on M{co{uj)) is not equivalent to the norm of co(cu), and 
consequently co(cu) is not closed in the norm of its multiplier algebra . 



A Banach algebra A is said to have an approximate identity if there 
exists a net (eA)AsA such that e\a ^ a in the norm of A for every a G 
A. If the net (eA)AsA is bounded we shall say that A possesses a bounded 
approximate identity. It is straightforward to verify that a Banach algebra 
with a bounded approximate identity is faithful. Moreover, it is easily seen 
that for a commutative Banach algebra with a bounded approximate identity 
the norm of A is equivalent to the operator norm of A regarded as subset of 
M{A), so that A is a closed subset of M{A). 

We show now that, in the commutative case, the algebra M{A) is the 
maximal commutative extension of A into L(A). 



Theorem 4.6. Let A be a faithful Banaeh algebra. Then the following 
statements are equivalent: 

(i) A is eommutative; 

(ii) M{A) is a maximal commutative subalgebra of L{A), i.e., there is 
no proper subalgebra of L{ A) containing properly M{A). 

Proof The proof depends on Zorn’s Lemma. Suppose that A is commu- 
tative. If M{A) were not maximal in L(A), by Zorn’s Lemma there exists 
a maximal commutative subalgebra B of L{A) containing properly M{A). 
Suppose that T G B. For each x,y G A we have 

(112) x{Ty) = L4Ty) = {L,T)y = {TL,){y) = T{xy). 

Obviously we may interchange in (112) x with y and obtain y{Tx) = T{yx) 
and since xy = yx from (112), it then follows that 

x{Ty) = T{xy) = T{yx) = y{Tx) = {Tx)y. 

Therefore T G M(A) for each T G B, contradicting that M(A) is properly 
contained in B. 

Conversely, suppose that M{A) is maximal subalgebra of L{A) and con- 
sider an arbitrary element a G A. If La is the left multiplication operator 
by a and T G M{A) then 

{LaT)x = a{Tx) = T{ax) = {TLa)x 
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for all X ^ A. Prom this it follows that LaT = TLa for all T e M{A) and 
hence La G M{A), by the maximality of A. This implies, for every x, y G A, 

yxa = Ly{xa) = x{LyO) = xya 

for all a G A. Consequently yx — xy & lan(A) = {0}, hence yx = xy for all 
x,y G A. Therefore A is commutative. ■ 

Observe that the definition of a multiplier reminds us in a certain sense 
of the definition of a symmetric operator T which is defined on a Hilbert 
space H by 

(113) {Tx,y) = {x,Ty) for all x, y G H, 

where (•, •) denotes the inner product on H. The classical Hellinger Toeplitz 
theorem establishes that the definition (113) implies the continuity of T, 
exactly as the definition (110)) implies the continuity of a multiplier on a 
faithful Banach algebra. 

Definition 4.7. We shall say that two elements x,y G A are orthogonal 
whenever xy = yx = 0. Given a nonempty subset B of A the orthogonal of 
B is defined to be the set 

B^ := {x G A : xy = yx = 0 for each y G B}. 

Trivially, B~^ is a two-sided ideal of A, and by the continuity of the 
product it is also closed. 

Definition 4.8. A projection P is said to be orthogonal if P projects A 
onto a closed two-sided ideal B along its orthogonal BA , i.e., 

A = B®B~^, P{A) = B, and ker P = (/ - P)(H) = 

The following result is reminiscent of analogous properties of symmetric 
operators on Hilbert spaces. 

Theorem 4.9. Let A be a faithful Banach algebra. For each T G M[A), 
we have: 

(i) ker T = T{A)~^ and T{A) C ker 

(ii) If T is surjective then T is injective; 

(iii) Eigenvectors of T corresponding to distinct eigenvalues are orthog- 
onal to each other. 

Proof (i) Let X G ker T and y = Tz, where z (E A Then xy = x(Tz) = 
(Tx)z = 0 and in the same way yx = 0. 

Conversely, if y G T{A)^ , for every a; G we have {Tx)y = x{Ty), and 
this implies, since A is faithful, Ty = 0. Therefore T{A)^ C ker T. 

To prove the second inclusion let us consider y G T[A) and suppose that 
Tyn^yGAasn^oo. For any x G ker T and every n G N we then have 
0 = {Tx)yn = x{Tyn), which implies that xy = 0. Analogously yx = 0, so 
y G (ker T)~^ . 
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(ii) If T{A) = A then by part (i) ker T = A~^ = {0}. 

(hi) Let Tx = Xx , Ty = yy where X^ y and x,y 0. Then 
Xxy = {Tx)y = x{Ty) = yxy. 

Therefore (A — y)xy = 0, thus xy = 0. Analogously we have yx = 0. ■ 

The next theorem shows that the orthogonal projections are exactly 
all the projections which are multipliers. It also exhibits another strong 
analogy between symmetric projections (which are orthogonal with respect 
to the inner product) on a Hilbert space and multiplier projections on a 
faithful Banach algebra . 

Theorem 4.10. Let A be a faithful Banaeh algebra and P e L{A) a 
projeetion. Then P is orthogonal if and only if P is a multiplier. 

Proof Let be P an orthogonal projection and let us suppose that A = 
M © M"*" , M a closed two-sided ideal of A, is the corresponding orthogonal 
decomposition, i.e. P{A) = M and ker P = M~^ . Then for each z,v (z A 
we have z = x + y,v = u + w, where u,v (E M, y,w (E M~^ . Prom these 
decompositions it follows that 

{Pz)v = P{x + y)v = XV = x{u + w) = XU = {x + y)u = z{Pv) 

for each z,v (E A, hence P is a multiplier of A. 

Conversely, let P e M{A) be a projection. Then A = P{A)(B{I — P){A). 
Let us consider the elements Px e P{A) and (/ — P)y e (/ — P){A). We 
have 

P{x)[{I - P)y] = x[P{I - P)y] = 0 

and, analogously, [(/ — P)y]{Px) = 0. Therefore P{A) C (/ — P)(A)]~'~. 

On the other hand, if we assume that z G Ais orthogonal to {I — P){A), 
because / — P is a multiplier then 

z[{I — P)y] = (/ — P){zy) = 0 for each y e A, 

which gives 

zy = P{zy) = {Pz)y for each y & A. 

Therefore z — Pz e A~^ = 0 and hence z = Pz. This proves also that the 
inclusion [(/ — P)(A)]~'~ C P{A) holds, so [(/ — P)(A)]~'" = P{A). ■ 

Let B denote a closed two-sided ideal of A and T e M{A). We shall say 
that B reduees T if A = B ® B^ and B, B^ are both invariant under T. 

Theorem 4.11. Let A be a faithful Banaeh algebra. We have: 

(i) If B is a elosed two-sided ideal invariant under T e M{A), then also 
B~^ is invariant under T; 

(ii) If A admits the orthogonal deeomposition A = B ® B~^ , where B 
a elosed two-sided ideal, then B reduees any T e M{A) under whieh B is 
invariant. 
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Proof (i) Let y G B~^ and let z be any element of B. We have 0 = y{Tz) — 
{Ty)z and 0 = {Tz)y = z{Ty), thus Ty G B^ . 

(ii) Suppose A = B ® B~^ , B a closed two-sided ideal in A, and let 
P denote the corresponding orthogonal projection of A onto B. Then by 
Theorem 4.10 P G M{A) and the commutativity of M{A) entails that PT = 
TP for each T G M (il) . This is equivalent to the property that the two ideals 
B and B~^ are both invariant under T. ■ 

It is easily seen that every closed ideal in a Banach algebra with an 
approximate identity is invariant under any T G M (yl) . 

In a Hilbert space a symmetric operator T on a complex inner product 
space is uniquely determined by its quadratic form {Tx, x), see Heuser [159, 
§68]. Similarly, a multiplier T of a faithful commutative Banach algebra may 
be characterized by means of the products {Tx)x, x G A. In fact, we have: 

Theorem 4.12. Let A he a faithful eommutative Banaeh algebra . Then 
T G M{A) if and only ifTx"^ = x{Tx) = {Tx)x holds for eaeh x e A. 

Proof Clearly we have only to show that if Tx'^ = x{Tx) for each x G A 
then T G M{A). To see this let x, z G A be arbitrary. Then 

(Tx)x + 2 T{xz) + {Tz)z 
= T(x^ -h 2xz + z^) 

= T{x + z)“^ — {x + z)T{x + z) 

= {Tx)x + {Tz)x + {Tx)z + {Tz)z, 

and hence 

2T{xz) = {Tz)x + {Tx)z — x{Tz) + {Tx)z. 

From this we obtain that 

[2TLx — LxT)z = LtxZ for every z G A. 

This implies that 

{2TLx - LxT) = Ltx e M{A), 

and hence because M{A) is commutative 2TLx — LxT commutes with Lz- 
Consequently, 

(114) 2TLxLz - LxTLz = 2LzTLx - LzLxT = 2LzTLx - LxLzT. 

Applying each side of the (114) to z, using the equality Tz^ = z{Tz), and 
simplifying we then obtain 

T{xz^) = zT{xz) for every x, z G A. 

In particular, T[y{x + z)^j = (x -|- z)T{x + z)y, and hence 
Tx^y + 2T{xzy) +Tz^y = T[{x + z)'^y\ 

= T[y{x + z)‘^] = {x + z)T{x + z)y 
= x{T{xy) + xT{zy) + zT{xy) + zT{zy). 
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Therefore 

(115) 2TLxLz = LxTLz + LzTLx- 

By substituting (119) into (114) and simplifying we then obtain LzTLx = 
LzLxT, which gives zT{xy) = z[x{Ty)] for all z G A. Since A is faithful we 
then conclude that T{xy) = x{Ty) for each x,y & A, so T G M{A). ■ 

In the sequel we shall need the following result which shows that if A 
has an approximate identity then every multiplier is the limit in the strong 
topology of multiplication operators. 

Theorem 4.13. Let A be a faithful eommutative Banaeh algebra. Then 
the following properties are equivalent: 

(i) A has an approximate identity; 

(ii) The set {Lx x ^ A{ is dense in M{A) in the strong operator 
topology. 

Proof (i) => (ii) Suppose that (up) is an approximate identity of A. Then 
the net (Lt^^) converges strongly to the operator T for each T G M{A). 

(ii) (i) Conversely if (ii) is satisfied the net (T«^) converges in the 
strong topology to the identity I G M{A), and this obviously implies that 
(up) is an approximate identity of A. ■ 



2. The Helgason— Wang function 

We first recall some basic elements of the classical Gelfand theory of 
commutative Banach algebras. The reader will find more information in 
Bonsall and Duncan [72] and Rickart [279]. 

Let A (A) denote the set of all maximal regular ideals of a commutative 
Banach algebra A and let A* denote the dual of A. Recall that a mul- 
tiplieative linear funetional on a complex Banach algebra A is a non-zero 
linear functional m G A* such that m{xy) = m{x)m{y) for all x,y G A, i.e., 
m. is a non-zero homomorphism of A into C. It is well known that if A is 
commutative the maximal regular ideals are precisely the kernels of the mul- 
tiplicative linear functionals. Hence A (A) can be identified with the subset 
of the unit ball of A* consisting of the multiplicative linear functionals on 
A. Consequently if A is a commutative Banach algebra A then 

rad A = ker m, 

mSA(A) 

and from this it follows that rad A coincides with the set of all quasi-nilpotent 
elements of A, see [72, Corollary 17.7]. 

In A (A) it is possible to consider the so called Gelfand topology. This 
is the weak* topology on the unit ball of the dual restricted to A(A). The 
set A(A) provided with this topology is a locally compact Hausdorff space 
called the regular maximal spaee of A. Note that A(A) is compact with the 
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Gelfand topology if the Banach algebra A has a unit, see Bonsall Duncan 
[72, §17], 

Now let X denote the Gelfand transform of x e A defined by 
x{m) := m(x) for each m e A(A), 

and denote by Co (A) the Banach algebra of all continuous complex valued 
functions which vanish at infinity, provided with the sup-norm. The cor- 
respondence X G A ^ X € Co(A) defines a continuous homomorphism of 
A onto a subalgebra of Co(A) which is called the Gelfand representation of 
A. If A has a unit the mapping x ^ x is a continuous homomorphism of 
A onto a subalgebra of C(A), where C(A) denotes the Banach algebra of 
all continuous complex valued functions provided with the sup-norm, since 
A (A) is compact in this case. 

Finally, A is semi-simple if and only if the Gelfand representation is in- 
jective or equivalently that A (A) separates the points of A, i.e. for every 
non-zero element of A there exists some m G A(A) such that x{m) ^ 0. 
Obviously the last condition implies that if x(m) is zero for all m G A(A) 
then X = 0 . 

The following result, owed to Wang [314], plays a fundamental role in 
the theory of multipliers of commutative semi-simple Banach algebras. It 
shows that every multiplier of A may be represented as a bounded continuous 
complex function on the locally compact Hausdorff space A (A). 

Theorem 4.14. Let A be a semi-simple commutative Banach algebra. 
Then for each T G M{A) there exists a unique bounded continuous function 
(fT on A (A) such that the equation 

(116) Tx{m) = LpT{m)x{m) 

holds for all X G A and all m G A(A). Moreover, 

||</5r||oo < ||T|| for allT e M{A). 



Proof For each m G A(A) take x G A such that x(m) 7 ^ 0 and define 



Trim) 



Tx{m) 

x(m) 



We show first that the definition of (fr is independent of x. Indeed, let y 
be any element of A such that y{m) 7 ^ 0. Then because {Tx)y = x{Ty) 
we have Tx{m)/x{m) = Ty{m)/y{m), and hence the function ipr is well 
defined. Moreover, ipx is a continuous function on A (A), so to prove the 
equation (120) for all x G A and m G A(A) we only need to show that it is 
still satisfied whenever x(m) = 0 . 

Suppose x(rn) = 0 and let y G A such that y{m) yf 0. Then we have 
Tx{m)y{m) = x{m)Ty{m) = 0, 

which implies Tx{m) = 0. Hence Tx{m) = y:>T{m)x{m) for all x G A and 
m G A(A). 
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To prove the uniqueness of (fT denote hy ip a. second complex-valued 
function defined on A (A) for which Tx — ipx. Then 

((pT(m) — 'tp{m))x{m) = 0 for all x € A, 

and this trivially implies = V’(m). 

To prove the last assertion let us denote 

\\m\\ := sup{|x(m)| : ||a;|| = 1 }. 

Because 0 < ||m|| < 1, for each a; G A we have 

|(/?T(m)a;(m)| = |Ta;(m)| < ||m||||Ta;||||x||. 

In particular, considering those elements x having norm 1 we obtain 

\(pT{m)\ < mf ^ = — — - = T , 

||x|i=i \x{m)\ supii^ll^i |x(rn)| 

so iy)T is bounded and Ht/arHoo < ||T||. ■ 

The function ipT which corresponds by the previous theorem to a mul- 
tiplier T will be called the Helgason- Wang function of T. 

Clearly, for a multiplication operator La we have 

= a for every a G A. 

Let us denote by Ai(A) the normed subalgebra of C'(A) defined as follows 

A4(A) := G C(A) : (f is bounded and <y)A C A}, 

where A denotes the set {x : x G A}. It is evident that the equation 
Tx{m) = (pT{m)x{m) defines a continuous isomorphism T — > ipx of M{A) 
onto the algebra Ad (A). 

In the next theorem we give another characterization of multipliers of 
commutative semi-simple Banach algebras. 

Theorem 4.15. Let A be a commutative semi-simple Banach algebra 
and T be a bounded operator on A. Then the following statements are equiv- 
alent: 

(i) T G M(A); 

(ii) Each maximal regular ideal of A is invariant under T, or, equiva- 
lently, T(ker m) C ker m for each m G A(A). 

Proof Let T G M{A) and m G A(A). If x ^ ker m, for every y G ker m we 
have 

Ty{m)x{m) = {pT{m)x{m) = 0. 

Since x(m) 7 ^ 0 this implies Ty{m) = m{Ty) = 0, and hence Ty G ker m. 

Conversely, suppose that (ii) holds and consider two elements x,y of A. 
Fix an arbitrary multiplicative linear functional m G A (A). Suppose first 
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the case that either x or y belongs to the maximal regular ideal M := ker m, 
say X G M. From Tx G ker m we then obtain 

(117) [x{Ty)-{Tx)y]{m) = Q. 

Consider the other case in which both x, y do not belong to the maximal 
regular ideal M . Since M has codimension 1 there then exist A, /r G C, an 
element z ^ M, and elements u,v G M such that x = Xz + u, y = yz + v. 
Taking into account that both the elements Tu and Tv belong to M = ker m 
we then have that 

x{Ty){m) = Tx)y{m) = Xz{m) yT z{m) . 

Hence also in this second case the equality \x{Ty) — [Tx)y\{m) = 0 is sat- 
isfied. Therefore the equality (117) is verified for each m G A(A) and 
for all x,y G A, so from the semi-simplicity of A we may conclude that 
x{Ty) = {Tx)y for all x,y € A, which shows that T G M{A). ■ 

Since M{A) is a commutative Banach algebra we can consider the max- 
imal regular ideal space A{M{A)). As usual, by T we shall denote the 
Gelfand transform of T as an elemente of the commutative Banach algebra 
M{A). Observe that, since M{A) has a unit, A{M{A)) is compact with 
respect to the Gelfand topology. 

Next we want to exhibit for a commutative faithful Banach algebra the 
relationships between A(A) and A{M(A)). We recall that by Theorem 4.3 
A can be algebraically identified with the ideal {L^ : x G A} of M{A). In 
symbols we shall write A = {L^ : x G A}. 

Theorem 4.16. Let A be a eommutative faithful Banaeh algebra. To 
eaeh m G A(A) there eorresponds an unique (f := f){m) G A{M{A)) sueh 
that the restrietion <f \ A of <f on A eoineides with m. Moreover, if n G 
A{M{A)) then either v = 0 on A or there is a unique m G A(A) sueh that 
V \ A = m. 



Proof Suppose that m G A (A) and let x be an element of A such that 
m(x) jtz 0. Let (f be defined as follows 

f)(T) := foranyTGM(A). 

m{x) 

Observe that the definition of 0 does not depend on the choice of x since if 
ni{y) 7 ^ 0 then 



4>{T)m{y) 



m{Tx)m{y) 

m{x) 



m{{Tx)y) 



m{x{Ty)) 

m{x) 



Evidently 0 is a linear functional on M (A) and 



m{Ty). 



(f{TS) = 



m{{TS)x) 

m{x) 



m[x) 
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SO (f> G A(M(A)). Moreover, for all y G A we have 






m{Lyx) 

m{x) 



m{yx) 

m(x) 



= in{y), 



which shows that (p \ A = m. 

To prove that (p is unique let us consider another multiplicative linear 
functional G AM (A) such that f^{Ly) = m{y) for all y G A. Choosing any 
X G A such that m{x) 0, if T G M{A) we then have 



y,{T)m{x) = y.{TLx) = <P{Ltx) = m{Tx) = (p{T)m{x), 



and this obviously implies that fj, = (p. 

To prove the last part of the theorem let us consider a multiplicative 
linear functional u on M(A) such that v{Ly) ^ 0 holds for some y G A. 
The equation m{x) = v{Lx), where x G A, defines a multiplicative linear 
functional m on A, and by the first part of the proof v coincides with the 
unique (p G A(M(A)) for which (p \ A = m, so the proof is complete. ■ 



Let fl be the set defined by 

fl := {(p e A(M(A)) : (p{Lx) 7 ^ 0 for some x G A}. 

As a consequence of Theorem 4.16 we know that there exists a bijective 
mapping 

(118) (p : m e A(A) <p = (p{m) G H 
of A(A) onto the subset of A(M(A)). 

Definition 4.17. Given an ideal J of a eommutative Banaeh algebra B, 
the hull of J is defined to be the set 

hi 3 {J) '■= {m G A{B) : ker m C J}. 

If E is a subset of A{B) the kernel of E is defined to be the ideal of B 
k]s{E) := ker m = {x G S : x(m) = rn(x) = 0 for all m G i?}. 

mEE 

It is easily seen that his{J) and k^iE) are closed subsets of A{B) and 
B, respectively. 

Now denote by hf^^j^^{A) the hull of the ideal A = {Lx : x G A} in M{A)\ 
hM{A){^) = {</*€ ^(-^(^)) : </> I A = 0 for each x G A}. 

Clearly we have 

(119) A{M{A)) = nuhMiA){A). 

The equality above is just a set-theoretic decomposition of A(M(A)). The 
next theorem shows how these sets are also topologically linked in the 
Gelfand topology of A(M(A)). 

Theorem 4.18. Let A be a eommutative faithful Banaeh algebra. Then 
Ll is an open subset of A{M{A)) homeomorphie to A(A), and hM{A){A) is 
eompaet in A(M(A)) with respeet to the Gelfand topology. 
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Proof The hull is a closed subset of A{M{A)), so the equal- 

ity (119) implies that fl is open. The bijective mapping (p : m ^ 
described after Theorem 4.16 is a continuous mapping of A(A) onto 0,, 
since <(»(T) = m{Tx)/m{x). The inverse mapping is also continuous, since 
(p{Lx) = m(x) and {Lx : a; e A} is a subset of M{A). Hence the mapping 
(j) is an homeomorphism of A(H) onto fl. This last fact implies, because 
A{M{A)) is compact, that is a compact subset of A{M{A)). ■ 

By the last theorem we can identify A(H) with fl. For this reason we 
shall always write in the sequel 

( 120 ) A{M{A)) = A{A)UhMiA){A). 

It is easy to verify that when A(H) is regarded as a subset of A{M(A)) 
the Gelfand topology of A(H) coincides with the relative Gelfand topology 
induced by A{M{A)). Moreover, if T : A{M{A)) C denotes the Gelfand 
transform of T G M(A) we have 

(121) f\A{A) = ifT for each T e M(H); 

and for this reason we shall freely use both notations T and (fix for the 
Helgason-Wang function defined on A(aI). 

As we observed before, the algebra A considered as a subalgebra of M (A) 
is not generally closed in the M (A) norm. The following result provides an 
information on the M{A) closure of A in M{A). 

Theorem 4.19. Let A be a eommutative faithful Banaeh algebra. Then 
the M{A) elosure of A is eontained in A:m(A)(^m(A)(^))- 

Proof Let T G M{A) be an element of the M(A)-norm closure of the 
ideal A = {Lx : x G A}. For each £ > 0 then there exists x G A such 
that ||T — La;|| < e. From the property that the Gelfand transform Lx — x 
vanishing identically on h^(^^(A)) we infer that 

\f{'tp)\ = |f(V') - Lx{f^)\ < ||T- Lx|| < £ for every ip G hM(A){A)). 
Therefore f \ hM[A){A)) = 0, so T G kM[A)hM(A){A)). ■ 

Let us consider the following two sets : 

Mq(A) := {T G M[A) : T \ A(A) = tpT vanishes at infinity in A(A)} 
and 

Moo(A) := {T G M(A) : f = 0 on /im(^)(A)}. 

Clearly Mq{A) and Moo{A) are proper closed ideals of the Banach algebra 
M{A), because these ideals do not contain the identity operator I. Because 
the Gelfand transform a of an element a G A vanishes at infinity on A (A) 
we also have 



A = {La:aeA}C Moo(A) C Mo(A). 




206 



4. MULTIPLIERS OF COMMUTATIVE BANACH ALGEBRAS 



Later we shall see that both of these inclusions may be strict, for instance 
when A = Li(G), G a non-discrete locally compact Abelian group. 

Let us consider the set /imq(a)( 21), the hull of the ideal A = {La : a e A} 
relative to the algebra Mq[A). The next theorem exhibits the connection 
between the two spaces A{Mq{A)) and A (A). 

Theorem 4.20. Let A be a eommutative semi-simple Banach algebra. 
Then A(A) is homeomorphic to an open and closed subset of A[Mq[A)). 
Moreover, A(Mo(A)) = A(A) U hMQ(A){A). 

Proof Clearly, as in Theorem 4.18 A (A) is homeomorphic to an open subset 
Q. of A (Mo (A)), and therefore by identifying A(Mo(A)) with this set Ll we 
can write A(Mo(A)) = A(A) U hM^,(A){A). 

Now suppose that ft-o is a boundary point of A(A) in A{Mq{A)). If 
T G Mo{A), for each e > 0 there exists a compact K c A(A) such that 

|T(m)| < £ for each m G A(A) \ K. 

Since A (A) is open the point ft-o cannot belong to any compact K of A (A), 
so that T must vanish at the point /iq. But this contradicts that ho yf 0. 
Therefore the point at infinity is the unique boundary point of A (A) and 
A (Mo (A)) \ A (A) in the compactification of A (Mo (A)). This shows that 
A(A) is also a closed subset of A(Mo(A)). ■ 

The maximal ideal space A(A) of a commutative Banach algebra A may 
also be topologized by means of the so-called hull-kernel topology or hk- 
topology. This is determined by the Kuratowski closure operation: given a 
subset E c A (A) the hfc-closure of E is the set 

hA{kA{E)) = {m G A(A) : m(x) = 0 for all a; G A with a; | A = 0}. 

Hence the closed sets of the hfc-topology are all the sets /ia(A:a(A')), where 
E ranges over the subsets of A (A). 

The hfc-topology is generally coarser than the Gelfand topology on A (A). 
To show this let us consider for an arbitrary subset E of A (A) the comple- 
ment A(A) \ hA{kA{E)). Clearly, from the definition of the /ifc-closure it 
follows that the A{A)\hA{kA{E)) is the set of all m G A(A) for which there 
is an element a G A with a = 0 on if and a{m) = m{a) yf 0. Prom this we 
infer that A (A) \ hk{E) is always open in the Gelfand topology, hence every 
fc/i-closed subset of A(A) is closed in the Gelfand topology. 

In the sequel we shall need the following two classical results on the 
maximal ideal spaces of ideals and quotients. A proof of these results may 
be found in Rickart [279], or also in Proposition 4.3.3 and Proposition 4.3.4 
of Laursen and Neumann [214]. 

Theorem 4.21. Let A be commutative complex Banach algebra and J 
an ideal in A. Then we have 
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(i) The set A(A) \ hA{J) is hk-open, and hence Gelfand open, in A(t1). 
Moreover, the mapping 

m e A(A) \ hA{J) ^ m \ J 

is a homeomorphism of A(A) \ hA{J) to A(J) with respect the Gelfand 
topology, as well as with respect to the hk-topology. 

(ii) There exists a bijective mapping 'I' : A{A/J) hA{J) and this 

mapping is a homeomorphism with respect the Gelfand and hk-topologies on 
these two sets. ■ 

Because Theorem 4.21 we shall write 

A{J) = A{A)\hA{J) and A(A/J) = /ia(J), 

for every ideal J of A. According to Theorem 4.21 these identifications hold 
both for the Gelfand and the hfc-topologies and 

A(A) = A(J)UA(A/J), 

where the two sets A(J) and A{A/J) are disjoint. 

Recall that the Shilov idempotent theorem establishes that if A (A) = 
Ai n A 2 , where Ai, A 2 are disjoint non- void compact sets, then there exists 
an idempotent e G A with m(e) = 1 for all m G Ai and rn(e) = 0 for all 
m G A 2 , see Shilov [298], or Theorem 21.5 of Bonsall and Duncan [72]. 

In the following theorem we collect some basic results on commutative 
Banach algebras which will be used in the investigation of multipliers. 

Theorem 4.22. For every commutative Banach algebra A the following 
assertions holds: 

(i) If E Q A (A) is a hull then E is compact with respect to the Gelfand 
topology if and only if kA{E) is a regular ideal; 

(ii) If E A (A) is a hull such that there exist an element a G A and 
a (5 > 0 for which ja] >5 on E, then there is an element b G A for which 
ab = 1 on E; 

(iii) If El and E 2 are two disjoint hulls in A(A) and if E\ is compact with 
respect to the Gelfand topology then there exists u G A such that u \ E\ = 1 
and u\ E 2 = 0. 

Proof See Proposition 4.3.12 and Proposition 4.3.13 of Laursen and Neu- 
mann [214]. ■ 

Definition 4.23. A commutative Banach algebra A is said to be regular 
if for every closed subset E of A{A) in the Gelfand topology and every mo G 
A(A) \ E there exists an x € A such that x{nio) = 1 and x = 0 on E. 

Examples of regular commutative Banach algebras are Co(D), the alge- 
bra of all continuous complex-valued functions that vanish at infinity on a 
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locally compact Hausdorff topological space fl, see [198, p. 167], and L^{G), 
G being a locally compact Abelian group, see [198, Corollary 7.2.3]. 

Note that if A(A) is totally disconnected in the Gelfand topology then A 
is regular, for a proof see [214, Lemma 4.8.4]. An important example of non- 
regular commutative Banach algebra is provided by the disc algebra A(D), 
the algebra of all complex-valued functions continuous on the closed unit 
disc of C and analytic on the open unit disc D provided with the uniform 
norm: 

||/(t)|| :=supl/(t)]. 
ten 

The maximal regular ideal space of A(D) may be canonically identified with 
the closed unit disc D and from the identity theorem for analytic functions 
it immediately follows that A(D) is not regular. 

It is not complicated to see that the Gelfand topology and the hk- 
topology on A (A) coincide exactly when A is regular. In fact, if the two 
topologies coincide then every Gelfand closed set E C A(A) is hfc-closed. 
Hence E = hA{kA(E)) so there exists for each m G A (A) \ A an element 
a G A with a = 0 on A and m{a) yf 0. 

Gonversely, if A is regular and A is a Gelfand closed subset of A (A) then 
for every m G A(A) \ E there is an element x G kA{E) for which m{x) yf 0. 
From this it follows that m G A(A) \ hA{kA{E)) and hence E = hA{kA{E)), 
so E is hfc-closed and consequently the two topologies coincide. 

It should be noted that whilst the Gelfand topology is always Hausdorff 
the h/c-topology need not be Hausdorff. In fact, a classical result establishes 
that in any unital commutative Banach algebra the hA:-topology is Hausdorff 
if and only if it coincides with the Gelfand topology, or equivalently A is 
regular, see Theorem 28.3 of Bonsall and Duncan [72]. 

In the sequel, in order to avoid confusion, all topological references on 
A (A) will be with respect to the Gelfand topology unless explicitly stated 
otherwise. 

If A is a faithful commutative Banach algebra we can consider the hk- 
topology on A(A) and A(M(A)). The next result show that if A(A) and 
A(M(A)) are endowed with the hull-kernel topologies then A(A) is dense 
in A(M(A)). 

Theorem 4.24. Let A be a semi-simple commutative Banach algebra . 
Suppose that A(A) and A(M(A)) are endowed with the hk-topology. Then 
A(M(A)) = A(A) U /iiL(A)(7l), A(A) is open and dense in A(M(A)), whilst 
hM(A){^) is compact. 

Proof Let us consider the following set 

D :={(/? G A(M(A)) : <p{Lx) yf 0 for some x G A}. 

As we have already observed the set-theoretic decomposition A(M(A)) = 
n U hAi(A){-^) holds and A(A) may be identified with LI. It is evident that 




2. THE HELGASON-WANG EUNCTION 



209 



the set n is open and is compact in the /ifc-topology on A{M{A)). 

We show now that the bijective mapping (f> : m G ^ "i* •= G fl 

described after Theorem 4.16 is also a homeomorphism if both A(A) and 
A(M{A)) are provided with the hull-kernel topology. 

Let W be any subset of A(A) and consider the set W* := It is 

easily seen that the kernel in A of IT is the set: 

(122) kA{W) = {xeA:L,e fcM(A)(W^*)}- 
Moreover, there is the following equivalence: 

(123) ker m D kA{W) ker m* D kM(A){W*). 

Prom (122) and (123) it then follows that 

HhA{kA{W))) =nn hMiA){kM(A){W*)) 

and this clearly implies that the mapping 0 is an homeomorphism of A (A) 
onto the set fl with respect to the hfc-topology. Finally, if we take G 
kM(A){^) have 

m*{Lx) = m{x) = 0 for all m G A (A) 

and therefore x = 0. This implies that kM{A)i^) = {0} and hence A(M(A)) = 
^M(A)(^M(A)(^))- Thus n is hk-dense in A(M(A)). ■ 

Theorem 4.25. For a commutative faithful Banach algebra A the fol- 
lowing statements are equivalent: 

(i) A is semi-simple; 

(ii) Moq{A) is semi-simple; 

(hi) Mq{A) is semi-simple; 

(iv) M{A) is semi-simple. 

Moreover, if M{A) or Mq{A) is regular then A is regular. 

Proof Since A is an ideal in Moo{A), Mqo{A) an ideal in Mq(A) and Mo{A) 
an ideal in M{A), from Bonsall and Duncan [72, Corollary 20, p.l26] it 
follows that the implications (iv) => (hi) => (ii) => (i) hold. 

To show the implication (i) =>(iv) let suppose that A is semi-simple and 
let T G M{A) such that the Gelfand transform T = 0. Then Tx{m) = 
T(m)x{m) = 0 for every m G A(A) and a; G A which implies that Tx = 0 
for all a; G A. Since A is semi-simple this implies T = 0, thus the Gelfand 
representation T ^ T oi M{A) into C{A{M{A)) is injective and therefore 
the algebra M{A) is semi-simple. Hence the statements (i), (ii), and (hi) 
are equivalent. 

Now, to show the last statement suppose that Mq(A) is regular. Let F 
be closed in A(A) and m-o G A(A) \ F. Then by Theorem 4.20 F is closed 
in A(Mq(A)), so there exists a multiplier T G Mo{A) such that 

T I F = 0 and T{mo) = 1. 
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Let X € A such that x(mo) = 1. Then we have Tx{m) = 0 and {Tx){mo) = 
1. This shows that also A is regular. The proof in the case that M{A) is 
regular is similar. ■ 

3. First spectral properties of multipliers 

In this section we establish some basic properties of the spectrum of 
a multiplier. First we need to fix some preliminary notations on Banach 
algebras. 

Let us denote by A any Banach algebra with unit u. The spectrum of 
an element x & A with respect to A is canonically defined by 

<^a(x) := {A e C : Au — a; is invertible in A}. 

We recall that a subalgebra S of Al is said to be inverse elosed if for every 
X (z B which has an inverse x~^ G A then x~^ G B. 

As usual, the spectrum of a bounded operator T, the spectrum of T with 
respect to the Banach algebra L{A), will be denoted, as usual, by a{T). 

Theorem 4.26. If A is any faithful Banaeh algebra, the following state- 
ments holds: 

(i) M{A) is an inverse elosed subalgebra of L{A); 

(ii) a{T) = <Jm[A){T) for eaeh T G M{A). 

Proof (i) Suppose that T G M{A) admits an inverse T~^ in L{A). For 
each X, y G A we have then 

{T-^x)y = T-^T[{T~^x)y] = T-^[{TT~^x)y] = T~\xy) 

= T-^[x{TT~^y)] = T-^T[x{T~^y)] = x{T~^y), 

hence T~^ G M{A) and therefore the multiplier algebra M{A) is an inverse 
closed subalgebra of L{A). 

(ii) This is immediate by part (i). ■ 

Recall that for every T G L(X), where X is a Banach space, the residual 
speetrum of T is defined to be the set 

ar{T) := {A G C : A/ — T is injective, {XI — T){X) is not dense in X}. 

The eontinuous speetrum cTc(T) of a bounded operator T on a Banach space 
X is the set of all A G C such that XI — T is injective and {XI — T){X) is a 
proper non-dense subspace of X. Evidently the three spectra crp(T), ctc{T) 
and cTap(r) are disjoint. 

In the following theorem we collect some basic relationships between 
these spectra. 

Theorem 4.27. Let T G L{X), where X is a Banaeh spaee. Then:, 

(i) U ac(T) C o-ap(T); 

(ii) a{T) = (Tp(r) U Uc(T) U a,{T); 

(hi) ar{T) C (Tp(r*) C (Tp(T) U ar{T). 
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Proof The statements (i) and (ii) are immediate from definitions. To show 

(iii) assume that A e Ur(T). Then XI — T is one to one but XI — T){X) ^ X. 
Hence there exists a non-zero / G X* such that 

/[(A/ - T)x] = [{XI* - T*)f]{x) = 0 for all x e X. 

Therefore T*f= A/, and consequently A G ap(T*). This shows the first 
inclusion of (iii). 

To show the second inclusion let A G crp(T*). If XI — T is not injective 
then A G crp(T). Suppose then that XI — T is injective. Since A G ap(T*), 
there exists a non-zero / G X* such that 

[(A/* - T*)f]{x) = /[(A/ - T)x] = 0 for all x e X. 

The last equality shows that f{y) = 0 for all y G {XI — T){X) and hence 
{XI — T){X) 7 ^ X. In this case A G (Jr{T), so the proof is complete ■ 

In the following theorem we give more information on the fine structure 
of the spectrum of a multiplier. 

Theorem 4.28. For every semi-simple commutative Banach algebra A 
the following statements hold: 

(i) a{T) = f{A{M{A)) if T e M{A), and a{T) = f(A(Mo(H)) if 
TeMo{A); 

(ii) ap{T) C f{A{A)) C ap{T) U ar{T) for every T G M{A); 

(iii) If A has no unit and T G Mq{A) then 

f{A{A)) U {0} = T{A{A)) C a{T); 

(iv) If A has no unit and T G Moq{A) then 

a{T) = f{A{A)) U {0} = f{A{A))- 

(v) a{T) = T{A{A)) ifT is hk-continuous on A{M{A)). 

Proof (i) By Theorem 4.26 and the Gelfand theory we have cr(T) = 
aM(,A){T) = T{A{M{A)). 

To prove the second assertion denote by [Mo(H)]e the Banach algebra 
obtained by adjoining an unit to Mq{A). 

Let T = XI — S e [Mo{A)]e, where A G C and S G Mq{A), and let us 
suppose that T is invertible in M{A). Then by Theorem 4.26 T~^ G M{A) 
and since Mq{A) is a proper ideal of M{A) we also have A yf 0. Prom this 
we obtain 

T-i = (A/-5)-i = ^/-[i/-(A/-5)-i] 

- ^I-^-{XI-S)-\{XI-S)-XI] 

= ^/ + ^(A/-5)-15g [Mo(A)]e, 
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since S e Mq{A) and —{XI— S) e [Mo{A)]e. This shows that [Mo{A)]e 
A 

is an inverse closed algebra of M{A), and therefore for every T G Mq{A), 
we have 

a{T) = cT[Mo(A)]e(^) = <^Mo{A){T) = f{A{Mo{A)). 

(ii) First we prove the inclusion Cp{T) C T{A{A)). If A is an eigenvalue of 
T then there exists an element x 7 ^ 0 of A such that {XI — T)x = 0. By 
hypothesis A is semi-simple, and hence there is an element mo G such 

that x{mo) 7 ^ 0. Prom the equality {XI — T)x = (A — T)x = 0 we obtain 
now that (A — T){mo) = 0, and consequently T{mo) = X. 

To prove the second inclusion let us consider the dual T* of T. For each 
multiplicative linear functional m G A(A) and for each x G A we have 

T*{m){x) = m{Tx) = Tx{m) = T{m)x{m) = T{m)m{x), 

so T*{m) = T{m)m, and therefore T{m) is an eigenvalue of T* . The second 
inclusion then follows immediately from the second inclusion of part (ii) of 
Theorem 4.27. 

(hi) If T G Mq{A) we have 

a{T) = f{A{M{A)) = [f{A{M{A))] 

D [f(A(7l)] D f{A{A)) = f{A{A)) U {0}. 

(iv) The equalities follow easily because A{M{A)) = hM(^j^j{A) U A(y4), 
by Theorem 4.18 and T \ hM(A){^) — by definition. 

(v) This is clear from part (i) and Theorem 4.24. ■ 

A natural question is whether the two sets M{A) and [Mo(A)]e coincide. 
The following simple example shows that, generally, these two algebras may 
be different. 

Example 4.29. Let us consider the Banach algebra Cq{Q?) of all contin- 
uous complex valued functions which vanish at infinity on a locally compact 
Hausdorff space Vl. We show first that M{Co{fl)) is isometrically isomor- 
phic to the Banach algebra Cb{X^) of all bounded continuous complex-valued 
functions defined on fl, endowed with the supremum-norm || • ||oo- 
Clearly, for each g G C'b(A2) the operator defined by 

Tg{f) ■■= gf for all / G Co(L!) 

is a multiplier on (70(12). Conversely, let T G M{Co{fl)) be arbitrary. The 
classical Urysohn lemma ensures that for every wq G 12 there exists / G 
(7o(I2) such that f{uj) = 1 and 0 < / < 1 on 12. Clearly fiTf 2 = f 2 Tfi for 
all fi, f 2 G (7o(f2), so if we define 

g{uj) := {Tf){ix)/ f{u) whenever f{uj) + 0 

then g{ijS) is independent of / G (7o(I2). The function g so defined is continu- 
ous on 12 and being T continuous, by Theorem 4.3, we also have ||g||oo < T, 
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and hence g G Cb{^)- It is easily seen that T is the multiplication operator 
by g, so the mapping g G C'fc(II) ^ Tg defines an isometric isomorphism 
from Cb{i^) onto the multiplier algebra M{Co{fl)). 

A similar argument shows that Mo(Co(fI)) can be identified with the 
same space (70(11). Let pfl be the Stone-Cech compactification of fl. By 
a standard result of functional analysis we have that (7f,(fl) = C{Pfl). A 
classical result of Cech establishes that no point of pfl = II is a (7^ in 
so that the set /3fl =fl contains uncountably many points. From that it 
easily follows that the multiplier algebra M((7o(fI)) contains [Mo((7o(fI))]e 
properly. 

A standard result on Hilbert spaces establishes that every normal op- 
erator has empty residual spectrum. The following example shows that a 
similar property, in general, does not hold for arbitrary multipliers of semi- 
simple Banach algebras. 

Example 4.30. Let A := (7([0, 1]) denote the uniform Banach algebra of 
all continuous complex-valued functions on the unit interval. Let us consider 
the operator T G M{A) of multiplication by the independent variable, 

(T/)(A) := A/(A) forall/G A, Ag [01]. 

Evidently 

a(T)=ar(T) = f([0,l]) = [0,l], 

and it is easy to see that o'p(T') = 0. Indeed, if (A — uj)f{\) = 0 for some 
u! G [0, 1] then /(A) = 0 for all A. 

The example above also shows that the first inclusion of part (ii) of The- 
orem 7.79 may be strict. In the following result we give further information, 
on the point spectrum crp(T) of a multiplier T G M{A) whenever we assume 
that the maximal ideal space A (A) is discrete. 

Theorem 4.31. Let A be a commutative semi-simple Banach algebra 
with discrete maximal ideal space A(A). Then 

ap(T) = f(A(A)) for every T e M{A). 

Proof By Theorem 7.79 the inclusion crp(T) C T(A(A)) is true for every 
multiplier, so we have only to prove the inclusion T(A(A)) C ap{T). Since 
A (A) is a discrete space the Shilov idempotent theorem ensures that A is 
a regular algebra, and hence if mo is a fixed multiplicative functional there 
exists an element a; G A such that x{mo) = 1 and x vanishes identically in 
the set A(A) \ {mo}. From this we obtain 

[(T(mo)/ — T)x] (m) = ['T(mo) — T{m)]x{m) = 0 

for every m G A(A). Therefore [(T(mo)/ — T]x = 0 and because x 0 we 
conclude that T{mo) C so crp(T) = T(A(A)). ■ 
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In the next chapter we shall prove that the residual spectrum is empty 
for every multiplier T acting on a semi-simple commutative Banach algebra 
A which have dense socle. 

The next result establishes elementary properties of a multiplier from the 
point of view of local spectral theory. In particular, it is shown that every 
multiplier of a semi-prime, not necessarily commutative, Banach algebra has 
SVEP, so that many results of the previous chapters apply. 

Theorem 4.32. Let A be a semi-prime Banaeh algebra and T G M{A). 
Then: 

(i) p{T) < 1. Moreover, her T n T{A) = {0}; 

(ii) T has the SVEP; 

(hi) o-(T) = ctsu(E) and ase{T) = crap(T); 

(iv) Et{LI) = - T)°^{A) for every fldC. 

Proof (i) We have to show that ker T = ker for every T G M{A). The 
inclusion ker T C ker is true for every linear operator on a vector space. 

To show the reverse inclusion let x G ker and set 2 := Tx. Obviously 
2; G ker T and 

zaz = {Tx)az = xa{Tz) = 0 

for every a G A. Prom this it follows that zAzA = (zA)'^ = {0}, hence 
since A is semi- prime zA = {0}, which implies z = Tx = 0. This proves the 
inclusion ker C ker T. 

The equality ker T n T{A) = {0} is an obvious consequence of Lemma 
3.2. 

(ii) Since XI — T G M{A) for every A G C, from the first part we obtain 
that p{XI — T)<1 for every A G C. This condition ensures by Theorem 5.4 
that T has the SVEP at every A G C. 

(hi) This is a consequence of the the SVEP, by Corollary 2.45. 

(iv) The condition p(A/ — T) < 1 implies that the algebraic core C{XI — 
T) = (XI — T)°^(A) for all A G C, by Theorem 3.5. Hence 

Erin) = f| C(XI - T) = f| (A/ - Tr(A) 

for every 17 c C. ■ 

Note that if a faithful commutative Banach algebra A is not semi-prime 
and T G M(A) then the inequality p(T) < 1 need not to be true. In fact, 
since A is not semi-prime we know that there exists a nilpotent element 
Q ^ a G A. Let denote by La the corresponding multiplication operator and 
let n G N be the smallest natural number for which a" = 0. Clearly n > 1 
and 7 ^ 0. Since A is faithful we have 

ker (La)”“^ = ker Lan-i yf {0} for all n G N, 
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whilst ker = {0} for all k > n. Therefore p(La) = n > 1. This argument 
shows that a faithful commutative Banach algebra A is semi-prime precisely 
when p{T) < 1 for all T e M{A). 

Part (iii) of Theorem 4.32 shows that for a multiplier T G M{A), A a 
semi-prime Banach algebra, we have the following implication: 

T surjective => semi-regular T bounded below. 



Note that all these implications may be proved directly, and in a simpler 
way, by arguing as follows: since T{A) n ker T = {0} the surjectivity of T 
trivially implies the closedness of T[A) and the injectivity of T. Moreover, 
if T is semi-regular T has by definition a closed range and ker (T) C T{A), 
thus T is injective. The converse is true for all operators T G L{X), X a 
Banach space, so the implications above described are proved. 

Later we shall see that also the first implication is an equivalence when- 
ever T is a multiplier of a semi-simple regular Tauberian commutative Ba- 
nach algebra A. 

Theorem 4.33. Let A be a semi-simple Banaeh algebra and T G M[A), 
Then 

Xt({ 0}) = iLo(T) = ker T. 

Proof The first equality is clear from Theorem 2.20, since T has the SVEP. 
We know that ker T C Hq(T), so it remains to prove the inverse inclusion. 
Suppose that x G Hq[T). By an easy inductive argument we have 

(Tj/)" = for every y & A and n G N. 

From that it follows 

||(aTa;)”|| = ||(Tax)"l| = ||T”(ax)(aa;)”-^|| 

< ||a||||r”x||||(ax)"-i|| 

for every a G A, so the spectral radius of the element aTx is 
r(aTx) — lim l|(aTx)”'||^/” = 0 

n— >oo 

for every a G A. This implies that Tx G rad A (see Bonsall and Duncan [72, 
Proposition 1, page 126]). Since A is semi-simple Tx = 0, hence x G kerP, 
and consequently Hq(T) C ker T, which concludes the proof. ■ 

Corollary 4.34. Let A be a semi-simple Banach algebra and T G M (A) . 
Then T is quasi-nilpotent if and only ifT =0. 

Proof Suppose T G M{A) quasi-nilpotent. Combining Theorem 4.33 and 
Theorem 1.68 we have A = Ho{T) = ker T and hence T = 0. ■ 

The following example shows that the assumption that A is semi-simple 
in Theorem 4.33 cannot replaced by the weaker assumption that A is semi- 
prime. 
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Example 4.35. Let w := be a sequence with the property that 

0 < UJm+n < for all 771, n G N. 

Let denote the space of all complex sequences x := for 

which ||x||tj := space equipped with convolu- 

tion 

n 

{x -k y)n ~ ^ Xn-jHj for all 77 e N , 
i=0 

is a commutative unital Banach algebra with unit ei = (1, 0, . . .). Therefore 
the multiplier algebra M{£^[uj)) may be identified with the same algebra 
£^{u>). Let denote the maximal ideal of given by 

A^ '.= {(Xn)nGN ^ £ (v’) ‘ Xq = 0}. 

The Banach algebra A^ is, obviously, an integral domain and hence semi- 
prime. Consider the standard basis (e„), where e„ := {Snj)jei.- It is easily 
seen that ei" = e„ , so e\ generates From the estimate ||ei||a; = for 
all 77 G N, we obtain that the spectral radius of e\ is given by the limit 

:= lim a;fo” = inf 

n^oo nSN 

Prom the Gelfand theory we know that the set of quasi-nilpotent ele- 
ments of a commutative A is the kernel of the Gelfand transform, so that 
is a closed subalgebra of A. These facts imply that A^j is a radical algebra, 
i.e. A^ coincides with its radical, if and only if = 0. 

It can been shown that for A^ we have the following dichotomy: A^^ is 
radical or is semi-simple and the last case occurs precisely when p^j > 0, for 
more information and details see Example 4.1.9 of Laursen and Neumann 
[214]). 

Now fix 0 a G A^ and let Ta{x) := a*x, x G A^^, denote the multipli- 
cation operator by the element a. Prom the estimate 

||T”x||fo” - ||a"*x||fo” < ||a”||y|xl|^/” 

we see that Ta is quasi-nilpotent. Thus Ho{Ta) = A^^, by Theorem 1.68. On 
the other hand, A^ is an integral domain so that ker Ta = {0}. 



The poles of a multiplier of a semi-simple Banach algebra may be char- 
acterized in a very simple way. Recall that a spectral point Aq of T G L{X), 
where X is a Banach space, is a simple pole of the resolvent R{\, T) if Aq is a 
pole of order 1. This is equivalent to saying that p{\qI—T) = q^XqI—T) = 1, 
see Remark 3.7, part (f). By Theorem 4.32 a pole of a multiplier of a semi- 
simple Banach algebra is then necessarily simple. 

The next result shows that the poles of a multiplier of a semi-simple 
Banach algebra are precisely the isolated points of cr{T). 
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Theorem 4.36. Let T e M{A), A a semi-simple Banaeh algebra. Then 
Ao is a simple pole of R{X,T) if and only if Aq is an isolated point of the 
speetrum. In partieular, every isolated point of cr{T) is an eigenvalue of T. 

Proof Clearly we have only to prove that if Aq is an isolated point of the 
spectrum then p{\qI — T) = q{XoI — T) = 1, or equivalently, see Theorem 
3.6, that 

A = (Aq/ - T) (A) © ker (Aq/ - T) . 

Let Po be the spectral projection associated with {Aq}. The spectral pro- 
jection Po generates the decomposition 

A = Mo © No where Mq := Po{A) and Nq ~ ker Pq. 

The subspaces Mq and Nq are invariant under T, the spectrum of T |Mq 
is {Ao} and the spectrum of T |A^o is <^{T) \ (Ao). By Theorem 4.33 and 
Theorem 3.74 we have 

Mo = Ho{XoI - T) = ker (Aq/ - T). 

Since the restriction Ao/ — T |fVo is invertible we also have 
No = (Ao/ - T){No) C (Ao/ - T){A). 

Thus 

A = {XoI -T) (A) +kev (Xol-T), 

and this sum is direct, from part (i) of Theorem 4.32. 

Note that, the fact that every isolated point of the spectrum is a pole of 
the resolvent also follows from Theorem 3.96 and Theorem 4.33. ■ 

The SVEP of a multiplier implies by part (i) of Corollary 3.53 that the 
Weyl spectrum a^(T) and the Browder spectrum ab{T) coincide. Generally 
these two spectra differ from the Fredholm spectrum af{T), as the following 
example shows. 

Example 4.37. Let be the multiplication operator defined on the 
disc algebra A := ^(D) by pointwise multiplication by the independent 
variable z. It is easily seen that aw{Lz) = crb{Lz) is the closed unit disc D, 
whilst the Fredholm spectrum af{Lz) is the boundary of D. This example 
also shows by part (iii) of Corollary 3.53 that in general the dual T* of a 
multiplier need not have the SVEP. 

The following result gives a precise description of the isolated points A 
of cr(T) which do not belong to the Fredholm spectrum af{T). 

Theorem 4.38. Let T G M{A), where A is a semi-simple commutative 
Banach algebra, and suppose that Aq € C is isolated in cr{T). Then the 
following statements are equivalent: 

(i) Aq/ — T is Fredholm; 

(ii) a{XoI — T)< oo; 

(iii) f3{XoI -T) < oo; 

(iv) The set {m G A(A) : T(m) = A} is finite. 
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Proof The implication (i) => (ii) is obvious. 

(ii) ^ (hi) Suppose that a{X()I — T) < oo and that Aq is isolated in a{T). 
From Theorem 4.36 we know that p(Aq/ — T) = q{XoI — T) < oo and this 
implies by Theorem 3.4 that a(XoI — T) = (3{XoI — T), so (Aq/ — T){A) is 
finite-codimensional. 

(hi) (iv) If the range (Aq/ — T){A) is finite-codimensional the hull in 
Aoi{XoI-T){A), 

^a((Aq/ - T){A)) = {me A{A) : m{y) = 0 for every y e (Aq/ - T){A)}, 
is a finite set and evidently coincides with the set 

T := {m e A{A) : f (m) = Aq}. 

(iv) => (i) Assume that T := {m e A(A) : T{m) = Aq} is a finite set. 
Then the points of T are clopen in A (A), and obviously T supports the set 
ker(Ao/ — T), so ker(Ao/ — T) is finite-dimensional. The point Aq being 
isolated in cr{T), the condition p{XoI — T)= q{XoI — T)<oo then implies, 
again by Theorem 3.4, that the range {XqI — T){A) is finite-codimensional, 
so Aq/ — T is Fredholm. ■ 

Corollary 4.39. Let A be a semi-simple commutative Banach algebra. 
Then T e M{A) is a Riesz operator if and only if each X e o‘(T) \ {0} is 
isolated and the set {m e A(A) : T{m) = X} is a finite set. 

Proof Each A yf 0 of the spectrum of a Riesz operator is an isolated point 
of cr{T), so the assertion is immediate by Theorem 4.38. ■ 



4. Multipliers of group algebras 

In this section we shall consider examples of multipliers of some impor- 
tant classes of commutative semi-simple Banach algebras. For some of these 
algebras we shall see that it is possible to construct a model for the algebra 
M{A). Moreover, for these algebras we shall characterize the ideal Km{A) 
in M(A) of all multipliers which are compact operators. These character- 
izations will be useful in the subsequent chapter in order to describe the 
multipliers which are Fredholm operators or Riesz operators. 

The first Banach algebra which we shall consider is the so called group 
algebra Li(G) , which, in a sense, is the paradigm of many of the results 
on multiplier theory. We shall review briefly, without proofs, some of the 
basic results about this important algebra and shall refer for a full treatment 
to the classical monographs by Hewitt and Ross [161], [162], Rudin [282], 
Loomis [223] and Gaudry [123]. 

Let G be a locally compact Abelian group and suppose that A is a Haar 
measure on G. Let Li{G) denote the so called group algebra of all equiv- 
alence classes of complex valued functions which are absolutely integrable 
with respect to A. As usual, we shall not distinguish between an integrable 
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function f on G and the equivalence class in Li(G) to which / belongs. We 
recall that Li(G) under the norm 

ll/ll — f \ dX{t) for every / e Li(G) 

Jg 

and with the pointwise operations is a Banach space. Moreover, Li(G) with 
the usual convolution defined by 

{f*g){s) [ f{st)g{t~^) dX{t) for f,ge Li{G) 

JG 

as multiplication is a semi-simple regular commutative Banach algebra. 
Moreover, Li(G) possesses a unit if and only if G is discrete, see Rudin 
[282, 1.1.8], or Loomis [223]. 

Let Lp{G), 1 < p < oo, denote the space of all equivalence classes of 
measurable complex valued functions on G whose p-th powers are abso- 
lutely integrable with respect to A. Also here we do not distinguish between 
an integrable function and the corresponding equivalence class. The space 
Lp(G) under the norm 

II /tip := \f{tWdX{t)^ for every / e Lp{G) 

and with the pointwise operations is a Banach space. In general, if G is 
not compact and 1 < p < oo, the convolution product of two elements /, 
g e Lp{G) need not belong to Lp{G), thus Lp{G) is not an algebra. This 
is not the case of a compact Abelian group. Indeed, for a compact Abelian 
group G it is not hard to check that Lp(G) is a semi-simple regular commuta- 
tive Banach algebra for every 1 < p < oo. Moreover, Lp(G), for 1 < p < oo, 
is a closed ideal of Li[G). 

Finally, let Loo(G) denote, for an arbitrary locally compact Abelian 
group G, the space of equivalence classes of essentially bounded measurable 
complex functions on G. It is easily seen that Loo{G) is a semi-simple com- 
mutative Banach algebra with respect to pointwise operations. Moreover, 
if G is a compact Abelian group, Loo(G) is also a semi-simple regular com- 
mutative Banach algebra under convolution as multiplication, and precisely 
Too(G) is a closed ideal in Li(G). 

Although the group algebra Li(G), G a locally compact Abelian group, 
does not have a unit unless G is discrete, it always admits a minimal approx- 
imate identity. If G is compact, also the algebra Lp{G), where 1 < p < oo, 
does always possess an approximate identity, but this never is minimal un- 
less G is finite, see Hewitt and Ross [161]. 

Note that if G is compact and 1 < p < oo then there exist approxi- 
mate identities consisting of trigonometric polynomials. These are defined 
to be the finite linear combinations of continuous characters and denoting 
by P{G) this set of polynomials a remarkable property is that P{G) is norm 
dense in Lp{G), [282]. 
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In order to describe the multiplier algebra for group algebras we recall 
some well known results of Gelfand theory about these algebras. The regular 
maximal ideal space A(yf) of A = Li(G), G a locally compact Abelian 
group, or of A = Lp{G), 1 < p < oo, G a compact Abelian group, is easy to 
describe. In fact, in both cases A(A) corresponds precisely to the so called 
continuous characters on G, where a continuous character 7 is a continuous 
group homomorphism of G onto the circle group T:={AgC:|A| = 1}. 
This is a consequence of the result that for every multiplicative functional 
m G A(A), where A is one of these algebras, there exists a continuous 
character 7 on G such that 

m{f) = [ dX{t) for every f e A, 

JG 

where (^“^, 7 ) denotes the values of 7 at t~^ € G. 

Let G be the collection of all such homomorphisms. For each real e > 0, 
let Gg : {A G T : |A — 1| < e}, and consider for every compact subset K of G 
the set 

N{K, e) := {7 G G : {t, 7 ) G Ue for all t G K}. 

The family {N{K, e)} and their translates form a basis for a topology on G. 
With respect to this topology G becomes a locally compact Abelian group, 
called the dual group of G. Hence we have the following two important 
relations : 

A(Li(G)) = G for every locally compact abelian group G 

and 

A{Lp{G)) = G, 1 < p < 00 , for every compact abelian group G. 

Moreover, for these algebras the Gelfand topology on the regular maximal 
ideal space A (A) = G coincides with the topology mentioned above on the 
dual group G. Observe that G is compact (respectively, discrete) if and only 
if G is discrete (respectively, compact), see Hewitt and Ross [161, Theorem 
23.17]. 

The Gelfand transform / of an element in anyone of these algebras is 
the so called Fourier transform of / defined by 

7(7) := / (t“\7)/(f) d A(t), 7GG. 

JG 

In the cases of G = M, G = T, T the circle group, and G = Z we obtain 
some standard concepts of classical Fourier analysis. Precisely, 

(1) If G = M then G = M and 

f{x) — f /(f)e““* dt for every a; G M. 

Jr 
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(2) If G = T then G = Z and 



f{n) = 



2tt 



/(e 



i0\ ^—in9 



d0 for every n G Z. 



(3) If G = Z then G = T and 



+00 

/(^) = 



■ 

— oo 



for every z G T. 



Let A4(G) denote the space of all regular complex valued Borel measures 
on G with finite total mass. The set A4(G) with respect to the pointwise 
operation and endowed with the total variation norm given by \\n\\ := |/i|(G) 
is a Banach space. If one defines, for /i, u G A4(G), the convolution product 
^ * u by 

(/I * u)(£') := / d/i(s) for all Borel sets E C G, 

Jg 

then A4(G) is a commutative Banach algebra called the measure algebra of 
G. For fixed g & G define Ug{E) := 1 or 0 according as g G E or g ^ E. 
It is easy to see that if I denotes the identity of G then tti * /^ = /n for 
all G Ai{G). Hence ui is a unit for Ai{G), the so called Dirae measure 
concentrated at the identity of G. 

For every measure js G A4(G) the Fourier-Stieltjes transform is the 
function fi : G C defined by 

V'il) f (^”^> 7 ) for all 7 G G. 

Jg 

The Fourier-Stieltjes transform is bounded and uniformly continuous on 
G and satisfies the important equality 

= fw for all u G M(G). 

If we define := for each /a G A4(G) then is a non-trivial 

multiplicative functional on A4(G), so the dual group G may be embedded 
into the maximal ideal space A(A4(G)). From the uniqueness theorem for 
the Fourier-Stieltjes transform it then follows that /i = 0 whenever ft = 0 
on G. This of course implies that A4(G) is semi-simple. 

The regular maximal deal space A(AI(G)) is considerable larger than 
A(Li(G)) = G, whenever G is non-discrete. This is a consequence of an 
important classical result of harmonic analysis, known as the IFiener Pitt 
phenomenon, which ensures that on a non-discrete locally Abelian group 
there always exists a non-invertible measure p G A4(G)) such that |/I| > 1 , 
see Rudin [ 282 ] or Graham and McGehee [ 140 ]. 

If for / G Li(G) we define 

p-f{E) ■.= / f{t)dX{t) for every Borel set i? C G 

Je 
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then the mapping / ^ /iy is an isometric isomorphism of the algebra Li(G) 
into the algebra A4(G). For this reason Li(G) may be regarded as a sub- 
algebra of A4(G). Precisely, the well known Radon-Nikodym theorem es- 
tablishes that Li(G) may be identified with the closed ideal of A4(G) of all 
measures which are absolutely continuous with respect to A, see Rudin [282]. 

The algebra of multipliers of the group algebra Li(G), G a locally com- 
pact Abelian group, may be characterized in a precise way. First we recall 
that to each ^ e Ai{G), G a locally compact Abelian group, there corre- 
sponds a convolution operator Tf^ : Li{G) Li{G) defined by 

:= M * / for every / e Li{G). 

Trivially 

Tfiif *g) = (Tf,f) *g = f* {T^g) for every f,ge ii(G), 

so every convolution operator is a multiplier of Li(G) and therefore a bounded 
linear operator by Theorem 4.3. 

The following crucial result has been established independently by Wen- 
del [319] and Kelson [157]. 

Theorem 4.40. Let G be a locally compact Abelian group. For a bounded 
operator T : Li{G) Li{G)) the following statements are equivalent: 

(i) TeM(Li(G)); 

(ii) There exists a unique measure g e Ai{G) sueh that T = T^; 
Moreover, M{Li{G)) is isometrieally isomorphic to Ai{G). 

Proof The implication (ii) => (i) is clear, so we need only to prove the 
converse implication (i) => (ii). Suppose that T E M{Li{G)). By Theo- 
rem 4.14 there is a unique function (p defined on A(Li(G)) = G such that 
(Tf)^(pf for every / e Li{G), and hence pf E Li{G) whenever / e Li{G). 
Define |l/|[i := |1/|[. Then Li(G) provided with the norm |j • |)i becomes a 
commutative Banach algebra under pointwise multiplication. 

Define the linear mapping S : Ai(G) ^ Ti(G) by Sf := pf. Choose 
fn,f,g& Li{G) such that 

lim ll/„ - /111 = 0 and lim \\pfn - ?||i = 0 . 

n— ^oo n— ^oo 

From ll/lloo < ll/||i we obtain, for every character j E G, that 
5 ( 7 ) = lim p{j)fn{l) = 

n — ^00 

so that S' is a closed mapping. The closed graph theorem then implies that 
S is bounded, and hence there is A > 0 such that ||S/|] = \\pf\\ < Kf\\ for 
all/eLi(G). 

Let 71 , 72 , ■ ,7n G G, e > 0 and choose / E Li(G) such that ||/|] = 
l/lli < 1 -h e, and f{'jk) = 1 for A: = 1, 2, . . . , n. A such choice is always 
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possible by Theorem 2.6.1 of Rudin [282]. Let Ai, A 2 , • • • , A„ be arbitrary 
chosen in C and put 'g := (pf. Then 






U=1 



lfc=l 

< II5II1 



XI ^kdilk) 

n 

^ ^ A/c(-, ) 






g{t) dA(t) 



fc=i 



,fc=i 

< K{l + e) 



^^k{ 



■,1k 



-u 



\k=l 



By a well known characterization of Fourier-Stieltjes transforms, see Rudin 
[282, Theorem 1.9.11], from these estimates it follows that there exists a 
unique g e Ai{G) such that <p = g. Since Li{G) in Ai{G) we then conclude 
that T = Tfj_. 

Evidently the equation T f = g * f defines a bijective isomorphism be- 
tween M{Li{G) and Ai{G). Moreover, |]T^|j < so to prove the last 
assertion we need only to prove that |j/x|j < | 1 T^|]. 

If 71 , . . . , 7 „ in G, Ai, . . . , A„ in C, and £ > 0 are arbitrarily given, choose 
/ G Li{G) as above. Then 



n 

X ^kKlk) 


— 


n 

X 


= 


n 

Y^XkTWilk) 


k=l 








k=l 



n 



< 



|r|i(i + £) 









00 



and therefore because e is arbitrary 



(124) 



n 

X ^kKlk) 

k^l 



< \\T 



^ Afc(-, 7fc ) 

fc=i 



00 



Again from Theorem 1.9.1 of Rudin [282] it follows that \\g\\ < |1T^|], and 
this concludes the proof. ■ 



The richness of the structure of group algebras is the main reason for 
the possibility of characterizing the multipliers of Li(G) in several equivalent 
ways. For instance, if Ts denotes the translation operator on Li[G) defined 
by 

Ts{f){t) ■■= for each /€ Li(G) 

then a bounded operator T on Li(G) is a multiplier if and only if T commutes 
with the translation operators r® for each s G G. The proof of this result, 
as well as of some other characterizations of multipliers of Li(G), may be 
found in Chapter 0 of Larsen [199]. 

The multiplier theory of Lp(G), G a locally compact Abelian group, 
1 < p < 00 , presents some complications compared to the case p = 1 . 
We briefly describe this situation and refer the interested reader to the 
monograph by Larsen [199]. As observed above, Lp(G) in the non-compact 
case is not a Banach algebra, so the definition (110) is not meaningful. 
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Nevertheless, to cover this case a multiplier may be defined as a bounded 
operator on Lp(G) which commutes with all translation operators Ts as s 
ranges in G. For compact groups this definition is equivalent to the usual 
one, see Larsen [199], 

Evidently, given a measure fj, e A4(G) on a locally compact group G the 
convolution operator is a multiplier of Lp(G). The converse is not true, 
since not all multipliers on Lp[G) have this form. In fact, if p > 1 and G is an 
infinite compact group then there always exists a multiplier T € M[Lp(G)) 
which cannot be written as a convolution operator, see Chapters 3 and 4 of 
Larsen [199], 

Also the case A = Loc{G), where G any locally compact Abelian group, 
presents some difficulties. However, if G is compact the definition (110) is 
meaningful, since A is a commutative Banach algebra, and T G M{Loo{G)) 
precisely when there exists /i G Ai(G) such that T = Tp, see Theorem 4.4.2 
of Larsen [199]. Note that for an arbitrary locally compact Abelian group 
G there exists a continuous homomorphism of M{Loo{G) onto A4{G), see 
Theorem 4.4.3 of Larsen [199]. 

The case A = C'o(G), G a locally compact Abelian group, is very simple. 
In fact we have that M{Cq{G)) is isometrically isomorphic to the measure 
algebra A4(G), see Larsen [199, Theorem 3.3.2]. 

We conclude this section by giving some information about convolution 
operators which are compact operators. The characterization of compact 
convolution operators of Li(G), G a non-compact Abelian group, is an im- 
mediate consequence of following result owed to Kamowitz [181]. 

Theorem 4.41. Let A a commutative semi-simple Banach algebra. Sup- 
pose that A (A) has no isolated points. Then T G M{A) is compact if and 
only ifT = 0. 

Proof Assume that T G M{A) is compact and that A(A) has no iso- 
lated points. Looking at the proof of part (ii) of Theorem 7.79 we have 
T*m = T(m)m for every m G A(A), so T(m) is an eigenvalue of T* . Now, 
since T is compact T* also is compact, and hence the spectrum a{T*) is a 
finite set or a denumerable set with 0 as its only possible cluster point. By 
the spectral theory of compact operators we also know that every nonzero 
element in a{T*) is an eigenvalue of finite multiplicity. 

Now, let us denote by m-o an arbitrary point of A(A). We claim that 
T(mo) = 0. Suppose, an absurdity, that Tmo yf 0. Let (mk) C A(A) be a 
sequence which converges to mo and suppose that m^ mo for every A: G N. 
Since T is continuous on A (A) the sequence (T(m/c)) converges to T(mo). 
However, since each nonzero eigenvalue of T' has finite multiplicity we have 
T{mk) = T{mo) for only finitely many n G N. Therefore T(mo) is a cluster 
point of the set {T{mk) ■ k G N}. 

Since 0 is the only possible cluster point of the spectrum cr(T) we have 
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T{rrio) = 0, contradicting the assumption T(mo) 7 ^ 0. Since mo is an arbi- 
trary element of A( 2 l) we then conclude that T(m)) = 0 for all m G A(yl) 
and from the semi-simplicity of A it follows that T = 0. ■ 

In the sequel, by Km{L^{G)) we shall denote the ideal of all compact 
convolution operators on Li(G). 

Corollary 4.42. Let G be a non-eompaet loeally eompaet Abelian group 
for whieh the dual group G eontains no isolated point. Then Km{L^{G)) = 
{ 0 }. 

The finite-dimensional convolution operators on L^(G) in the case of 
compact groups may be characterized as follows: 

/X G P{G) : M(G) M(G) is finite-dimensional 

: Li{G) Li{G) is finite-dimensional, 

whilst 

p. G Li{G) 47 Tfj_ : A4{G) A4(G) is compact 

47 : Li(G) Li(G) is compact. 

Moreover, Km(Li(G)) is isometrically isomorphic to Li(G). These equiva- 
lences will be proved in a more abstract setting in the next chapter. 

We end this section by mentioning the multiplier theory of Beurling 
algebras, a variant of group algebras. Let w be a continuous positive sub- 
multiplicative weight function on a locally compact Abelian group G and 
denote by Li(cu) the space of all equivalence classes of Borel measurable 
functions f on G for which fuj G Li(G). If we define the weighted L\ norm 
by 

ll/IU := [ \f{t)\uj{t) dm{t) for all / G Li{uj), 

then the space Li(cu), endowed with this norm and with convolution as 
multiplication, becomes a commutative Banach algebra, called the Beurling 
algebras for the weight u. All Beurling algebras on a compact Abelian 
group, or on the additive groups G = M and G = Z, are semi-simple and 
possess a bounded approximate identity, see Example 4.1.7 of Laursen and 
Neumann [214]. The multiplier algebra of Li(G) may be identified with an 
appropriate weighted measure algebra M{u>) and, as in Theorem 4.40, every 
multiplier T on Li(G) is a convolution operator for a measure p G M(uj), 
see also Dales [87] and Ghahramani [121]. 

5. Multipliers of Banach algebras with orthogonal basis 

The Banach algebras with an orthogonal basis are a natural framework 
for unifying the study of the properties of multipliers for several commutative 
semi-simple Banach algebras. We first recall some standard notions from the 
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theory of Banach algebras with orthogonal basis and refer for a full treatment 
of this theory to the monographs of Singer [299] or Husain [168], 

Definition 4.43. Given a complex Banach algebra A, a countable subset 
(cfc) of A is said to be an orthogonal basis of A if the following two conditions 
are satisfied: 

(a) CfcCj = 5kjCk for all integers k,j > 1; 

(b) (cfc) is a basis of A, i.e., for eachx e A there exists a unique sequence 
(Xk(x)) of scalars such that 

n oc 

x= lim y^Xk{x)ek = y^^Xk{x)ek- 
k=l k=l 

The basis (ck) is said to be unconditional if for each x G A the series 
^k{x)ek converges unconditionally, i.e., converges 

for every permutation tt of the positive integers. 

It is easy to verify that the mappings Xk ■ x ^ Xk{x) are multiplicative 
linear functionals on A, and a well known consequence of the open mapping 
theorem asserts that all these functionals are continuous, so the set (cfc) is 
a Schauder basis of A. Prom this it also follows that a Banach algebra with 
an orthogonal basis is necessarily infinite-dimensional and separable. 

The product of two elements x and y of A may be written in the form 

OO 

xy = '^Xk{x)Xk{y)ek, 

fc=i 

so every Banach algebra A with an orthogonal basis is commutative. Any 
Banach algebra A with an orthogonal basis is also non-unital. To see this 
assume that A has unit u. Then 

OO 

x = xu = ^ Xk{x)Xk{u)Xk{y)ek, 

k=l 

from which it follows that Xk{u) = 1 for all A: e N. Therefore u = 
and hence the sequence (ck) converges to 0 as A: ^ oo. On the other hand, 
the inequality ||efc|| = ||efc^|| > Ijefcjp shows that ||efc|| > 1, so (e^) cannot 
converge to 0, a contradiction. 

Any Banach algebra A with an orthogonal basis is faithful . Indeed, if 
Ax = {0}, from the equality 

OO 

0 = CjX = ej(^ Xk{x))ek) = XjX 

k=l 

we obtain that Xj{x) = 0 for all integers j > 1, which obviously implies that 
a; = 0. A consequence of (e^) being a Schauder basis is that A is semi- simple 
[167]. Since the associated coordinate functionals Xk are multiplicative, the 
sets ker Xk are regular closed maximal ideals of A. We show now that the 
converse holds, namely that every regular maximal ideal of A is equal to 
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ker Afc for some fc G N. 

To see this we prove that given an arbitrary proper closed ideal J in A 
then J is contained in ker Afc for some fc G N. Suppose that there does not 
exist a linear multiplicative functional A^ such that J is contained in ker \j~. 
Then for every fc G N we can find an element Xk such that Xk{xk) = 1- Then 

OO 

■ E Xj{xk)ej6k = &k for all fc G N, 

and since J is a closed ideal this implies that ek & J for all fc G N. Hence 
J = A, a contradiction. Prom this argument it follows that we can identify 
the regular maximal ideal space A(H) with the discrete set {Afc : k G N}, 
or, which is the same, we can identify A(H) with N. Prom the equality 

{Xk} = {m G A(H) : \m{ek) — Xk{ek)\ < 1} for all fc G N, 

we then conclude that A(H) is discrete. This also implies that every Banach 
algebra with an orthogonal basis is regular. 

In the following we list some important examples of Banach algebras 
with an orthogonal basis: 

(i) The algebras for any 1 < p < oo and cq (all with respect to 
pointwise operations) are immediate examples of Banach algebras with an 
orthogonal basis. An orthogonal basis is given by the standard basis (e^), 
where e^: = (Afcj)j^o,i,...- This basis is obviously unconditional. Note that 

has no orthogonal basis since it is not separable. 

(ii) The algebras Lp(T), 1 < p < oo, T the circle group, with convolution 

as multiplication. The sequence (uk) where Uk{z) z G T, for all z G T 

and fc G Z, is an orthogonal basis for Lp(T). Except for the case p = 2, this 
basis is not unconditional, see Singer [299, Section 2.14] or also Husain and 
Watson [169]. 

(hi) The Hardy algebra HP{0), 1 < p < oo, where D is the open unit 
disc of C. This algebra is the space of all complex- valued analytic functions 
defined on D for which the integrals fj j/(rt)j^dm(t) are bounded for every 
0 < r < 1, where m is the usual normalized Lebesgue measure on T. The 
multiplication on H^(D) is defined by the Hadamard product 

{f * g){x) ^ f f{z)g{xz~^)z~^dz, 

where f,g& HP{D) and \x\ < r < 1. If we let ek{z) z^, z G D, 
fc G N, then the sequence {ek) is an orthogonal basis for H^(D), see Husain 
[168] and Porcelli [265]. This basis is unconditional. This follows from the 
product f*g being able to be represented by the power series ^kbkX^, 
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where ^kX^ are the power series relative to / and g, 

respectively. 

Next, we show that each multiplier T of a Banach algebra A with an 
orthogonal basis can be represented in a very simple way. Clearly, for each 
X ^ A and for all fc e N = A(yf) we have x{k) = \k{x). Thus the Helgason- 
Wang equation of Theorem 4.14 assumes, for every T G M{A), the form 

Tx{k) = T{k)x{k) = T{k)Xk{x) for all A: G N. 

Choosing x = Ck yields 

(125) T{k) = Afc(Tefc) for each A: G N, 
and therefore 

OO OO OO 

Tx = ^ Xk{Tx)ek = ^ f{k)Xk{x)ek = ^ Xk{Tek)Xk{x)ek- 

k—1 k—1 k—1 

Therefore to every T G M{A) we can associate a sequence Xk{Tek)- This 
sequence is bounded. In fact, putting x = ej in the equality above we obtain 

OO 

Xk{Tek)Xk{ej)ek for each j G N. 

Since Afc(ej) = 6kj for all integers k,j G N we then have 

(126) Tcj = Xj{Tej)ej for each j G N, 

thus each Xj{Tej) is an eigenvalue of T and therefore ||Aj(Tej)| < ||T||. 

It is easily seen that if A has an unconditional orthogonal basis (e^) then 
the mapping x ^ x* , where 

OO 

x* := Xk{x)ek for each x G A, 
k=l 

defines a natural involution on A. 

Now suppose that (e^) is an unconditional orthogonal basis of A and 
T G M{A). Since the sequence (Afc(Tefc)) is bounded the series defined by 

OO 

(127) T*x := E Afc(x)Afc(Tefc)efc 

fc=i 

converges in A. Consequently the mapping T ^ T* is an involution on the 
multiplier algebra M{A). Combining the two equalities (125) and taking 
into account that T*Ck = Xk{Tek)ek we then obtain 

T*{k) = Xk{T*ek) = Xk{Tek)Xk{ek) = X^{T^k) = f{k), 

which shows that Helgason-Wang function of T* is just T* = T. 
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Theorem 4.44. Let A be a Banaeh algebra with an orthogonal basis 
(cfc). Then there exists a eontinuous isomorphism of M{A) onto a subalgebra 
of . If the basis (ck) is unconditional and M{A) is provided with the 
involution defined above, then is even a *-isomorphism of M{ A) onto 

Proof Let 'll : M{A) be the mapping defined by 'h(T) := (Afc(Tefc)) 

for each T G M{A). It is easy to verify that ih is linear. Moreover, we have 

^{ST) - {XkiSTek)) = {Xk{S{Tek))) = {Xk{S{Xk{Tek)ek))) 

- {Xk{Xk{Tek)Sek)) = (Afc(Te,))(Afc(5e,)) = ^{S)^{T). 
Clearly the map ih is injective and from the estimate 
||5'(r)||oo = sup|Afc(Tefc)| < ||T||, 

fcSN 

we see that ih is also continuous. 

Let us now suppose that the basis (cfc) is unconditional and let (tk) be 
any bounded sequence of complex numbers. It is easily seen that the series 

OO 

Tx ■- '^Xk{x)tkCk 

fc=i 

converges for each x G A, and that the mapping T so defined is a multiplier 
of A. Moreover, 'h(r) = (tk), thus ip is surjective. Then by definition and 
from the surjectivity of T it easily follows that ih is a ^-homomorphism of 
M{A) onto 

Let us consider the sets 

Km{A) ■- K{A) n M{A) 

and 

KmM) ~ {T e Km{A) : (Afc(Tefc)) e cq}. 

Clearly, Kmo(A) is a closed ideal of M{A). Moreover, if we denote by Fm{A) 
the ideal of all finite-dimensional multipliers of A, we have 

Fm{A) c Kmq C Km (A). 

Indeed, if S' G M{A) is finite-dimensional, since Sck = Xk{Sek)ek for all 
integers A: G N, we infer that Xk{Sek) = 0 for all but finitely many of the 
indices k (otherwise the vectors Ck being linearly independent the image 
S{A) would be infinite-dimensional). This shows that under the map con- 
structed in Theorem 4.44 the finite-dimensional multipliers correspond to 
the sequences in cq having only a finite number of non-zero terms. 

Theorem 4.45. Let A be a Banach algebra with an orthogonal basis 
(efc). Then there exists a continuous isomorphism iho of Kmo{A) onto a 
subalgebra of cq. Furthermore, if the basis (ck) is unconditional, in the 
involution on Kmq{A) defined by the series (127) iho is a ^-isomorphism of 
Kmo(A) onto Cq. 




230 



4. MULTIPLIERS OF COMMUTATIVE BANACH ALGEBRAS 



Proof Let us consider the mapping iho defined by d'o(r) := (Afc(Tefc)) 
for each T e Kmq{A). Trivially iho niaps Kmo(A) onto a subalgebra of cq. 
Suppose that the basis (e^) is unconditional and let cqo denote the algebra 
of all complex sequences (ak) such that ak = 0 for all k but a finite number 
of them. For any natural p > 1 let (t^) be a sequence of cqo such that = 0 
for all A; > p. If we define 

oo p 

Tx . ^ ^ ^ ^ 

fc — 1 k—1 

we have T G M{A). Clearly T is a finite-dimensional operator and therefore 
belongs to Kmo(A). We also have 4 'o(.^Mo(^)) 2 cqo, and since iho is the 
restriction of the isomorphism di defined in the proof of Theorem 4.44 on 
the closed subalgebra Kmq{A) we also have that ^o{Kmo{A)) is a closed 
subalgebra of cq. From this we obtain that 

'^o{Kmo{A)) 2 Coo = Co, 

so iho is surjective. Clearly d^o is a isomorphism and for every T G Kmq{A) 
the sequence (Afc(Tefc)) G co, from which we conclude that the mapping T* 
defined by (127) is compact. Hence Kmo(A) is an involution algebra and d^o 
is a ^-isomorphism of Kmo(A) onto co. ■ 

Note that compact multipliers of Banach algebras with an orthogonal 
basis do not always correspond to sequences which belong to cq, i.e. in the 
notation of Theorem 4.44 generally Kmq{A) is a proper subalgebra of cq. In 
fact, let consider the case A = Lp{T), p < 1 < oo. Then A(A) = Z, and if 
/ e Lp(T) 

Tf{k) = Tk)f{k) = Xk{Teh)f{k) for each fc G Z, 

where / denotes the Fourier transform of /. If p 7 ^ 2, Figa-Talamanca and 
Gaudry [114, Theorem B and Remark b] have shown that there exists a 
non-compact multiplier T such that the corresponding sequences (Afc(Tefc)) 
belongs to cq. 

If A has an orthogonal basis (cfc) let L/. denote the multiplication oper- 
ator defined by 

Lk{x) ■= xck for every integer fc > 1 . 

Trivially = Lf. and, since xck = Xk{x)ek, Lfc is a bounded projection of 
A onto the one-dimensional ideal e^A. 

In the next result we describe some distinguished parts of the spectrum 
of a multiplier of a Banach algebra with orthogonal basis. 

Theorem 4.46. Let A be a Banaeh algebra with an orthogonal basis 
Cfc and let (Afc) be the sequenee of the eorresponding coeffieients funetionals. 
Then, for every T G M{A) we have: 

(i) ap{T) = {Afc(Tefc) : k G N}; 




5. MULTIPLIERS OF BANACH ALGEBRAS WITH ORTHOGONAL BASIS 



231 



(ii) ar{T) = 0; 

(iii) a{T) = iXap(T). 

Proof (i) This follows from Theorem 4.31 since the maximal ideal space 
A(A) is discrete and the set {Afc(Tefc) : A: e N} is the range of the Wang- 
Helgason representation of T. 

(ii) Let us suppose that crr{T) ^ 0 . If A e crr{T) then A does not belong 
to (Tp{T). Prom part (i) we then obtain that A 7 ^ Xk{Tek) for every A: e N. 
Let us consider for every A; e N the element Zk ■= [A — Afc]“^efc. Then 

{XI — T)zk = [AAfc(Tefc)]“^(A/ — T)tk for each A: e N, 

and since Tck = Xk{Tek)ek it easily follows that {XI — T)zk = &k for 
eachA: € N. Therefore, for each A: G N we have G {XI — T){A). 

Let us denote by Z the linear space spanned by the sequence (cfc). 
Clearly, Z is norm dense in the algebra A so that Z = {XI — T){A) = A. 
This of course implies that A ^ Or{T), a contradiction. 

(iii) By part (ii) and the relationships (i) and (ii) of Theorem 4.27 we 
have 

o’ap(r) C a{T) = o-p(T) U Oc{T) C aap{T), 
so a(T) = aap(T). ■ 

The preceding result leads to the following spectral decomposition theo- 
rem for multipliers on a Banach algebra with an unconditional . Not surpris- 
ingly, this result is remarkably similar to the classical spectral theorem for 
compact, or meromorphic, normal operators on Hilbert spaces, see Heuser 
[159, Proposition 71.1]. 

We first need the following lemma 

Lemma 4.47. Let A be a Banaeh algebra with an uneonditional or- 
thogonal basis (cfc). Then the sequenee {Lk) is an uneonditional basis of 
Kmo{A). 

Proof By Theorem 4.45 the mapping iko ■ Kmq{A) cq defined by 
4'o(?^) := {Xk{Tek)) is a homeomorphism of Kmq{-^ onto cq. Obviously iko 
corresponds to {Lk), the standard basis {uk) of cq, where {uk) ■= {dkj)j^o,i,...- 
Moreover, since T = Xk{Tek)Lk the sequence {Lk) is an unconditional 
basis of Kmo{A). ■ 

Theorem 4.48. Let A be a Banaeh algebra with an uneonditional or- 
thogonal basis (cfc). Then every T G Mq{A) is a eompaet operator and 

(128) a(T) = {Afc(Tefc) :A:GN}U{0}. 

Moreover, if fJ-k ■= Xk{Tek) then T admits the uneonditionally eonvergent 
expansion 

00 

r = ^ tikPk, 

k=l 
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where for each k G N Pk is the spectral projection associated with {pk}- 
The projections Pk are multipliers on A and project the finite- dimensional 
ideal Mk = ker (p,kl — T) along its orthogonal ideal Mk^ = [pLkl — T){A). 
The dimension of Mk coincides exactly with the number of the coefficients 
Xj{Tej) winch are equal to pk- 

Proof By Lemma 4.47, if T G Mq{A) then T = \k{Tek)Lk- Prom 

OO 

Lej{x) = CjX = 6j Xk{x)ek = Xj{x)ej 
k=l 

we then conclude that the operator has a range of dimension 1, so 
T is a compact operator, since it is the norm limit of finite-dimensional 
operators. A compact operator on an infinite-dimensional Banach space has 
as its spectrum a{T) = o'p{T) U {0}, so by Theorem 4.46 the equality (128) 
holds for every T G Mq{A). 

Let (pk) be the sequence of all distinct eigenvalues obtained from the 
sequence (Afc(Tefc)) by removing eventual repetitions of them. Since by 
Theorem 4.45, (Xk{Tek)) G cq each Xk{Tek) yf 0 may appear in the sequence 
(Xk{Tek)) for only a finite number of indices k. The convergence of the series 
^k{&k)Lk is unconditional, so 

OO 

T = p-k Lj 5 

fc=l Xj=Uk 

and hence if Pk denotes the finite sum 

Pk '■= Lj, 

—f-^k 

we obtain 

OO 

(129) T = Y,pkPk- 

k=l 

Trivially, every Pk is a projection and belongs to M{A). Precisely by 
Theorem 4.10 Pk projects the algebra A onto the finite-dimensional ideal 
Mk := ejA along its orthogonal ideal Mk~^ ■ 

We claim that Mk = ker(/ifc/ — T). The inclusion Mk Q ker {pkl ~T) fol- 
lows from the equalities (126). Conversely, let us suppose x G ker(/xfc/ — T). 
Then 

OO OO 

Xj{x)Xj{Tej)ej = Tx = pkX = pkXj{x)ej. 
i=i i=i 

The uniqueness of coefficients implies that pkXj{x) = Xj{Tej)Xj{x) for each 
j G N, so that 



Xj{Tej) = Pk for all j with Xj{x) yf 0, 
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and therefore x e M^- Hence = ker(/xfc/ — T). 

We show now that Mk~^ = — T){A). Clearly, if = 0 for all except 

a finite number of the k then the set of all eigenvalues is finite, so the series 
(129) is to be interpreted as a finite sum. For every k let Qk be the spectral 
projection associated to the isolated point 

Clearly, we have Qk G M{A) since {XI — T)~^ G M{A). By Theorem 4.36 
we know that is a simple pole of R{X,T), hence Qk projects A onto 
ker(/TA;/ — T) along (/r^/ — T){A), see part (b) of Remark 3.7. Therefore 
Qk = Pk and Mk~^ = {^kl ~ T){A). Finally, the dimension of Mk is exactly 
given by the number of coefficients Xj{Tej) which coincides with Hk, so the 
proof is complete. 



6. Multipliers of commutative H* algebras 

A Banach algebra A with an involution * is said to be a H* algebra if 
its underlying Banach space is a Hilbert space whose scalar product (•,•) 
verifies the following properties: 

(a) The Hilbert space norm agrees with the Banach space norm || • ||, 
||a;|| = (x,rr) 2 ; 

(b) ||x*|| = ||a;|| for each a; G A; 

(c) If X 7 ^ 0 then x*x 0; 

(d) {xy, z) = {y, x*z) for all x, y, z & A. 

The standard example of a commutative H* algebra is the group algebra 
LP‘{G), where G is a compact Abelian group. For a systematic study of H*- 
algebras we refer to Naimark [ 242 ]. In the sequel we sketch the Gelfand 
theory of commutative H* algebras. 

The regular maximal ideal space A (A) of a commutative H* algebra 
A is easy to describe. We recall that an idempotent e G A is said to be 
irreducible if e is not the sum of two nonzero orthogonal (in the Banach 
algebra sense) self-adjoint idempotents, i.e., there do not exist elements ei, 
62 G A such that e — ei + C 2 and 6162 = 0. Let E be the set defined by 

(130) E := I irreducible self-adjoint idempotents of a| . 

Evidently the set E forms a complete orthogonal system in the Hilbert space 
A. Each minimal ideal Jy of A is the one-dimensional ideal generated by 
an element ey G E . The orthogonal (in the Hilbert sense) of each Jy 
is a regular maximal ideal of A and all regular maximal ideals of A may 
be obtained in this way. Hence there exists a one to one correspondence 
between points of A(A) and elements of the set E. If we equip E with the 
discrete topology then the maximal regular ideal space A (A) and E are also 
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topologically equivalent. By identifying A(yf) and E the Gelfand transform 
assumes the form: 

x(e) = for all e := e E. 

\\e-p\\ \\m\ 

Note that a commutative El* algebra A is also semi-simple, [242]. Further- 
more, A is regular since A(A) is discrete. 

If T e M{A) and T* denotes the Hilbert adjoint of T, for each x, y, 
z G A we have 

{{T*x)y,z) = {T*x,zy*) = {x,T{zy*)) 

= {x,{Tz)y*) = {xy,Tz) = {y,x*{Tz)) 

- {y,T{x*z)) = {T*y,x*z) = {x{T*y),z)) 

Therefore {T*x)y = x{T*y) and hence T* G M{A). Consequently the map- 
ping T ^ T* is an involution on M{A). 



Theorem 4.49. Suppose that A is a commutative H* algebra. Then 
M{A) is isometrically * -isomorphic to C'(A(A)). 



Proof Clearly, the mapping T ^ T is an algebra isomorphism of M{A) 
onto A4{A) := {T : T G M{A)} C C(A(A)). Let us identify A(A) with the 
set E defined in (130) and suppose (p G C{E). If a; G A then the series 



z := '^{x,e)ip{e)e 
eeE 



defines an element of A. It is easy to see that 



z{e) = p{e) 



{x,e) 

l|e/3|| 



(/?(e)x(e). 



From the equality z(e) = p{e)x{e) it then follows that pA C A thus 
every p G C{E) defines a multiplier of A, and M{A) = C(A(A)). The 
mapping T G M{A) — > T G M.{A) clearly takes T* into the conjugate of T, 
and so the only thing which remains to be done is to prove that the mapping 
above is an isometry. 

For any T G M{A) we have that 



{Te,f) = {T{\\e\\e,f) for aileJeE 



and 



Therefore 



{Tx, e) 




{x,e){Te,e). 



\\Tx\ 



-E 

e€E 



\{Tx,e)f 



-E 

eeE 



|(x,e>n(re,e>|2<||r||^||x 



so that ||T|| < Irlloo- Since the inverse inequality is still valid we can now 
conclude that the mapping T G M{A) — > C(A(A)) is an isometry. ■ 
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Note that the last theorem implies that for a compact Abelian group G, 
the algebra M{L 2 {G)) is isometrically *- isomorphic to C{G). 

Theorem 4.50. Let A be a eommutative H* -algebra. Then the ideal of 
all eompact multipliers Km{A) is isometrieally *-isomorphic to Co(A(A)). 

Proof By the previous theorem the mapping 

(^ : T e Km{A) ^ T 

is a ^-isomorphism of Km {A) onto a subalgebra B of C'(A(A). We need 
only to prove that B = Co(A(A)). As before we identify A(A) with the set 
E defined in (130). 

Let us suppose that the Wang function T of T e M{A) belongs to 
C'c(A(A)), where C'c(A(A)) denotes the subalgebra of C(A(A)) of all con- 
tinuous functions on A (A) having a compact support. Since A (A) is discrete 
the function T has a finite support, for instance . . . , where 

are irreducible self-adjoint idempotents. 

From the equality 

(Tx,e^) = {x,e'^)f{e'p)e'p, 

we then obtain 

n 

(131) Tx = Y,{Tx, e'^)e'p = ^(x, e'p^)f{e'^^) 

(3 

for each x G A. This implies that the image space T(A) is contained in 
the direct sum ^e'^^A of one-dimensional ideals g'^^A, thus T is finite- 
dimensional and therefore compact. Hence the image of the ideal Km (A) 
under ip contains Cc(A(A)). 

Clearly, ip{Km{A)) is closed in the uniform topology, thus we have 

t{Km{A)) D Ce(A(A)) = Co(A(A)). 

Next we want show the inverse inclusion lp[Km{A)) C cq(A(A)). 

Let T € Km{A)) and ’p{T) = T ^ Co(A(A)). Since E is discrete there 
exists an e > 0 and a sequence {j3k) such that 

Pk (dj for k ^ j and \T{e'ij^)\ > e for all integer fc e N. 

By using the equality (131), for all k j we then obtain the following 
estimates 

\\Te’p,-Te’p,\\ = MeM, ~ f{e',^)e',^\\ 

- (inek)l' + (l^(4,)l")^ 

> \/2e. 
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From this it follows that the sequence has no convergent subsequence 

and this contradicts the compactness of T. Hence T € C'o(A(A)) and there- 
fore v{Km{A)) = Co(A(H)) 



6.1. Comments. The concept of a multiplier on a semi-simple com- 
mutative Banach algebra A was originally introduced by Helgason [156] as 
a bounded continuous function 93 defined on the regular maximal ideal space 
A (A) such that ipA C A, where A = {x : x G A}. The general theory of 
multipliers on a faithful Banach algebras in the form presented here has 
been developed successively by Wang [314], Birtel [68], A good reference 
for this theory is the monograph of Larsen [198], in which the reader may 
find applications to abstract harmonic analysis. 

One of the most general approaches to the theory of multipliers of non- 
commutative Banach algebras is owed to Johnson [175], whose starting 
points are the properties of certain mappings on associative semi-groups. 
Multipliers are also called centralizers by some authors. Developments of 
this theory, with some applications to specific topological algebras, may be 
found in Johnson [176], [177], Johnson and Sinclair [178], Reid [278], Ri- 
effel [280], Foia§ [119], Kellog [186], and Mate [224]. 

The main characterization of multipliers of a faithful commutative Ba- 
nach algebra as bounded continuous functions on A (A), established in The- 
orem 4.14, is owed to Wang [314]. This result, although not explicitely 
stated in this abstract context, appeared in some other papers, for instance 
Helgason ([156]). The characterizations of multipliers of commutative Ba- 
nach algebras given in Theorem 4.12 and Theorem 4.15 are owed to Birtel 
[ 68 ]. 

The algebra Mq{A) of those multipliers which correspond to continuous 
functions (fx which vanish at infinity on A (A) was studied by Birtel [ 68 ]. In 
particular, the material from Theorem 4.16 to Theorem 4.25 is essentially 
based on the papers of Birtel [ 68 ] and Wang [314]. 

The subsequent section on the spectral properties of multipliers contains 
a sample of results from Aiena [5], [6], [7], [ 8 ] and [9]. Theorem 4.33 and 
Example 4.35 are taken from Aiena, Colasante, and Gonzalez [16]. The re- 
sult of Corollary 4.34 has been established first by Laursen and Mbekhta in 
[206], whilst Theorem 4.38 is from Laursen [203]. Note that the property of 
M{A) being an inverse closed algebra of L(A) first appeared in Wang [314] 
who observed, by in his own words, the curious fact that if a multiplier T 
is bijective then its inverse T~^ is also a multiplier. This chapter, as well as 
the subsequent chapters, shows that actually we have much more than this 
curious fact. Multipliers have a very rich spectral theory. 

The classical property that the multiplier algebra of the group algebra 
Li{G), G a locally compact Abelian group, may be identified with the mea- 
sure algebra A4 (G) has been proved by Wendel [320] . The multiplier algebra 
for the group algebra Li(G) has also been investigated by several authors. 
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for instance by Edwards [ 104 ], Kelson [ 157 ], Gaudry [ 122 ]). For a com- 
plete proof of Theorem 4.40 we refer to the book of Larsen [ 198 , Chapter 
0], which also gives informations on the problem of describing the isomor- 
phism of group algebras. The characterization of the compact multipliers of 
Li(G), G a compact Abelian group is owed to Akemann [ 45 ], Gaudry [ 122 ] 
and Kitchen [ 187 ]. 

The study of properties of the multiplier algebra of a Banach algebra 
with an orthogonal basis presented here is modeled after Aiena [ 7 ]. A study 
of these properties may also be found in Husain [ 168 ], Husain and Watson 
[ 169 ], [ 170 ]. Theorem 4.49 and Theorem 4.50 which characterize the multi- 
plier algebra M{A) and the ideal Km (A) of a commutative H* algebra have 
been first proved by Kellog [ 186 ]. Both theorems have been successively 
extended to non-commutative H* algebras by Ching and Wong [ 77 ]. In this 
case, instead of Gelfand’s representation theory the authors have used the 
Ambrose structure theorem, see [ 46 ], for H* algebras. 




CHAPTER 5 



Abstract Fredholm theory 



In this chapter we shall develop the abstract Fredholm theory on a com- 
plex Banach algebra with a unit and apply this theory to the concrete case of 
multipliers of commutative Banach algebras. Our approach to the Fredholm 
theory of Banach algebras will use some ideas of Aupetit [53] starting from 
the concept of inessential ideal. This is a two-sided ideal J of a complex 
unital Banach algebra having the property that every element x G J has a 
finite or a denumerable spectrum which clusters at 0. 

Every inessential ideal J of a Banach algebra A determines a Fredholm 
theory. In the case of the Banach algebra L{X) of all bounded operators on 
a Banach space X, the Fredholm theory determined by the inessential ideal 
of all compact operators K(X) is the classical Fredholm theory introduced 
in the previous chapters. 

A first important inessential ideal of a semi-prime Banach algebra A is 
given by the socle of A. The properties of this ideal are developed in a 
purely algebraic setting in the second section, whilst the third section ad- 
dresses the characterization of the socle of a semi-prime Banach algebra A 
as the largest ideal of A each of whose elements are algebraic. Generally an 
arbitrary Banach algebra does not admit a socle. For this reason we shall 
introduce for an arbitrary algebra the so called pre-socle. This may be char- 
acterized as the largest ideal for which every element has a finite spectrum. 

In this chapter we shall also introduce the concept of Riesz algebra. 
These algebras have been introduced by Smyth [304] and may be thought 
of grosso modo, as algebras which are very close to their pre-socle, more pre- 
cisely, which do not admit primitive ideals containing the pre-socle. These 
algebras may also be described in terms of operator theory. In fact, these 
algebras are strictly related to the class of Riesz operators on a Banach 
space, in the sense that if A is a Riesz algebra then the wedge operators 
X A X, X € A, acting on A, are Riesz operators. We shall also see that this 
property characterizes the semi-simple Riesz Banach algebras. In view of 
the applications to multiplier theory, we shall focus our attention to the par- 
ticular case of Riesz commutative Banach algebras and will show that these 
are precisely the commutative Banach algebras having a discrete maximal 
ideal space. 

The concept of a Fredholm element of a Banach algebra is introduced in 
the fourth section, where we develop the Fredholm theory of the multiplier 
algebra M{A) with respect to some inessential ideals of M{A), in particular 
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with respect to the ideal Km{A) of all compact multipliers. This section also 
contains a description of the ideal Km (A) for several commutative Banach 
algebras, in particular for group algebras, for commutative integral domains 
as well as for commutative C* algebras. 

In the fifth section, in order to give more information on the Fredholm 
theory of multipliers we shall consider preliminarily the problem of finding 
conditions for which the range of a bounded operator T on a Banach space 
X, or some iterate T”, has closed range. In these conditions the finiteness 
of the ascent plays a central role, so that these results apply to multipliers 
of semi-prime commutative Banach algebras. A main result of this chap- 
ter is that a sort of Atkinson theorem holds for multipliers: the Fredholm 
multipliers having index zero may be intrinsically characterized as the mul- 
tipliers invertible modulo the compact multipliers. This result also shows 
that the multiplier algebra of a commutative semi-simple Banach algebra is 
sufficiently large to represent all the results concerning Fredholm theory in 
terms only of multipliers. 

Subsequently other results on semi-Fredholm multipliers of A are ob- 
tained by adding some other assumptions on the regular maximal ideal space 
A(A), for instance assuming that A is a regular Tauberian Banach algebra 
or assuming that the multiplier algebra is regular. We shall also consider 
the Fredholm theory of a not necessarily commutative C* algebra. 

A part of this chapter concerns the applications of the theory developed 
in this chapter to some concrete algebras studied in Chapter 3. The most 
significant of these applications leads to the characterization of Fredholm 
convolution operators of a group algebra L^{G). 

In the last section we establish several formulas for the Browder spec- 
trum of multipliers of semi-simple Banach algebra, and in particular for the 
Browder spectrum of a convolution operator of the group algebra L^{G) of 
a compact Abelian group G. Some of these characterizations are given in 
terms of compressions. 



1. Inessential ideals 

In the previous chapter we have defined the radical of an algebra A as 
the intersection of all primitive ideals of A. The radical may be described 
in several ways. In the sequel we shall list several characterizations of the 
radical, each of which is useful in certain situations. Recall first that an 
element x of an algebra A is called to be quasi-invertible if there exists an 
element y G A such that yox = xoy = 0, where for every x,y G A the 
circle product o is defined hy x o y ■= x + y — xy. The element y is called 
the quasi-inverse of x. If A has a unit element u then x has quasi-inverse y 
if and only if u — x has inverse u — y. 

Let q-inv A denote the set of all quasi-invertible elements of A. Then 

(132) rad A = {x € A : Ax C q-inv A for each a e A} 

= {x e A : xA C q-inv A for each a e A}, 
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see Bonsall and Duncan [72, Proposition 24.16 and Corollary 24.17]). If A 
has unit u and inv A denotes the set of all invertible elements of A then 

(133) rad^ = {x ^ A u — ax ^ inv A for each a e A} 

— {x ^ A u — xa ^ inv A for each a £ A}. 

Moreover, 

(134) radM = {x £ A: x + inv A C inv A}. 

If ^ is a Banach algebra and Q{A) denotes the set of all quasi-nilpotent 
elements of A we also have 

(135) radA = {x £ A'. xQ(A) C Q(A)} 

— {x £ A\ Q(A)x c Q{A)}. 

(Bonsall and Duncan [72, Proposition 25.1]). Note that by the characteri- 
zation (134) it follows that if x belongs to the radical of A then Aw — x is 
invertible for each A 7 ^ 0. Therefore every element of the radical is quasi- 
nilpotent. In the case of commutative Banach algebra the radical is precisely 
the set of all quasi-nilpotent elements (Bonsall and Duncan [72, Corollary 
17.7]). 

Theorem 5.1. Let J he a two-sided ideal of the algebra A. Then: 

(i) rad J = JflradM. In partieular, if A is semi-simple then J is semi- 
simple; 

(ii) A/vadA is semi-simple. 

Proof (i) For the first statement see Bonsall and Duncan [72, Corollary 
24.30]. The second statement is obvious. 

(ii) See Bonsall and Duncan [72, Proposition 24.21]. ■ 

Let n(Al) denote the set of all primitive ideals of an algebra A. Given 
a subset E of II(Al) and an ideal J of A, the kernel of E and the hull of J 
are defined, respectively, by 

kA{E) := Pi P and fi^(J) := {P £ B(Al) : J Q P}. 

Pen(A) 

It is understood that fcyi( 0 ) = A. If the algebra A is unambiguous from the 
context we shall drop the subscript and write simply k{E) and h{J). 

The mapping E h(k{E)) is a Kuratowski closure operation on the 
subsets of n(Al) and the topology on II(Al) corresponding to this closure 
operation is called the hull-kernel topology. The set II(Al) provided with 
this topology is called the strong strueture space. 

Note that if Al is a commutative Banach algebra then an ideal is primitive 
precisely when it is maximal regular, see Rickart [279, Corollary 2.2.10]. 
Hence in this case H(Al) coincides with the space A(H) of all maximal regular 
ideals of A , and the /ifc-topology on H(Al) coalesces with the /ifc-topology 
defined in the previous chapter on A(M). 
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In the following we collect some important properties of the structure 
space. For a much fuller account of the structure spaces we refer to Rickart 
[279] or Bonsall and Duncan [72]. 

Remark 5.2. Let A be an algebra. 

(i) If A' := A/vadA then the two structure spaces II(^) and n(^') are 
homeomorphic. See Bonsall and Duncan [72, Proposition 26.6]. 

(ii) Let e ^ 0 be an idempotent in a Banach algebra A and B := e^e. 
Then the mapping P G LI(^) ^ P D B is a homeomorphism of II(^) \ h{B) 
onto n(S). See [72, Theorem 27.14]. 

(iii) If ^ is a semi- simple Banach algebra and e G ^ is idempotent, then 
e^e is a closed semi-simple subalgebra of A. In fact, B := eAe is closed 
in A. From the homeomorphism of II(^) \ h{B) onto II(S) it follows that 
radS = rad^ n B. The semi-simplicity of A then implies that radS = {0}. 

Now let ^ be a complex Banach algebra with a unit u and let J be a 
two-sided ideal of A. 

Definition 5.3. IFe say that the ideal J is inessential if for every a; G J 
the speetrum (Jji{x) is either finite or is a sequenee converging to zero. 

For instance, if ^ = L{X), X a Banach space, the ideal F{X) of finite- 
dimensional operators or its closure, and the ideal K{X) of all compact 
operators are inessential. Other inessential ideals of A = L{X) will be 
introduced in Chapter 7. Later it will be shown that if G is compact Abelian 
group and p G L^{G) then the convolution operator on Li{G) is compact, 
and hence the spectrum cr(/r) = criTff) is finite set or a sequence converging 
to zero. Therefore J = L^{G) is an essential ideal of the measure algebra 
M(G). 

For each two-sided ideal J of A denote by k{h{J)) the intersection of all 
primitive ideals of A which contain J. Clearly k{h{J)) is a two-sided ideal 
and 

(136) J QJ Qk(h{J)), 

where, as usual, J denotes the closure of J. 

The ideal k{h{J)), where J is a closed ideal of A, may be characterized 
by means of the radical of A ^ A/J. Let us 4' : A ^ A/J denote the 
canonical quotient map. Then 

(137) k{KJ)) = 4'“Hrad (A/J)), 
see Jacobson ([174, see p. 205]. 

Let O' be a spectral set of an element x of a Banach algebra A with unit 
u, i.e., a is an open and closed subset of the spectrum a_A{x). Let denote 
by F a closed curve which lies in the resolvent pa{x) and contain a in its 
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interior. The spectral idempotent associated with x and a is defined by 



p := p{a, x) = / (A-u — x) ^ dA. 

2vri Jy 

Lemma 5.4. Let J be a two-sided ideal of a Banach algebra A with unit 
u and let x e k{h{J)). Then the idempotent p associated with x and a, for 
each isolated point a 7 ^ 0 o/ the spectrum, belongs to J. 



Proof 

have 



For each A G F, F separating a from the rest of the spectrum, we 

{Xu — x)~^ = T + ~ x)~^. 

A A 



Hence 



Evidently the first term is equal to zero and the second term belongs to 



k{h{J)), so p & k{h{J)) C k{h{J)). 

Now let p denote the equivalence class of p in A/ J. Since p G k{h{J)), 
from (137) we obtain that p G vudA/J, and hence the spectral radius of 
p is zero. But since p is idempotent this implies that p = 0, and hence 
p G J. Moreover, pjp is a closed subalgebra of A, hence a Banach algebra 
with identity p having pJp as a dense two-sided ideal. From this we then 
conclude that pJp = pJp, and consequently 

p = p^ e pjp = pjp C J, 



so the proof is complete. 



A consequence of Lemma 5.4 is that the two ideals J and k{h{J)) have 
the same sets of spectral idempotents associated with their elements. 

Theorem 5.5. Let A be a Banach algebra with unit u and suppose that 
K and J are two inessential ideals of A having the same sets of spectral 
idempotents. Then the equivalence class x -\- K of x in AjK is invertible if 
and only if the equivalence class x J of x in A/ J is invertible. Moreover, 
if K and J are closed then 

(138) (t_ 4 /x(x - h A) = (T_ 4 /j(x - h J) for all X e A. 

Proof Suppose that x -|- J is invertible in A/ J but x -|- A not invertible 
in AjK. We may suppose without loss of generality that x -|- A is not 
right invertible. Then there exists y G A such that a = xy — u G J. If 
u a were invertible in A we would have xy{u -|- a)“^ = u, thus x -|- A 
would be right invertible in AjK. Hence —1 G crJ^{a). Since the ideal J is 
inessential the point —1 is an isolated point of the spectrum. By Lemma 
5.4 the corresponding spectral idempotent p belongs to J, so by hypothesis, 
it is also in A. By means of the elementary functional calculus it is easy to 
check that —1 G (rj^la — ap), so that xy — ap = u -\- a — ap has an inverse 2 
in A. Prom this it follows that 



(x K){yz + J) = u-\- J, 
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and this is a contradiction. 

Analogously, a symmetric argument shows that x-\-K \s invertible if and 
only if a; + J is invertible. Replacing a; by Au — a; we then conclude that the 
equality (138) holds. ■ 

The following result will play an important role in this chapter. It is an 
immediate consequence of the fact that the two ideals J and k{h{J)) have 
the same spectral idempotents. 

Corollary 5.6. Let A denote an unital Banaeh algebra and J an inessen- 
tial ideal. Then x ^ A is invertible in A modulo J if and only if x is 
invertible modulo k{h{J)). ■ 



2. The socle 

A first important example of inessential ideal is given by the socle of a 
semi-prime unital Banach algebra. In this section we give some preliminary 
informations on the socle in a purely abstract setting. We first review some 
standard facts and definitions. 

Let A be any complex algebra. A minimal idempotent element of A is 
a non-zero idempotent e such that eAe is a division algebra. Let us denote 
by Min A the set of all minimal idempotents of A. Recall that a minimal 
left (right) ideal of an algebra A is a left ideal J yf {0} such that {0} and J 
are the only left (right) ideals contained in J. 

In a semi-prime algebra the minimal left ideals and the minimal right 
ideals are strictly related to the minimal idempotents. In the following 
theorem we collect some of these relationships, see Bonsall and Duncan [72, 
§30]. 

Lemma 5.7. Let A be semi-prime algebra and J a left ideal of A. 

(i) J is a minimal left ideal if and only if there exists e e Min A such 
that J = Ae. 

(ii) If J is a minimal left ideal and x ^ A then either Ax = {0} or Ax 
is a minimal left deal. 

Similar statements hold for right ideals. 

Note that if e G Min A then the left ideal 

A{1 — e) := {a — ae : a G A} 

is a maximal regular left ideal in A. Moreover, A = Ae®A{l — e). A similar 
statement holds for the right ideal 

(1 — e)A := {a — ea : a G A}, 
see [72, Proposition 30.11]. 

Definition 5.8. Let A be an algebra which admits minimal left ideals. 
The left socle of A, denoted by Lsoc A, is defined to be the smallest left ideal 
containing all minimal left ideals. The right socle Rsoc A of A is similarly 
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defined in terms of right minimal ideals. If A has both minimal left and 
minimal right ideals, and if the left socle coincides with the right socle, then 
the set soc A := Lsoc A = Rsoc A is called the socle of A. 

It is not difficult to see that, if A has minimal left ideals, then Lsoc A 
is a two-sided ideal of A. Moreover, if A is semi-prime and have minimal 
left ideals (or, equivalently, have minimal idempotents), then the socle does 
exist ([72, Chapter iv]). If the semi-prime algebra A has no minimal ideals 
then we shall set socM = {0}. 

Clearly, for a semi-prime algebra we have Min A C soc A and 
soc A = < Ack : n e N, e Min A 

m 

CkA : m e N, Cfc e Min A 

As remarked in Theorem 5.1, a two-sided ideal J of a semi-simple alge- 
bra A is also semi-simple, so it admits a socle. Moreover, from the equality 
Min J = Min A D J and from the property that any minimal right ideal of 
A has form eA, where e G Min A, it follows easily that soc J = soc A J . 




Example 5.9. The Banach algebra A := L{X), where A is a Banach 
space, is semi-simple. Indeed, {0} and X are the unique subspaces of X 
which are invariant under every T G L(A). Hence the identity / of A is 
an injective irreducible representation of A. Since the radical is the in- 
tersection of the kernels of all irreducible representation this implies that 
radL(A) = {0}. 

The minimal idempotents of L(X) and the socle of L(X) may be char- 
acterized in a very simple way: 

MinL(X) = {P G L{X) : P = P‘^ and dim P{X) = 1}, 

and soc L[X) = F{X), the ideal of all finite-dimensional operators. 

In fact, let P G L{X) be projection with dim P{X) = 1. Then there 
exists an element 0 7^ 2 G X and a continuous linear functional 0 7^ / G x* 
such that Px = f{x)z for all x G X. Since P is a projection we also have 
f{z) = 1. Let (xa) be a basis of (/ — P)(X). Then f{xa) = 0 for every a 
and every x G X admits the representation x = A^x^ -h A2. 

If S' G L{X) is arbitrary then 

PSPx = PS(Ax) = \f{Sx)z. 

Prom PSP 7^ 0 we obtain ^ := f{Sz) 7^ 0, and hence if T := 

PSPPTP = PTPPSP = fi-^PSP. 

Prom this we obtain 

PSPPTPx = fi~^PSPx = = Xz = Px. 
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Hence PSP is invertible in PAP and therefore P G Min A. 

To show that the elements of Mini(X) are exactly the 1-dimensional 
projections, assume that P = P^ and dim P{X) > 2. Then there exist 
linear independent elements X\,X 2 G X such that Pxk = , fc = 1,2, and 

two elements /i ,/2 G X* such that fj{xk) = djk- Let S G LX) be defined 
by Sx := fi{x)xi. Then Sxi = x\ and Sx 2 = 0. Prom PSPxi = xi 0 it 
follows that PSP 7 ^ 0, and hence, since X 2 = Px 2 G ker PSP, the element 
PSP is not invertible in PAP. Therefore P ^ MinL(X). 

Finally, from the definition of socle we easily deduce that soc L{X) = 
F(X). 

Definition 5.10. Let A be a semi-prime algebra. A left (respeetively, 
right) ideal J of A is said to have finite order if J ean be written as the sum 
of a finite number of minimal left (respeetively, right) ideals of A. 

The order 9{J) of J is the smallest number of minimal left (respeetively, 
right) ideals of A whieh have sum J. If J has not finite order we define 
9{J) := oo. The zero ideal is assumed to have order 0. 

If J is a two-sided ideal of A the definition of order of J at first glance 
may appear ambiguous. However, as a consequence of the next Theorem 
5.12 the order of J considered as a left ideal is the same of the order of J 
considered as a right ideal. 

Lemma 5.11. Assume that the left ideal J of a semi-prime algebra A 
has finite order n. Suppose that /i, • • • , fn are minimal idempotents sueh 
that the sum Afi © • • • ®Afm © J. Then m <n. 

A similar statement holds for right ideals of finite order. 

Proof Let ei, • • • , e„ G Min A be choose such that J = Ae\ + • • • + Me„. 
Since fi G J, there exist elements Xk & A such that fi = XkCk. 

Assume that Xjej 0. Since Aej is minimal, from the inclusion Axjej C 
Aej we know that either Axjej = Aej or Axjej = {0} holds. But A is semi- 
prime, hence faithful, so it must be AxjCj = Aej and therefore 

n n 

Aej = AxjCj C Afi + ^ AxkCk Q Afi + ^ Ack. 

k=l k=l 

kjtj kjtj 

Prom this it follows that 

n n 

J = ^ ^ Aek + Aej C ^ ^ Ack + Af\ C J, 

k=l k=l 

kjtj k^j 



n 

J = ^Aek-\-Afi. 



k=l 

k^i 



and therefore 
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Now, /2 e J SO there exist elements yt ^ A and z & A such that 

n 

/2 = Zfi + 

k=l 

k^j 

Since the sum Afi + ■ ■ ■ Afm is direct it follows that yiCi ^ 0 for some i ^ j. 
Proceeding as before for the ideal J we obtain the representation 

n 

J = Afi + Af2 + Ack- 

k=l 

kj^j,i 

By continuing in this manner we can at each successive step replace an ideal 
Acq with an ideal Afp. If m > n, at the end of this process we obtain that 
J = Afk and this contradicts the assumption that the sum ^fk 

is direct. Therefore m < n. ■ 

Recall that a set Ai := {e\, ■ ■ ■ ,e„} of elements of A is orthogonal if 
CiCj = 0 for every i yf j. It is easily seen that if Ai := {ei, • • • ,e„} is 
an orthogonal set of minimal idempotents then the sum ^ei + • • • +Aen is 
necessarily direct. 

Theorem 5.12. Let J be a non-zero left ideal of a semi-prime algebra 
A. IfO{J) = n then every maximal orthogonal set of minimal idempotents in 
J eontains n elements. If AA = {ei, ■ ■ ■ , e„} is sueh a set and e = e^, 

then 

(139) J = Ae = Aei © • • • © .4e„. 

Moreover, for every x G J we have 

(140) X = xei + • • • + xen = xe. 

A similar statement holds for right ideals of finite order. 

Proof Let A4 denote a maximal orthogonal set of minimal idempotents in 
J. By Lemma 5.11 we know that A4 is a finite set. Let A4 := {ei, • • • , e,y}. 

We establish first that there are no minimal idempotents g G J such 
that gck = 0 for all 1 < fc < Indeed, assume that there exists a minimal 
idempotent g G J such that gek = 0 for all 1 < k < iz. By the maximality of 
A4 we have yf 0 for some k. By renumbering the elements of A4 we can 
suppose that Cjg yf 0 if 1 < j < m, and ejg = 0 if j > m. Let us consider 
the element 

m 

f ■= g-^dkg. 
fc=l 

Since gf = g^0, then / yf 0 and, as is easy to verify, fck = Ckf — 0 for all 
1 < k < V. Moreover, 

m 

f = fig- ^>^9) = fg = f, 

fc=i 
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and hence Af = Afg = Ag, which implies that / is minimal idempotent. 

This contradicts the property of Ai being a maximal orthogonal set of 
minimal idempotents in J. Hence there can be no minimal idempotents 
g e J for which the equality gck = 0 holds for all Ck & A4. 

Now, given an arbitrary element a; G J let us define 

y ■=x - 

fc=i 

Clearly yck = 0 for all 1 < A: < y. If y 0 then since Ay C J C soc^ there 
exists a minimal idempotent element g such that g G Ay. But then gck = 0 
for all 1 < A: < !/. This implies that y = 0, so for any a; G J we have 

V 

(141) x = '^xek- 

fc=i 

Hence if e := then J = Ae = Aei © • • • © Ae,y. 

Next, we show that v = n. By Lemma 5.11 we have u < n. On the 
other hand, v cannot be strictly less that n by the definition of order of an 
ideal and since J = Ack- Therefore v = n. 

The last assertion is evident from (141), since v = n. ■ 

Remark 5.13. Let J be a left ideal of finite order n. It not difficult to 
verify that every left ideal K Q J has finite order m < n. If iL is properly 
contained in J then m is strictly less than n. Moreover, any maximal or- 
thogonal set of minimal idempotents in K may be extended to a maximal 
orthogonal set of minimal idempotents in J. 

Theorem 5.14. If x G A, where A a semi-prime algebra, the following 
statements hold: 

(i) If X & soc A then both Ax and xA have finite order; 

(ii) If A has a unit then 9{xA) = 9[Ax) for every x & A. Moreover, 
X G socM preeisely when 9{Ax) < oo. 

Proof (i) Assume that x G soc A. Clearly, by the definition of a socle, the 
element x belongs to a finite sum of left minimal ideals and hence to a left 
ideal J of finite order. From the inclusions Ax C AJ C J it then follows 
that also Ax is of finite order. Similarly xA is of finite order. 

(ii) Suppose that A has a unit u and 9{Ax) = n. By Theorem 5.12 
there exists a set of minimal orthogonal idempotents {ei, • • • , e„} such that 
Ax = Aei®- ■ -©Aera and z = zei + - • ■ + zen for every z G Ax. In particular, 
since x = wx G Ax we have x = xei + • • • + xe„, and hence 

xA C xeiA © • • • © xcnA C xA, 

from which we obtain xA = xeiA© • • • © xe„M . By part (hi) of Lemma we 
know that the left ideal xckA either is {0} or minimal . According to Lemma 
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5.7 it follows that there exist some fk G Min A, where 1 < k < m < n, such 
that 

xA = fiA H fmA. 

This shows that 9{xA) < m < 9(Ax). Analogously, from 9(xA) = n we 
obtain that also 9{Ax) < 9{xA), thus 9{Ax) = 9{xA). 

Now, assume that Ax has finite order m. By Theorem 5.12 there exists 
a set of minimal orthogonal idempotents {o'!, • • • , qm\ such that 

X = ux = xqi h xqra, 

from which we conclude that x G socA. ■ 

The following theorem shows the relationship between minimal idempo- 
tents and primitive ideals. 

Theorem 5.15. Let A be a semi-prime algebra. For every e G MinA 
there exists an unique primitive ideal P G n(A) sueh that e ^ P. 

Proof Assume first that A is semi-simple. If e G MinA then A(1 — e) is a 
maximal regular left ideal and hence 

P := {x G A : xA C A(1 — e)} 

is a primitive ideal, see Bonsall and Duncan [72, §24, Proposition 12]. Ob- 
viously the minimal idempotent e ^ P. 

In order to prove the P is the unique primitive ideal which does not 
contain e, let Q be another primitive ideal such that e ^ Q. Then Ae being 
minimal we have Q H Ae = {0}. From this we obtain Qe = {0}. 

Let <7 G Q be arbitrary given. Clearly qA C Q, and therefore qAe — {0}. 
This implies that q G P and hence Q Q P. 

On the other hand, PAe = {0} so either the inclusions Ae Q Q or 
P Q Q hold [72, Proposition 24.12 ]. The first one does not hold since 
Q n Ae = {0}, so it must he P F Q. Hence P = Q. 

The result for the non semi-simple case follows from consideration of 
the semi-simple Banach algebra A! := A/rad A. Clearly p! ■.= p -\- rad A is 
a minimal idempotent of A! , and the proof is easily completed by using the 
homeomorphism between the structure spaces H(A) and H(A^). ■ 



3. The socle of semi-prime Banach algebras 

In this section we shall establish several characterizations of the socle in 
the case A is a semi-prime Banach algebra. Observe first that for a semi- 
prime Banach algebra A if e G MinA, the division algebra eAe is also a 
normed algebra over C, and hence eAe = Ce. Moreover, for any complex 
normed algebra A if e is idempotent then Ae is a closed left ideal. In fact, if 
bn ■= CLne G J ^ 6 as n — *• 00 , then 6„e — > be and from 6„e = a„e^ = a„e — > 
ab we deduce that b = be & J. 
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We need the following important lemma is owed to Kaplansky [185]. For 
the proof see also Aupetit [52, Theoreme 1, p.70] or Hirschfeld and Johnson 

[163], 

Lemma 5.16. Let A be a Banach algebra such that each element x G A 
has a finite spectrum. Then A/rad A is finite- dimensional. In particular, if 
each element of a semi-simple Banach algebra A has finite spectrum, then 
A is finite- dimensional. ■ 

Definition 5.17. Given an algebra A and x,y & A, the wedge operator 
X Ay is the linear operator on A defined by 

{x Ay) a := xay for every a & A; 

The next result shows that for a semi-prime Banach algebra, not nec- 
essarily unital, the elements of the socle generate finite-dimensional wedge 
operators. 

Theorem 5.18. Let A be a semi-prime Banach algebra. We have: 

(i) If e, f G MinA then dim eAf < 1; 

(ii) If e is idempotent and eAe is finite- dimensional then e e soc A. 

(hi) If X G soc A then x Ax is finite-dimensional. 

Proof (i) Suppose that there exist two linearly independent elements exf 
and eyf. Then exf yf 0 and {0} yf Aexf C Af. The minimality of Af 
then yields Af = Aexf, so there is an element z G A such that eyf = zexf. 
From this we obtain 

ej// = e(ej//) = ezexf — {eze)exf e Cexf, 

and this contradicts the linear independence of exf and eyf. Therefore 
dim {eAf) < 1. 

(ii) Suppose that e y^ 0 and eAe finite-dimensional. Then Ae y^ 0, since 
A is faithful. Let J be a left ideal of A with J C Ae and J y^ {0}. Since 
A is semi-prime A {0}, and hence there exist elements be,ce of ,I such 
that bece A 0. Clearly ece A 0 and ece e J fl eAe. Therefore eAe is a 
finite-dimensional subspace of A having intersection with all non-zero left 
ideals of A contained in Ae. 

From this it follows that there exists a non-zero subspace X\ of eAe 
together with a left ideal Ji of A, where Ji C Ae and J\ fl eAe = Xi, such 
that Ji n Xi is either {0} or X\. Let J 2 denote the intersection of all left 
ideals J of A such that J C Ae and J fl eAe = X\. Then J 2 is a minimal 
left ideal of A, and hence by Lemma 5.7 J 2 = Af for some / G Min A. 

Let {ai,...,a„} be a basis for eAe, with ai,...,am in X\. Clearly 
Oj = Ojf for all J = 1, . . . , m. If 5 is arbitrarily given in A then 

n n 

ebe = XjOj and efbe = 
i=i 




3. THE SOCLE OF SEMI-PRIME BANACH ALGEBRAS 



251 



Hence 

{e — ef)b{e — ef) = ebe — ebef — efbe + efbef 

n n 

= ~ o-jf) ~ ~ ®j/) 

i=i i=i 

n n 

jf=m+l j-=m+l 



If we put bj := Uj — ajf then 



n 

e - ef)A{e - ef) C ^ Cbj, 
j=m+l 

and thus the rank of the wedge operator (e — ef) A (e — ef) is strictly less 
than n. 

Now, after a finite number of repetitions of this process we conclude that 
(e — g)A{e — g) = {0} for some g e soc A. But A is semi-prime, so e — 5 = 0 
and hence e = g G soc A. 

(iii) Let x G socAl. Then, as we have already seen in the proof of part 
(i) of Theorem 5.14, x belongs to a left ideal of finite order, so by Theo- 
rem 5.12 there exists a maximal orthogonal subset of minimal idempotents 
{ei, • • • , e„} such that x = Therefore 

( n \ / n \ n n 

xek A E xej = EE xekAxej 

k=l / \i=l J fc=lj=l 

n n n n 

C EE xekAej = EE x C bkj, 

k—1 j — 1 k—1 j — 1 

where bkj is a fixed element of ekAej. Thus dim (xAx) < 00 . ■ 

Recall that an element a; of a Banach algebra A with unit u is said to be 
algebraic if there exists a polynomial a such that a{x) = 0. A first example 
of algebraic elements is given by each element of a finite-dimensional Banach 
algebra. In fact, if dim A = n, for every x & A then there exist Ai, . . . , A„ 
such that x" -|- Aia;"“^ A„u = 0. 

From the spectral mapping theorem it easily follows that every alge- 
braic element x Cz A has finite spectrum. Indeed, if cx{x) = 0 then {0} = 
cr{a{x)) = a{a{x)) so that every A G a{x) is a zero of the polynomial a, and 
hence a{x) is a finite set. 

Lemma 5.19. Let A be a Banach algebra with unit. If x G rad A is 
algebraic then x is nilpotent. 
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Proof Let a be a polynomial such that a{x) = 0. If x G rad^ then 
a{x) = { 0 }, so by the spectral mapping theorem 

{ 0 } = a{a{x)) = a{a{x)) = {o;( 0 )}. 

Therefore o;(A) = A"/3(A) for some positive integer n and some polynomial 
with /3(0) yf 0. Clearly (3{x) ^ rad^, and hence a(/3(x)) = {/3(0)} 7 ^ {0}. 
Therefore /3(x) is invertible and 

0 = 0- a(x) ■ (/3(x))“^ = x"/3(x) • (/3(x))“^ = x”, 
as desired. ■ 

Remark 5.20. A classical result from the theory of Banach algebras es- 
tablishes that if a two-sided J of a complex semi-prime Banach algebra is 
nil, namely each element of J is quasi-nilpotent then J = {0}, see Corollary 
46.5 of Bonsall and Duncan [72]. Prom this and from Lemma 5.19 we then 
conclude that if Al be a semi-prime Banach algebra and J a two-sided ideal 
of A such that each element of J is algebraic, then J n rad A = {0}. 

An argument similar to that in the proof of the previous lemma shows 
that if X is a quasi-nilpotent algebraic element which lies in an ideal J of A 
then X is nilpotent. 

As an immediate consequence of Lemma 5.19 it follows that every finite- 
dimensional semi-prime Banach algebra is semi-simple. In fact, if A is finite- 
dimensional then every element of A is algebraic. If x G rad A then by 
Lemma 5.19 x is nilpotent, so radA is nil and hence is equal to {0}. 

Further information about the ideals for which each element is algebraic 
are given in the following theorem. We need first to recall that the Wedder- 
burn theorem establishes that in every finite-dimensional complex algebra A 
the primitive ideals are the maximal ideals and the structure space II(Al) is 
a finite set with the discrete topology; see Proposition 26.7 of Bonsall and 
Duncan [72]. 

Theorem 5.21. Let A he a semi-prime Banaeh algebra with unit u and 
J an ideal of A sueh that every element of J is algebraie. Then we have: 

(i) J is a semi-simple Banaeh algebra; 

(ii) Every idempotent e G J belongs to soc A and eAe is a finite-dimensional 
semi-simple Banaeh algebra with unit e; 

(iii) xA n Min A yf 0 for every 0 y^ x G J and every subset of minimal 
orthogonal idempotents of Ax is finite. A similar statement holds for Ax; 

(iv) For every x G J there exists an idempotent e G socAflAx sueh that 
X = xe; 

(v) J C socA. 

Proof (i) By Theorem 5.1 we have rad J = JD rad A, so it suffices to show 
that J n rad A = {0}. By Remark 5.20 we know that J fl rad A = {0}, and 
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from the inclusion J rad A C J n rad^ we deduce that J rad^ = {0}. 

Suppose now that x & J D rad^ and (x„) C J fl rad^ is a sequence 
which converges to x. Then 0 = rr„x ^ as n ^ oo, and therefore = 0. 
This implies that J fl rad^ is nil and therefore J fl rad^ = {0}- 

(ii) Let 0 7 ^ e = e J. The ideal J is semi-simple, by part (i), and 
hence also eJe is semi-simple, as observed before Theorem 5.18. Obviously 
eJe C e^e C J so that 

e(e^e)e = e^e C eJe C eJe, 

and hence e^e = eJe. The semi-simple Banach algebra e^e has unit e and 
every element of it is algebraic and therefore has finite spectrum. By the 
Kaplansky theorem we conclude that e^e is finite-dimensional, and hence 
part (ii) of Theorem 5.18 implies that e G soc^. 

(iii) Let 0 x G J. We show first that there exists b G A such that bx 
is not quasi-nilpotent. Indeed, suppose that a{ax) = {0} for every a G A. 
The characterization (135) of the radical then entails that x G rad^, and 
hence, see Remark 5.20, x G J fl rad^ = {0}, which is impossible. 

Now, by assumption every element of J is algebraic and hence has a finite 
spectrum, in particular, since bx G J, a{bx) is a finite set. Let B denote 
the commutative Banach algebra generated by bx. Since bx is algebraic, 
S is a finite-dimensional algebra which is not radical, and therefore by the 
Wedderburn theorem possesses a non-zero idempotent e G S C J. By part 

(ii) we then conclude that e G soc^ and hence Ax fl Min^ yf {0}. 

In order to show that every set in Ax of orthogonal minimal idempotents 
is finite, suppose that there exists an infinite set (e„) of non-zero orthogonal 
idempotents of Ax and let e„ := a„x, a„ G A, for every n G N. Choose 
a sequence of distinct points (A„) C C such that |A„| < 2“”||a„|| for all n. 
Then the series A„a„ converges to some a G Al and ax = ^n^n- 

Clearly e^ax = A^e^ for every A: G N and hence ek{ax — Xku) = 0. Prom 
this we infer that ax — XkU is not invertible for every k, namely Xk G a{ax) 
for every k, and this contradicts the finiteness of cr(ax). 

(iv) Let X G J. If X = 0 we take e = 0. Suppose that x y^ 0. Prom part 

(iii) there exists in a finite maximal subset fl = {ei, . . . , e„} of orthogonal 
minimal idempotents of Ax. Note that xck y^ 0 for some 1 < A: < n. Let 
e := ei -h • • • -h e„. Clearly = e G soc A H Ax. 

We show now that x = xe. Suppose x y^ xe. The right ideal (x — xe)^ 
contains a minimal idempotents, / say. Then f — (x — xe)a for some a G Al. 
Let us consider the element defined by 

g := {u — e)afx{u — e). 

It is easy to verify that 

g‘^ = g = {u — e)afx — {u — e)afxf G Ax + Ax C Ax, 

and 0 = gck = Ckg for every A; = 1, • • • , n. Hence g is a minimal idempotent 
in Alx orthogonal to all elements e^, contradicting the maximality of fl. 
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(v) This is clear from part (iv). ■ 

Corollary 5.22. The socle of a unital semi-prime Banach algebra A is 
the largest ideal of A whose elements are algebraic. 

Proof If a; G soc A then xAx is finite-dimensional by part (iii) of Lemma 
5.18. This implies that x^ = xux is algebraic and hence also x is algebraic. 

On the other hand, if J is an ideal each of whose elements is algebraic 
then by part (iv) of Lemma 5.21 J C soc .4, hence soc .4 is the largest ideal 
of A whose elements are algebraic. ■ 

It should be noted that since each element of soc .4 is algebraic the 
argument used in the proof of part (i) of Theorem 5.21 shows that for every 
semi-prime unital Banach algebra we have soc .4 fl rad .4 = {0}. 

Remark 5.23. An inspection of the proof of Theorem 5.21 reveals that 
the results established there remain valid if we suppose that J is a two-sided 
ideal of elements having finite spectrum. From this observation it readily 
follows that in a unital semi-prime Banach algebra A the socle is also the 
largest ideal of A whose elements have finite spectrum. 

Theorem 5.24. Let A be a unital semi-prime Banach algebra and x G 
A. Then 

xGsocA^xAx is finite- dimensional. 

Proof By part (iii) of Theorem 5.18 we need only to prove that if xAx is 
finite-dimensional then x G soc A. 

Suppose that dim xAx < oo and let J be the ideal generated by x. 
Every element y of J admits a representation 

n 

y = \x -\- ax -\- xb -\- Okxbk, a, b, Uk, bk & A, A G M. 
k= 

It is clear that dim yAy < oo, so y is algebraic. By Theorem 5.22 we then 
conclude that J C soc A, and in particular x G soc A. ■ 

Now, let A be a commutative semi-prime Banach algebra. In this case 
eA = eAe = Ce for every e G Min A, so the socle may be characterized in 
the following simple way: 

soc A = span {Min A} . 

The elements x of the socle in this case may be described by means of 
the action of the multiplication operators Lx on A. 

Corollary 5.25. Let A be a semi-prime commutative Banach algebra. 
If X & soc A then Lx is finite- dimensional. If, additionally, A is unital then 



X G soc A 4G- Lx is finite-dimensional. 
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Proof If X e soc^ then x = where e Min^ for all k = 

1, • • • ,n. Since CkA = CkAck = Cck the operators are 1-dimensional, so 
Lx = ^kLck is finite-dimensional. 

Conversely, if A is unital and Lx is finite-dimensional then xAx is finite- 
dimensional, and consequently by Theorem 5.24 x belongs to soc^. ■ 

Remark 5.26. It is easy to see that in a semi-simple commutative Banach 
algebra A an idempotent element is minimal if the support of its Gelfand 
transform is a singleton. From the Shilov idempotent theorem it then follows 
that there is a one to one correspondence between the minimal idempotents 
and the isolated points of A(^). In particular, the elements of the socle are 
precisely the elements having a finite support of its Gelfand transform and 
soc^ = { 0 } if and only if A(^) has no isolated points. 

The next result shows that in a semi-simple Banach algebra every finite- 
dimensional left (right) ideal is a subset of the socle. 

Theorem 5.27. Let A be a semi-simple Banaeh algebra. If J is finite- 
dimensional left (respeetively, right) ideal of A then there exists an idempo- 
tent p e SOC.4 sueh that Ap = J (respeetively, J = pA). 

Proof The case J = {0} is trivial. Suppose J {0} and consider a minimal 
idempotent e e J. Let T be the set of all left ideal of the form J n ^(1 — q), 
where q = efi ^ J L\ soc.4. Obviously T 7 ^ 0 because J fl ^(1 — e) e T. 
Moreover, since J is finite-dimensional there exists a minimal element of T, 
say J n A{\ — p). 

We claim that Jr\A{l—p) = {0}. To see that, assume Jr\A{l—p) {0}. 
Then there exists / e MinM such that Af C .Jr\A(l—p). Let v := p-\-f—pf. 
Prom / G A{\ — p) we obtain fp = 0 and hence vf = f, vp = p. Prom this 
it easily follows that v'^ = v and u G J H soc A. 

Now, let us consider an arbitrary element x G J A{\ — v). We have 
XV = 0 and therefore 0 = xvp = xp which implies x = x — xp ^ A(1 — p). 
Hence 

(142) J r\A{i-v) Q J r\A{i-p). 

Prom 

fv = fp + f - fpf = f ^ f ^0 

we infer that / ^ A{\ — v), so the inclusion (142) is proper and this contra- 
dicts the choice of p. Hence J r\A{l —p) is necessarily {0}. Finally, if x G J 
then x(l — p) G J nM(l — p) = {0}, so x = xp G Ap. 

This shows that J C Ap and, since the opposite inclusion Ap C J is 
true, because p & J, the proof is now complete. ■ 

4. Riesz algebras 

In general, given an arbitrary Banach algebra A the socle does not exist. 
In this case a Fredholm theory for a Banach algebra may be obtained by 
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replacing the socle with the so called pre-socle. Recall first that, by Theorem 
5.1 if ^ is an algebra the quotient algebra := is semi-simple, so 

its socle exists. Moreover, as in the commutative case a Banach algebra A 
is said to be radical if A = rad A. 

In the sequel let x' e A' denote the equivalence class x + rad A, where 
X e A. 

Definition 5.28. Given an algebra A the pre-socle of A is defined by 
psocM := {x G A : x' G socA'}. 

Evidently psocM is two-sided ideal of A which contains radM, whilst 
if A is semi-simple, radM = {0}, so psocM = socM. Moreover, for every 
radical algebra A we have psocM = radM. 

The next result shows, perhaps not surprisingly, that the equality psoc A = 
socM characterizes semi-simple algebras amongst unital semi-prime alge- 
bras. 

Theorem 5.29. For every semi-prime algebra A we have socM C psocM. 
Moreover, a semi-prime algebra A is semi-simple if and only if soc A = 
psocM. 

Proof If A does not admit minimal left ideal then socM = {0} C psocM. 

Suppose that A admits a non-trivial minimal left ideal J and consider 
the two distinct cases = {0} and 7 ^ {0}. If = {0}, for every x & J 
and a G A the quasi-product 

(ax) o (—ax) := ax — xa-\- (xa)^ = 0 , 

so, by (132) X belongs to rad A and hence x e psocM. 

Consider the second case 7 ^ {0}. According Lemma 5.7 let e G MinM 
be such that J = Ae. It is evident that e' := e-|-rad A is minimal idempotent 
in Al = M/rad A, so J' ~ A!e' is a minimal left ideal of A' and therefore is 
contained in soc A'. Hence J C psocM. 

In both cases the ideal psocM then contains every left minimal ideal of 
A and hence soc A C psoc A for every semi-prime Banach algebra. 

To prove the last assertion, assume A semi-prime and socM = psoc A. 
Let 0 7 ^ a; G rad A C soc A = psocM. Then by Theorem 5.14 Ax is a 
nontrivial left ideal of finite order, and hence according to Theorem 5.12 
there exist minimal idempotents ei, . . . Cn contained in Ax such that Ax = 
Aei -\- ■ ■ --\-Aen- Now, rad A is an ideal of A, so ei G Ax C rad A and hence 
ei = 0, since the radical does not contain any non-zero idempotent. This 
contradicts the property ei G Min A. Therefore radM = {0} and hence A 
is semi-simple. ■ 

The following illuminating example shows how in a non-semi-simple 
semi-prime algebra the difference between soc A and psoc A may be extreme. 

Example 5.30. Let A denote the commutative algebra of all formal 
power series in the indeterminate x, where the sum is defined componentwise 
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and the product is the usual Cauchy product. Clearly, a subset J of ^ is an 
ideal if and only if there exists fc G N U {0} such that J — J/., where 

{ OO 

^ A„x™ : A„ e C 

n=k 

Since for every k € NU{0} the ideal Jk ^ 0 and Jk does not contain Jk+i, 
the algebra A does not admit any minimal ideal, and therefore socAl = {0}. 
Moreover, A is semi-prime because = {0} implies J = {0}. The algebra 
A has identity u := x^, and the elements which are invertible are all the 
power series with Aq ^ 0. From this it follows that 

{ OO 

A„a;" : A„ G C 

n=l 

Hence A is not semi-simple and A’ = A/va,dA = {Au' : A G C}. Ev- 
idently A! is the unique nonzero ideal of A! , so socAl' = A! and therefore 
psocM= A. 

Remark 5.31. Let x ^ A, A a. Banach algebra with unit u, and x' = x + 
rad^ G A! . Then a[x) = cx{x') for every x G A. The inclusion a(x') C a{x) 
is immediate. The opposite inclusion easily follows from the property that if 
x' is invertible in A! then x is invertible in A. Indeed, if x' is invertible then 
there exists y & A and 2 G radAl such that yx = u + z. The characterization 
(133) of the radical yields that u -|- 2 is invertible, and hence x has a left 
inverse. The same argument shows that x has a right inverse, hence x is 
invertible. 

Theorem 5.32. Let A a Banaeh algebra. Then psocM is the largest 
ideal in A eaeh of whose elements has a finite speetrum. 

Proof First we show that every x G psoc.4 has a finite spectrum. 

Suppose first that A has an identity. Then since A' := A/vadA is semi- 
simple socM' is the largest ideal of A' each of whose elements has finite a 
spectrum, see Remark 5.23. The identity cr(x) = a(x') for all x' := x-|-radAl 
then completes the proof. 

The proof of the case where the algebra A has no identity easily follows 
by adjoining an identity to A in the usual manner and then applying the 
above argument. ■ 

It is well known that if H is a closed subalgebra of a Banach algebra A 
and x € B then crji{x) C crg(x) U {0}, see [72, Proposition 5.12]. 

Corollary 5.33. Let B be a elosed subalgebra of the Banaeh algebra A. 
Then (psoc A) C\B C psocH. 

Proof It is evident that (psoc Al) H H is an ideal of B each of whose ele- 
ments, by the above remark, has a finite spectrum. Hence by Theorem 5.32 
(psocAl) n H C psocH. ■ 
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We now examine psoc A in relation to the structure space In the 

sequel dhkA(A) will denote the set of accumulation points of II(^) in the 
/ifc-topology. If A is commutative, the accumulation points of A(^) in the 
Gelfand topology will be denoted by (9 gA(^). 

Theorem 5.34. For any Banach algebra A we have: 

(i) dhkA{A) C h(psoc.4); 

(ii) If A is eommutative then dhk^{A) = dc^iA) = /i(psoc .4). 

Proof First assume that A is semi-simple. Then by Theorem 5.29 psoc .4 
= SOC.4. Let P be a primitive ideal such that P ^ h{socA) and choose 
X € soc^ such that x fiP. Then by Theorem 5.14 Ax has finite order, and 
hence by Theorem 5.12 there exists a maximal set {ei, . . . , e„} of orthogonal 
minimal idempotents of Ax such that x = xe\ a;e„. Clearly at least 

one of these idempotents does not belong to P. Let ej be a such idempotent. 
By Theorem 5.15 the set {P} is the complement of h{{ej}) in II(^). Since 
h{{ej}) is closed {P} is open and therefore P ^ dhkA{A), as required. 

The proof of the general case of a non-semi-simple Banach algebra easily 
follows by using the homeomorphism between the structure spaces of A and 
A! = A/ra-dA. 

(ii) If ^ is a commutative Banach algebra then II(.4) = A(.4) and the 
Gelfand topology is stronger than the /ifc-topology, so by part (i) we have 

dc^iA) C dhk^{A) C h{psocA). 

Let us consider a multiplicative functional mo ^ 5 gA(^). By the Shilov 
idempotent theorem there exists an idempotent e G .4 such that e{mo) = 
1 and e{m) = 0 for every m G A( 4.) \ {mo}. Then eA = Ce, hence 
e'A' = Ce' and consequently e! is a minimal idempotent of A'. This implies 
that e G psoc 4. But e(mo) = 1, hence mo ^ h(psoc4) and therefore 
/i(psoc4) C 9gA(4), so the proof is complete. ■ 

A situation of particular interest arises when a commutative Banach 
algebra A itself is an inessential ideal of its multiplier algebra M{A). This 
is, for instance, the case of the group algebra L^{G), where G is a compact 
Abelian group with respect to the measure algebra A4(G). To study this 
situation within an abstract framework we first introduce a large class of 
Banach algebras which embraces many special important algebras. 

Definition 5.35. An algebra A is said to be a Riesz algebra if 

/i(psoc4) = 0. 

Hence for a Riesz algebra A there exists no primitive ideal containing 
its pre-socle , so, roughly speaking, an algebra A is Riesz if it is close to its 
pre-socle. 

The property of being a Riesz algebra may be described in several ways. 
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Theorem 5.36. For any algebra A the following statements are equiv- 
alent: 

(i) A is a Riesz algebra; 

(ii) A = k{h{psocA)); 

(iii) A! := .4/rad ^ is a Riesz algebra; 

(iv) .4/psoc A is a radical algebra. 

Proof The equivalence (i) 4^ (ii) is obvious, whilst the equivalence (ii) 
(iii) easily follows by considering the canonical homeomorphism between 
n(.4) and II(.4'). The equivalence (ii) (iv) is an immediate consequence 
of the equality k{h{psocA)) = 7r“^(rad (.4/psoc .4)), see the identity (137), 
where tt \ A ^ .4/psoc A denotes the canonical homomorphism. ■ 

We mention that the Calkin algebra of any infinite-dimensional Hilbert 
space provides an example of a non- Riesz algebra having a discrete structure 
space. 

The following result shows that a Riesz algebra in the commutative case 
may be characterized in a very clear way by means of its maximal regular 
ideal space A (.4). 

Theorem 5.37. If A is a Riesz algebra thenIl{A) is discrete. Moreover, 
for a commutative algebra the following statements are equivalent: 

(i) A is a Riesz algebra; 

(ii) A (.4) is discrete in the hk -topology; 

(iii) A(.4) is discrete in the Gelfand topology. 

Proof It is immediate from the definition of a Riesz algebra and from 
Theorem 5.34. ■ 

Lemma 5.38. Let J be a two-sided ideal of the algebra A. Then: 

(i) psoc J = (psoc .4) n J; 

(ii) If X G psoc A then x := x J G psoc (A/J). 

Proof As before, for each x G A let x' denote the class x rad A. Then 
J' := {x' = X -\- rad A : x G J} is a two sided ideal of A! , so by Theorem 
5.1 rad J' = radA^ fl J' . Since A! is semi-simple it then follows that also 
J' is semi-simple. Moreover, the semi-simplicity of A' yields that soc J' = 
(soc A') n ,J' , see the remark before Example 5.9. From rad J = (rad A) H J 
we easily deduce that the mapping defined by 'k(x') x -\- rad J is an 
isomorphism of J' onto J/rad J. 

Now, in order to show the equality (i) take x G (psoc A) fl J. Then 
x' G (socA')n J' = soc J'. The isomorphism 4' then implies that x-|-rad J G 
soc ( J/rad J) and therefore x G psoc J. 

Conversely, if x G psoc J then x -|- rad J G soc( J/rad J) and x G J. By 
using the isomorphism 4' defined before we then obtain that x' G soc J' . 
Therefore x' G soc A' and hence x G psoc A. Since x G J we have x G 
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(psoc A)C\ J and this complete the proof of part (i) . 

To show part (ii) note first that if a; := a; + J then 

psoc {A/ J) = {x + J -.x + rad {A/ J) e soc {{A/ J) /vad {A/ J))}. 

Let K := k{h{J)). The mapping 

0 : A/K {A/J) /rad {A/J) 

defined by 

Q{x + K) ■,= x + vad{A/ J), x E A, 
is an isomorphism, see Theorem 2.6.6 of Rickart [279], so 
psoc {A/J) = {x ■. x + K ^ soc {A/K)}. 

Now, if a; € psoc A then x' € soc A' , and from the inclusion rad A Q K = 
h{k{J)) we can conclude that x + K ^ soc{A/K). Hence x € psoc(^/J), 
which completes the proof. ■ 

Theorem 5.39. Let J he an ideal of the Riesz algebra A. Then both J 
and A/ J are Riesz algebras. 

Proof Clearly, {J + psoc .4) /psoc is an ideal of the radical algebra 
.4/psoc.4 and 

rad ((J + psoc /psoc .4) = ((J + psoc .4) /psoc .4) ) fl rad (.4/psoc.4), 

thus (J + psoc.4)/psoc^ is itself a radical algebra. But (J + psoc^)/psoc.4 
is isomorphic to J/{Jn psoc .4) which is equal by Lemma 5.38 to J/psoc J. 
Hence J/psoc J is a radical algebra and therefore J is a Riesz algebra. 

Now assume that A/J is not a Riesz algebra. Then there exists a prim- 
itive ideal P of A/J such that psoc {A/J) C P. Again, from Theorem 2.6.6 
of Rickart [279] it follows that {x G A : x + J G P} is a primitive ideal of 
A, which contains psoc A by Lemma 5.38. This is impossible since A is a 
Riesz algebra. ■ 

Note that a subalgebra of a Riesz algebra need not be in general a 
Riesz algebra. For instance, the algebra A considered in Example 5.30 is a 
Riesz algebra since A = psoc A. The subalgebra B of A consisting of the 
polynomials in x is semi-simple and psocH = socB = {0}. Hence B is not 
a Riesz algebra. 

Theorem 5.40. If A is an algebra then fc(h(psoc A)) is the largest ideal 
whieh is also a Riesz algebra. 

Proof Let J := k{h{psocA)). Then by Lemma 5.38 J/psoc J = J/psoc A, 
which is a radical algebra. Hence J is a Riesz algebra . 

Now suppose that K is another ideal of A which is a Riesz algebra. 
Let P G h(psocA). From Lemma 5.38 we know that the radical algebra 
K/psocK is equal to iF/((psocJl) fl K) which is isomorphic to the ideal 
{K + psoc A) /psoc A of the algebra A/psoc A. But this is a two-sided ideal 
of A/psoc A, so by part (i) of Theorem 5.1 we have {K + psoc A) /psoc Jl C 
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rad (^/psoc^). However, the set {x + psoc^ : a; e P} is a primitive ideal 
of A/\)socA, hence it contains [K + psoc^)/psoc^. 

This shows that K C P and therefore K C J = k{h{psoc A)) . ■ 

Suppose that a Banach algebra A does not possess a unit and A 7 ^ 0 is 
an isolated point of the spectrum a{x) of x G A. Then it still make sense 
to talk about the spectral idempotent p{X,x) associated with the spectral 
set {A}. This is canonically defined as follows: if Au denotes the unization 
A® Cu of A then (t_a{x) = ay 4 „((a;, 0)), [72, Lemma 5.2], and the spectral 
idempotent p{X,x) is defined to be the spectral idempotent p{X, (a;,0) e Au 
associated with the isolated point A of cr_ 4 „((a;, 0)). 

In the sequel hy Z{x), x G A, we shall denote the centraliser of x, 

Z{x) := {a G A : ax = xa for every a e A}. 

Clearly Z{x) is a closed subalgebra of A which is invariant under x A x. 

As usual, let Lx '■ A ^ A denote the left multiplication operator by 
X. The next result shows the Riesz algebra s are closely related to Riesz 
operators. 

Theorem 5.41. Let A he a Banach algebra for which x Ax is a Riesz 
operator for every x ^ A. Then A is a Riesz algebra. 

Moreover, if A is semi-simple then 

A is a Riesz algebra AA x Ax is a Riesz operator for all x & A. 

Proof Suppose that x A a; is a Riesz operator for all x ^ A. Prom part 
(iii) of Theorem 3.113 we know that the restriction (x A x)\Z{x) is a Riesz 
operator. But {x Ax)\Z{x) = {Lx\Z{x))‘^ , and hence by part (ii) of Theorem 
3.113 Lx\Z{x) is a Riesz operator from which we conclude that the spectrum 
a{Lx\Z[x)) is a finite set or a sequence which converges to 0. The equality 
a{x) \ {0} = a{Lx\Z[x)) \ {0} then implies that every 0 7 ^ A e a{x) is 
isolated in a[x). 

Let p := p{X,x) be the spectral idempotent associated with {A}. Since 
Lx\ Z is a Riesz operator then A is a pole of Lx and hence, by part (b) of 
Remark 3.7, there exists some rn G N such that (A — x)™p = 0. From this 
we conclude that there exists some polynomial a such that p = px a{x). 
Clearly, 

p Ap= {x A x){p a{x) A p a{x)) = {p a{x) A p a(x))(x A x), 

so part (ii) of Theorem 3.112 ensures that pAp is a Riesz operator, and con- 
sequently ker{I — p A p) is finite-dimensional. Obviously pAp is idempotent, 
so ker(/ — p A p) = {p A p){A) = pAp is finite-dimensional and this implies 
that also p'A'p' is finite-dimensional, where A' = A/rad A. We may now 
employ Theorem 5.24 to conclude that p' G soc and hence p G psoc A. 

Next we want show that A/psocA is a radical algebra. Choose e > 0. 
Then O := {A G a{x) : |A| > e} is a finite set, {Ai, • • • , A„} say. Clearly 
q ■.= '^k^iP{Xk,x) G psoc A. It is easily seen that the spectral radius 
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r{x — qx) < e. Therefore if x := x + psoc^ we have r(x) < £ for every £. 
This shows that A/^socA is a radical algebra. Since in a Banach algebra all 
primitive ideals are closed, we then conclude that h(psoc A) = 0. Therefore 
fc(h(psoc^)) = ^ so ^ is a Riesz algebra. 

Conversely, assume that ^ is a semi-simple Riesz Banach algebra and 
X (E A. Then r(x + soc^) = 0, so for every e > 0 there exist rn G N and 
j/n G soc^ such that ||x" — y„|| < £" for all n> m. We have 

||(xAxr-y„Ay„|| < ||x"-y„||l|x”|| + ||y„||||x"-y"|| 

< £"(2||x|r + £") <£"(2||x||+£)". 

From this we obtain that 

||(x A x)” -VnA < £(2||x|| +e), 

for all n > m. 

Let K(A) denote the ideal of all compact linear operators on A. From 
Theorem 5.24 we know, since j/„ G socAl, that ynf^Vn G K{A) for all n G N. 
Hence 

||(xAx)” + jf/”<£(2||x||+£), 

and therefore 

r(x A X + J) < £(2||x|| + e). 

The Ruston characterization of Riesz operators then implies that x A x is a 
Riesz operator on A, so the proof of the equivalence is complete. ■ 

Lemma 5.42. Let A be a semi-simple Banaeh algebra with unit u. We 
have: 

(i) If every x G has speetrum whieh eonsists of a single point then 
A = Cu; 

(ii) If e ^ Q is not minimal then there exists an element x G eAle sueh 
that (TeAe{x) eontain at least two distinet points. 

Proof (i) Suppose that a{x) is a singleton set for every x G Al. We show 
first that cr(x) = {0} implies x = 0. 

Let y G Ahe arbitrary given. Then a{xy) = {0}, otherwise if a{xy) ^ 
{0} then xy and yx would both be invertible, because cr(xy) = cr{yx), and 
consequently also x would be invertible, a contradiction. 

Hence cr(xy) = {0} for every y G A and this implies by the characteri- 
zation (135) of the radical that x G rad^ = {0}. Finally, if 0 z G A then 
a{z) = {A} where A yf 0, so a{z — Xu) = {0} and therefore z = Xu. 

(ii) From part (iii) of Remark 5.2 we know that eAe is a semi-simple 
unital Banach algebra. Assume that (TeAe{x) is a singleton set for every x G 
eAe. By part (i) it follows that eAe = Ce, so e is minimal, a contradiction. 



The following result, owed to Smyth [304], characterizes a Riesz Banach 
algebra by means of the spectral structure of its elements. 
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Theorem 5.43. A Banach algebra A is a Riesz algebra if and only if 
for every x ^ A the spectrum a{x) is a finite set or is a sequence eonverging 
to zero. 

Proof Recall that \ix ^ A and x' = x+va,dA G A/vad A then a(x) = cr(x') 
and A/rad A is semi-simple. Our theorem will be proved without loss of 
generality if we assume that A is semi-simple. 

Suppose that the semi-simple Banach algebra .4 is a Riesz algebra. By 
Theorem 5.41 we know that a; A x is a Riesz operator. The same reasoning 
used in the first part of the proof of Theorem 5.41 then shows that every 
0 7 ^ A G cr(x) is isolated in a[x). This proves the first part of the theorem. 

Conversely, assume that A is not a Riesz algebra. Suppose that for every 
x ^ A the spectrum aji{x) is a finite set or is a sequence converging to zero. 
Then there exists an idempotent e ^ socAl (otherwise, arguing as in the 
proof of Theorem 5.41, A would be a Riesz algebra). Clearly eAe is a semi- 
simple Banach algebra with identity e. Moreover, since e is not minimal, 
part (ii) of Lemma 5.42 ensures that there exists an element y G eAe such 
that the spectrum aeAe{y) has at least two points. Since aeAeiv) (^{y) 
our assumption implies that 0 is the only possible accumulation point of 
o'e4e(y)- Hence CTeAe{y) Contains an isolated point 

Let p := p{y,y) G eAe be the spectral projection associated with y. If 
q := e — p then we have 

pe = ep = p ^ e, qe — eq = q ^ e, and e = p + q, 

so, at least one of the idempotents p, q does not belong to soc A. At this 
point, repeating this process, we can find a sequence (e„) of idempotents 
such that ei = e and e„ ^ soc A. 

Let us consider the sequence of nonzero orthogonal idempotents (u„) 
defined by := e„ — e„+i for all n G N. Choose a sequence of distinct 
points (A„) C C such that 

l^«l < II n G N. 

2 Fn|| 

Clearly v := AnU„ G A is a well-defined element of A, and 

(e -h v)vn = (1 + A„)u„ for all n G N. 

Hence 1 -|- A„ G a(e -|- v) for all n G N. Since A„ ^ 0 as n ^ oo we then 
conclude that 1 is an accumulation point of a(e -|- v). This contradicts our 
assumption that 0 is the only possible accumulation point of the spectrum 
of an element of A, so the proof is complete. ■ 

Corollary 5.44. Suppose that the left multiplication operator Lx is a 
Riesz operator on the Banach algebra A for every x G A. Then A is a Riesz 
algebra. A similar statement holds for the right multiplication operators Rx. 
Moreover, if A is commutative and semi-simple then 

A is a Riesz algebra ^ Lx is a Riesz operator for all x G A. 
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Proof Let x (E A. If is a Riesz operator the restriction on the centralizer 
Lx \Z{x) is a Riesz operator and hence a{x) = a{Lx \Z{x)) is a finite set 
or a sequence converging to 0. By Theorem 5.43 we then infer that ^ is a 
Riesz algebra. 

Assume now that A is a commutative semi-simple Riesz algebra and 
x & A. Then (Lx)'^ = x A x is a Riesz operator on A, by Theorem 5.41, and 
hence by part (ii) Theorem 3.113, Lx is a Riesz operator also. ■ 



Corollary 5.45. Let J be a two-sided ideal of the Banach algebra A. 
Then 



J is inessential J C k{h{psocA)). 
Moreover, if J is inessential also k{h{J)) is inessential. 



Proof The first assertion follows from Theorem 5.40 and Theorem 5.43. 
The second assertion is an immediate consequence of the first: for every 
inessential ideal J we have 



k{h{J)) C k{h{k{h{psoc A)) = k{h{psocA)), 
and this implies that also k{h{J)) is inessential. ■ 

We have already observed that a subalgebra of a Riesz algebra need not 
be a Riesz algebra. A straightforward consequence of Theorem 5.43 shows 
that a distinguishing property of a Riesz Banach algebra is that every closed 
subalgebra is itself a Riesz algebra. 



Corollary 5.46. Every dosed subalgebra of a Riesz Banach algebra is 
a Riesz algebra. 



Proof Let S be a closed subalgebra of the Riesz algebra A. Then 0 is 
the only possible accumulation point of cj^lx) for every x G A. Prom the 
inclusion da/s C da_^, see [72, Proposition 5.12], we see that this is also 
true for a]s{x), so S is a Riesz algebra. ■ 



5. Fredholm elements of Banach algebras 

The Atkinson characterization of Fredholm operators establishes that 
a bounded operator on a Banach space A is a Fredholm operator precisely 
when it is invertible in L(X) modulo the ideal F{X) of all finite-dimensional 
operators. The ideal F{X) is the socle of the semi-simple Banach algebra 
L{X). 

This suggests how to extend Fredholm theory to the more abstract 
framework of Banach algebras. A natural way of defining a Fredholm ele- 
ment of a Banach algebra A is that this is an element of A invertible modulo 
a fixed ideal J. However, the results of the previous section suggest that in 
order to obtain a deeper Fredholm theory for Banach algebras which reflects 
more closely the classical Fredholm operator theory we need to assume that 
the ideal J is the socle, or more generally that J is inessential. 




5. FREDHOLM ELEMENTS OF BANACH ALGEBRAS 



265 



Definition 5.47. Given an inessential two-sided ideal J of a Banaeh 
algebra A with a unit u, an element x ^ A is called a J-Fredholm element 
of A (or also a Fredholm element of A relative to J) if x is invertible in A 
modulo J, i.e., there exist y,z & A such that xy — u G J and zx — u € J. 

The set of all J-Fredholm elements of A will be denoted by 4>(J, .4). 
Note that we can always assume that J is closed. In fact, from the inclusions 
J Q J Q k{h{J)) and from Corollary 5.6 it follows that 

(143) <^>{J,A) = <^>{J,A) = <^>{k{h{J),A). 

If we take into account that the invertible elements of an algebra form a 
group and that the factors of an invertible product are either both invertible 
or both non-invertible, then we immediately obtain that 4>(J, is an open 
multiplicative semi-group of A. Moreover, from the equalities (143) it easily 
follows that the set 4>(J, M) is stable under perturbations by elements of 
k{h{J)), i.e. 

<^>{J,A) + k{h{J)) C$(J,M). 

For any proper closed inessential ideal J of M let d' : A ^ Af J denote 
the canonical quotient homomorphism. We have already observed that for 
every ideal J we have 

(144) k{h{J)) = 4'-i(radM/J). 

From the characterization (134) of the radical we readily obtain 

(145) k{h{J)) = {x & A'. x-\- 4>( J, A) C 4>( J, ^)}. 

Let now us consider the particular case of an inessential ideal J which 
satisfies the inclusions 

psoc (M) C J C A:(/i(psoc M)). 

From Corollary 5.6 we then obtain 

4>(J, M) = 4>(psoc A, A) = 4>(A:(/i(psoc M)),M), 
so in the particular case A is semi-simple we obtain 

(146) 4>(J, M) = 4>(socM,M) = 4>(A:(/i(socM)), M). 



Of course, these considerations find a first important application to the 
semi-simple Banach algebra A := L(X) of all bounded operators on a Ba- 
nach space X. By the Atkinson characterization of Fredholm operators we 
have $(X) = <i>{F{X), L{X)). Let tt : L{X) L{X)/F{X) denote the 
canonical quotient map and denote 

I{X) := 7r-^(rad(L(X)/A(A)). 

The set I{X) will be called the inessential ideal or Riesz ideal of operators 
of L{X). The equality (144) shows that 

I{X) = k{h{socL{X))) = k{h{F{X)) 
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and therefore from the inclusions 

socL(X) = F{X) C K{X) C I{X) = k{h{F{X)), 

we infer that 

<P{X) = <P{F{X),L{X)) = ck{K{X),L{X)) = ck{I{X),L{X)). 

Analogously, the equalities (146) show that ^{X) may be described as the 
class of all operators T G L[X) invertible in L(X) modulo every ideal of 
operators which contains F{X) and that is contained in I{X). Some of 
these ideals and the same ideal I{X) will be studied in Chapter 7. 

We next turn to the Fredholm theory of the algebra A := M{A) with 
respect to some inessential ideals of M{A). 

For any semi-prime Banach algebra A, not necessarily commutative, let 
us consider the ideals of the multiplier algebra M{A) defined by 

Km (A) := {T € M{A) : T is a compact operator on A}, 

and by 

Fm{A) := {T G M{A) : T is finite-dimensional}. 

Clearly, for each T G Km{A), or T g Fm{A), the spectrum ctm{A){F') = 
cr{T) is a finite set or has 0 as its unique accumulation point. Hence Km (A) 
and Fm{A) are both inessential ideals of the semi- prime Banach algebra 
A = M{A). Let us define 

^m{A) ■.= <P{Km{A),M{A)). 

Theorem 5.48. IfTG M{A), where A is a semi-prime Banach algebra, 
then 

$m{A) = ^{Fm{A),M{A)). 

Proof It suffices by Theorem 5.5 to show that the two ideals Km (A) and 
Fm{A) have the same set of spectral projections. Let Aq G C be an isolated 
spectral point of T G M{A). If A G p{T) then {XI — T)~^ G M{A), since 
M{A) is an inverse closed algebra of L{A). Hence if Pq is the spectral 
projection Pq associated with {Aq} we have 

nm ■= ^ j^{XI - T)~U\ G M{A). 

Now, if Pq is compact, and hence Riesz, then ker(/ — Pq) = Po(A) is finite- 
dimensional, so Pq G Fm{A). The converse is obviously true, so Km (A) and 
Fm{A) have the same set of spectral projections. ■ 

Trivially, by the Atkinson characterization of Fredholm operators we 
have 

^m{A) C^{A)nM{A). 

The last inclusion may be proper, as the following example shows. 




5. FREDHOLM ELEMENTS OF BANACH ALGEBRAS 



267 



Example 5.49. Let us consider the disc algebra A = .4(D) is a semi- 
simple unital commutative Banach algebra, so each multiplier of .4(D) is an 
operator of multiplication Tj for some / G .4(D), namely, M(.4(D)) = .4(D). 
Moreover, A(M(D)) = D has no isolated points so 

soc (M(.4(D)) = socM(D) = {0}. 

Prom this and from the following inclusion 

Km{A(D)) C (^M(A) (soc (M(.4(D))) = {0}, 

it follows that Km{A(D)) = {0} (note that this equality is also a conse- 
quence of Theorem 4.41). Hence 

^m(-4(D)) = {Tf : / is an invertible element of M(D)}. 

Now let us denote by Tg the multiplication operator with g{z) := z, for 
all 2 G D. Clearly the operator Tg is injective. Moreover, as is easy to check, 
the range of Tg is the maximal ideal 

J :={he M(D) : h{0) = 0} 

and hence its codimension is equal to 1. Hence we have Tg G <P{A{D))nM (A) 
whilst Tg ^ <Pm{A(D)). 

Later we shall show that (I’m (A) coincides with the set of all multipliers 
of A which are Fredholm operators having index 0. 

Definition 5.50. A two-sided ideal J of a Banaeh algebra A is said to 
have the intersection property if the interseetion with any other non-zero 
two-sided ideal of A is non-trivial. 

In the literature an ideal with the intersection property is often called an 
essential ideal. The term essential has its own historical origin in the theory 
of C* algebras. We do not adopt this terminology because it could generate 
a certain confusion of language. In fact the two concepts of inessential ideal 
and essential ideal are not in any sense opposites. 



Lemma 5.51. Let A be a eommutative semi-prime Banaeh algebra and 
suppose that the ideal J of A has the interseetion property. Then socM = 
soc J. 

Proof It suffices to prove that Min A = Min ,J . Suppose first that e G 
Min J. Obviously eJ C e.4. Since e G J then e.4 = ee.4 C eJ . Hence 
eJ = eA, and consequently eAe = eJe = Ce, hence e G MinM. 

Conversely, suppose that e is a minimal idempotent of .4. Then eA is 
a minimal ideal, and since eJ is an ideal in A contained in eA we have 
eJ = {0} or eJ = eA. Note that eA J Q eJA , because if j G J and 
j — ea for some a G A then j = ej — eje G eJ.4. Prom this it follows 
that the first possibility above, eJ = {0}, entails that AeAJ C AeJ = {0}, 
contradicting the assumption that J has the intersection property. 
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Hence eJ = eA. In particular, there is an element h G J for which 
eb = = e, thus e e J. Moreover, from eJe — eAe = Ce we conclude that 

e is a minimal idempotent element of J. ■ 

In the next theorem we identify, as usual, a commutative algebra A with 
the set of all multiplication operators {L^ : x G A}. 

Theorem 5.52. Suppose that A is a commutative semi-prime Banach 
algebra. Then socM(A) = socH. 

Proof M{A) is semi-prime so it suffices, by Theorem 5.51, to show that 
A is an ideal with the intersection property in its multiplier algebra M{A). 
Let J denote a non-trivial ideal of M{A) and suppose that H fl J = {0}. 

Let 0 ^ T G J. Prom the inclusion AJ C A D J = {0} we infer that 
TLa = Lxa = 0 for every a G A. Since A is faithful then Ta = 0 for every 
a G A and therefore T = 0, a contradiction. ■ 

Recall that for a compact Abelian group G the ideal P{G) of trigono- 
metric polynomials is the set of all finite linear combinations of continuous 
characters. 

Corollary 5.53. For every locally compact Abelian group G we have 
soc L^{G) = socA4(G). If G is compact then 

Fm{Li{G)) = socL\G) = P{G), 
whilst if G is non-compact socL^(G) = {0}. 

Proof The equality soc L^(G) = socA4(G), for every local compact Abelian 
group G, is clear from Theorem 5.52. 

The equality socL^(G) = P{G) for a compact group G is an obvious 
consequence of the minimal idempotents of Li(G) being precisely the char- 
acters of G. Furthermore, by Corollary 5.25, A4(G) being a commutative 
semi-simple unital Banach algebra, for every p G M{G) the convolution op- 
erator is finite-dimensional if and only if /r G socA4(G) = socL^(G). 

If G is non-compact then G = A(Li(G)) is non-discrete, and hence be- 
ing a topological group it does not contain isolated points. From Remark 
5.26 it then follows that socL^(G) = {0}. ■ 

Note that the equality socA4(G) = P{G) holds also for a compact non- 
Abelian group; see Barnes, Murphy, Smyth, and West [62, Lemma A. 6.1] 
or Saxe [285]. 

We have seen in Example 4.30 that multipliers of a commutative semi- 
simple Banach algebra A may have a non-empty residual spectrum cr^{T). 
However, the next result shows that, if A has a dense socle, then crr{T) is 
empty. 

Theorem 5.54. Suppose that A is a commutative semi-simple Banach 
algebra having a dense socle. IfTG M{A) then crr{T) = 0 and 

(147) a{T) = aap(T) = a.^iT) = a,e{T). 
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Proof Suppose that A = soc A and cr,.(r) 7 ^ 0 . Let A ^ cri-(T). Then 
A ^ CTp(r) and since A(A) is discrete, Theorem 4.31 ensures that A ^ T(m) 
for every m G A (A). If e G Min A is a minimal idempotent of A then there 
exists mo G A(A) such that e(mo) = 1 and e vanishes identically on the set 
A(A) \ {mo}. Taking 2 ; := [A — T(mo)]“^ we have 

(A/ — T)z{m) = e(m) for each m G A(A), 

and hence {XI — T)z = x, so every minimal idempotent belongs to the range 
{XI — T){A). Since the subspace generated by the set Min A is dense in A 
this implies that (A/ — T)(A) = A and hence A ^ aj-{T), a contradiction. 
Thus (Tr(T') = 0 . 

To prove the equalities (147) observe first that the inclusion crp(T) U 
^c{T) C CTap(T') holds for each bounded operator on a Banach space. For 
every T G M{A) then 

o-ap(r) C cr(T) = ap(T) U o-c(T) U a^{T) = a^{T) U ac{T) C aap(T), 

thus cr(T) = CTap(r). The equalities a(T) = ctsu(F) and crap(T) = ase{T) 
have been established in Theorem 4.32, part (iii). ■ 

In particular, the equalities 

o-p(r) = f (A(A)) and a,{T) = 0 

hold for every multiplier T of the group algebra A := L\{G), where G is a 
compact Abelian group. Later the equalities (147) will be extended to the 
more general case of regular Tauberian semi-simple commutative Banach 
algebras. 

Theorem 5.55. Suppose that A is a commutative semi-prime Banach 
algebra. Then 

<Pm{A) = ^(socA, A). 

Proof Prom Corollary 5.25 and Corollary 5.45 we have 
socA = soc M{A) C Km{A) 

C fcM(A)(/lM(A) (soc M(A))) = kM[A){hM{A){sOC A)). 
Consequently by Corollary 5.6, I>m{A) = I>{socA,M{A)). ■ 

Now let Rm{A) denote the set of all Riesz multipliers, the set of all mul- 
tipliers which are Riesz operators. Since M{A) is commutative, by Theorem 
3.112 the sums of elements of Rm{A) are in Rm{A) as well as the product 
of every T G Rm{A) with any S G M{A). Hence Rm{A) is an ideal of 
M{A), which is closed, again by Theorem 3.112, and inessential in M{A), 
by Theorem 5.43. 

The following theorem reveals that the Fredholm theory of multipliers 
of a commutative semi-simple Banach algebra having socle soc A = {0} is 
trivial. 




270 



5. ABSTRACT FREDHOLM THEORY 



Theorem 5.56. Let A be a eommutative semi-simple Banaeh algebra. 
Then the following statements are equivalent: 

(i) A(t4) has no isolated points; 

(ii) Km{A) = {0}; 

(iii) Rm{A) = {0}. 

In sueh a case T>m{A) = invM(A), the set of all invertible multipliers 
of A. 

Proof (i) (ii) If A(A) has no isolated points then socA = {0} and 
hence also A:^(a)(^m(A)(soc A)) = {0}. By Corollary 5.45 the inessentiality 
of Km {A) yields 

Km{A) C kM(A){hM{A){socM{A))) = kM(A){hM(A){soc A)) = {0}, 

from which we obtain that Km{A) = {0}. Conversely, if Km{A) = {0}, 
from Corollary 5.25 we have soc A C Km{A) = {0}, and hence A(A) has no 
isolated points. 

The equivalence (ii) (iii) is proved in a similar way, whilst the last 
assertion is obvious. ■ 

In particular. Theorem 5.56 applies, see Corollary 5.53, to convolution 
operators on group algebras L^[G) of non-compact Abelian groups. 

A more interesting situation occurs when A has discrete maximal ideal 
space. Recall that Mqo(A) := fcM(A)(^M(A)(^))- The next result shows that 
in this case Mqo(A) is the largest essential ideal of M(A). 

Theorem 5.57. Let A be a semi-simple eommutative Banach algebra 
with a discrete maximal ideal space A (A). Then A and Mqo{A) are inessen- 
tial ideals of M (A) . Precisely, 

(148) Moo( A) = kM{A) {hM(A) (soc A)) . 

Moreover, 

(149) $m(A) = $(A, M(A)) = $(Moo(A), M(A)). 

Proof By Theorem 5.37, being A(A) discrete, A is a Riesz algebra, and 
hence by Theorem 5.43, A is an inessential ideal of M(A). Prom Corollary 
5.45 it then follows that also Mqo(A) = kM{A){hM{A){A)) is an inessential 
ideal of M{A), and hence, again by Corollary 5.45, 

Moo{A) C kM{A){hM{A){socM{A))) = kM{A){hM[A){soc A)). 

On the other hand we also have 

fcM(A)(^M(A)(sOC A)) C kM{A){f^M{A){A)) = Mqq{A), 

SO the equality (148) is proved. 

Finally, A C Moo(A), so from the inclusions 

socA C A C Moo(A) = A:m(a)(^m(A)(soc A)), 
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from Theorem 5.55 and Corollary 5.6, we conclude that the equalities (149) 
are verified. ■ 

In particular, Theorem 5.57 applies to convolution operators on group 
algebras U‘[G), with 1 < p < cx), of compact Abelian groups. 

Note that in the situation of Theorem 5.57 we have Rm{A) C Moo(A), 
Mqq{A) being the largest essential ideal of M{A). By Theorem 5.43 Mqq{A) 
is then a Riesz algebra and consequently by Corollary 5.44 the multiplication 
operator Lt ■ Mqq[A) Moo(A) for each T e Mqo{A) is a Riesz operator. 
In the next chapter we shall show, always in the case where A(A) is discrete, 
that if Lt is Riesz on Mqq{A) then also T is a Riesz operator on A, so the 
two inessential ideals Rm{A) and Mqo{A) coincide. 

6. Compact multipliers 

Of course, it is of interest to describe the ideal Km{A) in some concrete 
cases. To do this we first introduce an important class of Banach algebras. 

Definition 5.58. A complex Banach algebra A is said to be a compact 
Banach algebra if the mapping x Ax is a compact linear operator for every 
X e A. 

Any compact Banach algebra may be described by means of a dense 
subset of it. 

Theorem 5.59. Let A be a Banach algebra and suppose that there exists 
a dense subset O C A such that the wedge operator xAx is a compact operator 
on A for each a; € O. Then A is a compact algebra. 

Proof Let a; € A be arbitrarily given and suppose that (a;„) is a sequence 
of elements in fl which converges at x. Then for every a G A we have 

||a; A a;(a) - a;„ A a;„(a)|| = ||(a; - a;„)ax + a;„a(a; - x„)l| 

< ll«ll(l|2:|| + lla^nlDlla^ - a;„||, 

so that the operator a; A a; is the uniform limit of compact operators and 
hence is itself compact. ■ 

Clearly, from Theorem 5.18 every semi-prime Banach algebra, not nec- 
essarily unital, with a dense socle is a compact algebra. In particular, for 
every compact Abelian group G the group algebra L^{G) is a compact al- 
gebra since L^{G) = soc L^{G) = P{G). Another example of a compact 
algebra is provided by K(X), the ideal of all compact operators on a Banach 
space X, see Bonsall and Duncan [72, §33]. 

Note that every compact algebra A is a Riesz algebra and hence, by 
Theorem 5.37, has structure space 11(A) discrete. 

Definition 5.60. A commutative regular Banach algebra A is said to 
be Tauberian if the elements of A having compact support are norm dense 
in A, where as usual the support of an element x G A is defined to be the 
elosure in A(A) of the set {m G A(A) : x{m) yf 0}. 
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Obviously, if A has an identity then A is Tauberian. Also (70(0), the 
algebra of all complex continuous functions which vanish at infinity on a 
locally compact Hausdorff space O, the group algebras L^(G) for any locally 
Abelian compact group G, the algebra LP{G) for a compact Abelian group 
G, 1 < p < oo, are Tauberian, see Rudin [282] or Larsen [198]. 

Theorem 5.61. Suppose that A is a commutative Banach algebra with a 
bounded approximate identity. Then the following statements are eguivalent: 



(i) A = Km{A); 

(ii) A is a compact algebra. 

Additionally, if A is also semi-simple and Tauberian then the conditions 
(i) and (ii) A are equivalent to each of the following conditions: 

(iii) A(A) is discrete, or equivalently A is a Riesz algebra; 

(iv) A has dense socle. 

Proof Observe first that if A possesses an approximate identity (ua) then 
Km (A) C A, every compact multiplier is a multiplication operator. Indeed, 
if T G M{A) is compact then (Tua) has a subnet (Tup) which converges to 
an element x G A. For each a G A we have 



Ta = Tflimaup) = a{T{\imup)) = ax, 

thus T is the multiplication operator Lx defined by x. 

(i) ^ (ii) Let A be a compact algebra and assume that (ua) is a bounded 
approximate identity. By the Cohen factorization theorem, for every a; G A 
there exist y,z & A such that x = yz. From the equality 

4yaz = (y + z)a{y + z) - {y - z)a{y - z), 



we deduce that all the mappings a G A ^ yaz = xa € A are compact, so 
Km{A) C a. 

Conversely, if all the mappings a G A ^ xa G A, for every a; G A, are 
compact then also the mappings a G A ^ xax G A are compact, so A is 
compact. 

(i) ^ (iii) If Km (A) = A then Lx is a Riesz operator for each a:: G A, so 
by Corollary 5.44 A is a Riesz algebra and hence the maximal ideal space 
A(A) is discrete by Theorem 5.37. 

(iii) ^ (iv) Since A is Tauberian , for every a G A there exists a sequence 
(a„) of elements of A with compact support supp aif such that a„ ^ a. 
Since A(A) is discrete, supp a„ is a finite set, and therefore, see Remark 
5.26, On G soc A for every n G N. Hence soc A is dense in A. 

(iv) => (ii) Let A = soc A. If x G A, let (x„) be a sequence of soc A 

which converges to x. By Corollary 5.25 then Lx is the uniform limit of 
the finite-dimensional operators Lx „ , so is a compact operator and therefore 
also (Lx)^ = X A X is compact. ■ 
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Corollary 5.62. For every eompaet Abelian group G, the eonvolution 
operator is eompaet on L^{G), 1 <p < oo, if and only if p, & U’[G). ■ 

The next result shows that for a multiplier of a commutative Banach 
algebra with a bounded a bounded approximate identity it turns out that 
several versions of acting the multiplication operator Lt as a compact op- 
erator are equivalent. 

Theorem 5.63. Suppose that A is a eommutative Banaeh algebra with 
a bounded approximate identity (ua)- Then for eaehT e M{A) the following 
statements are equivalent: 

(i) The multiplieation operator Lt on M{A) is eompaet; 

(ii) The multiplieation operator Lx on Mq{A) is eompaet; 

(hi) The multiplieation operator Lx on Mqo{A) is eompaet; 

(iv) TeKM{A). 

Proof As already remarked, if A has a bounded approximate identity then 
the norm on A, as a subset of M{A), and the norm on M{A) are equivalent. 
The implications (i) => (ii) => (iii) (iv) then follow once it is observed 
that the restriction of a compact operator on a closed invariant subspace is 
also compact. 

(iv) => (i) Suppose that T e Km{A). Then, see the proof of Theorem 
5.61, T is the multiplication operator for some x & A. Let (S'„) be any 
arbitrary bounded sequence in M{A) and choose, for each n G N, an index 
a{n) for which ||S'„x — < 1/n. Since T = Lx is compact we may 

suppose, eventually passing to a subsequence, that there is a G A such that 
Lx{SnUa;n)) ^ a G A as n ^ OO. For all n G N we have 

\\Lx{^Sn) Ta\\ — IlLSna: — Il'S'nS^ ®|| 

— \\^a(n)^n^ ^|| 

' ' n 

~ \\Lx{SnUa(n)) ~ ®ll ) 

from which we conclude that the sequence (Lx{Sn)) converges in M{A) to 
Lx- This shows that Lx = Lx^ is compact, so the implication (iv) => (i) is 
proved. ■ 

Another inessential ideal of a faithful commutative Banach algebra A is 
the set of all quasi-nilpotent multipliers: 

Qm{A) := {T G M(A) : a{T) = {0}}. 

Indeed, from the spectral radius formulae it easily follows that the sum 
of quasi-nilpotent multipliers, as well as the product of a multiplier with 
a quasi-nilpotent multiplier, is again quasi-nilpotent. Moreover, Qm(A) is 
closed, and by Corollary 4.34 Qm{A) = {0} whenever A is semi-simple. 
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Let US consider the case that the commutative Banach algebra A is an 
integral domain . Since A is semi- prime the socle of A does exist. 

Lemma 5.64. For every commutative Banach algebra A which is inte- 
gral domain different from C we have soctI = {0}. If A is also semi-simple 
then A is infinite- dimensional. 

Proof Suppose that the integral domain A is different from C and soc A ^ 
{0}. Let e be a minimal idempotent of A. Then e{x — ex) = 0 for every 
X ^ A and since e 0 and A is an integral domain it follows that x = ex for 
every x G A. Hence the element e is a unit of A and A = eA = eAe = Ce, 
which contradicts our assumption. 

To prove the second assertion assume that H is a semi-simple Banach 
algebra with 1 < dim H < oo. By the Wedderburn structure theorem A(H) 
is then a finite set, and by the first part soc A = {0}. This implies that A(H) 
is a singleton set {m}, and hence by semi-simplicity we obtain that H = C, 
which contradicts our assumption. Therefore A is infinite-dimensional. ■ 

Theorem 5.65. Let A be an infinite- dimensional commutative Banach 
algebra which is integral domain . Then Qm{A) = Rm{A). 

If additionally A is semi-simple then 

Qm{A) = Rm{A) = Km{A) = {0}. 

Proof Note first that if A is an integral domain then also M{A) is an 
unital integral domain. Indeed, if T and S are non-zero multipliers there 
exist x,y G A such that Sx 0 and Ty 0. Since A is an integral domain 
then {ST)xy = SxTy 0, and therefore ST y^ 0. 

Moreover, it is easily seen, via the Shilov idempotent theorem, that every 
unital commutative integral domain has its maximal ideal A(A) connected. 
Consequently, since for every T G M{A) we have cr(T) = T{A{M{A)), see 
Theorem 7.79, also cr(T) is connected. 

Now, to show the equality Qm{A) = Rm{A) observe first that every 
quasi-nilpotent operator is Riesz. Hence Qm{A) C Rf^[A). 

On the other hand, if we assume that A is infinite-dimensional then 0 G 
a(T) (otherwise if T were invertible then crf(T) = 0 and this is impossible, 
by part (g) of Remark 1.54). The spectrum of a Riesz operator is a finite set 
or a sequence which clusters at 0. Since cr(T) is connected it then follows that 
a(T) = {0}. Therefore Rm{A) C Qm{A), so the equality Qm(A) = Rm{A) 
is proved. 

To show the last assertion, assume that A is semi-simple. By Theorem 
4.34 it follows that Qm{A) = Rm{A) = {0}. The equality Km{A) = {0} is 
obvious, since any compact operator is a Riesz operator. ■ 

Now we want describe the ideal Km (A) in the case of a commutative 
C* algebra. Recall that a Banach algebra A is a C* algebra if it possesses 
an involution * such that ||a;x*|| = ||a;|p for all x G (these algebras are 
also called B* algebras). Any C* algebra A, not necessarily commutative, is 
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semi-simple, see for instance [279, Theorem 4.1.19], so the socle of A does 
exist. Moreover, for every closed ideal J of we have 

J = J* := : j € Jj, 

see [279, Theorem 4.9.2], and hence soc A = (soc A)*. 

Lemma 5.66. Suppose that x G A, A an unital Banach algebra. If the 
resolvent p{x) is connected and t is a spectral set for x for which 0 ^ r then 
the spectral idempotent p{r, x) belongs to the closed subalgebra of A generated 
by X. 

Proof Immediate. ■ 



Theorem 5.67. Let e be an idempotent of a C* algebra. Then there 
exists an unique self-adjoint idempotent / G A such that ef — f and fe = e. 



Proof By using the Gelfand-Naimark theorem, see Bonsall and Duncan 
[72, 38.10], it suffices to prove that to every projection contained in a C* 
algebra of operators on a Hilbert space H there corresponds a self-adjoint 
projection which has the same range. 

Suppose then that P = G L{H). With respect to the decomposition 
H = P{H) © P{H)^ we may write 



P = 



I T 
0 0 



Prom this we obtain 



P* = 



/ 

T* 



and PP* = 



I + TT* 0 
0 0 



However, I-\-TT* is a bounded operator on P{H) whose spectrum a{I-\-TT*) 
lies in{AGM:A>l}. Let us consider the operator defined by 



Q-.= 



I 0 
0 0 



Clearly, Q is the spectral idempotent associated with the element PP* 
and the set cr(/ + TT*). By Lemma 5.66 it then follows that Q lies in the 
closed subalgebra generated by PP*, hence it is in the closed *-subalgebra 
generated by P. 

It is easily seen to that Q is an idempotent self-adjoint operator and 
PQ = P, PQ = Q. Thus the existence is proved for a C* algebra of 
operators. The prove of the uniqueness is trivial. ■ 



Corollary 5.68. Let A be a C* algebra. If -J is a right (left) ideal 
of finite order there exists an idempotent self-adjoint f G socA such that 
J = fA(J^ Af). 
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Proof Consider first the case of a minimal right ideal J. Then there exists 
e G Minyf such that J — eA. According Theorem 5.67 let f = f'^ — f* such 
that ef = f and fe = e. Then 

eA = feA C fA = efA C eA, 

thus J = fA. 

The proof of the general case of an ideal of finite order easily follows by 
using a similar argument. ■ 

Theorem 5.69. Let A be a C* algebra. Then 

(i) X G soc A x*x G soc A. 

(ii) X G soc A x*x G soc A. 

Proof (i) Obviously, if a; G soc A then x*x G soc A. 

Conversely, suppose that x*x G soc A. If 

x* x = k = l^akek with ek G Min A, G A for all fc = 1, • • • , n, 

then a; G J, where the ideal J := e^A has finite order. 

By Corollary 5.68 then there exists a self-adjoint element / G soc A such 
that a;* a; G Af. Hence x*a;(l — /) = 0 and 

Ik - a;/l| = ||x(l - /)f = 11(1 - /)a;*a;(l - /)|| = 0, 

from which we obtain that x = xf. 

(ii) This is a consequence of the Segal and Kaplansky theorem which 
states that if J is any closed ideal of A then J = J* and A/J is a C* 
algebra, see Bonsall and Duncan [72, Theorem 38.18]. In this case we have 

Ik* a; + J|| = ||(a;* -|- J){x -|- J)|| = |k + J\\^, 

so X*X & J X & J. m 

We now characterize the closure of the socle of a C* algebra A as the 
set of all elements whose corresponding wedge operators are compact. 

Theorem 5.70. For a C* algebra A we have: 

(i) soc A = {x G A : X A X is finite dimensional}; 

(ii) fc(h(soc A)) = soc A = {x G A : x A x is compact}. 

Proof (i) Since A is semi-simple, if x G soc A then xAx is finite-dimensional 
by part (iii) of Theorem 5.18. 

Conversely, assume that xAx is finite-dimensional. Clearly xAx*x C 
xAx, thus dim xAx*x < oo and hence dim x*xAx*x < oo. 

To prove that x G soc A it suffices to show, by Theorem 5.69, that 
XX* G soc A. For this it suffices to assume that x is selfadjoint. 

Let Z{x) be the centralizer of x in A. We have 

a{x A x\Z{X)) = az(x){x^), 
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and since a; A a; is finite-dimensional this set is finite, say {Ai, . . . , A„}. Let 
Pk ■= p{Xk,x) be the spectral projection associated with x and Afc. Then 

n 

a; = ^ XkPk, where Xk 7 ^ 0, pkX = xpk = XkPk, Pk = Pk* 
fc=i 

for all A: = 1, • • • , n and PkPi = 0 for k ^ i. For each k = 1, . . . , n we have 

dim PkApk = dim pkxAxpk < dim xAx < 00 . 

We show now that pk G socA for all A: = 1, . . . , n. Since dim PkApk is 
finite-dimensional it follows that pkApk is a Riesz algebra which, by Theorem 
5.43, is equal to its own socle. But if e G Min and x G A then 

exe = epnXpnC = Xe for some A G C. 

Hence e G Min A, so 

PnApn = SOC {pnApn) C SOC A. 

This shows that each G soc A and therefore x = J2k^i ^kPk G soc A. 

(ii) First we show the second equality. Suppose that x G socH and 
choose Xn G socH such that ||x„|| < ||a;|| -|- 1 and ||a;„ — x|| ^ 0. Clearly 

||a;„ A a;„ — a; A x|| < (2||a;|| -|- l)||a;„ — a;|| ^0, 

so by Theorem 5.24 the operator xAx is the uniform limit of finite-dimensional 
operators and therefore is compact. 

Conversely, let xAx be compact on A. The operator x*xAx*x is compact 
since it is the composition of the operators a ax* xax*x x*xax*x, 
a G A. Hence from the equivalence (ii) of Theorem 5.69 it suffices to assume 
that X is self-adjoint. 

Let Z[x) denote the commutant of x in A. As in the proof of the first 
part, a{x Ax\Z{X)) = o'z(x){x'^), and since xAx is compact this set clusters 
at most at 0, and the same also holds for cr(a;). Now, if e > 0 the set 

fA := {A G a{x) : |A| > e} 

is a finite set, say = {Ai, . . . , A„}. 

li Pk ■= p{Xk,x) is the spectral idempotent associated with x and Xk, 
then from the equalities pkX = xpk = XkPk we obtain 

PkApk = ^{Pk A pk){x A x) 

which implies that PkApk is compact operator. But any compact projection 
is finite-dimensional, so by Theorem 5.24 pk G soc A for every k = 1, . . . ,n. 

Hence p = 'Y^'k=\Pk ^ soc A and, by using that x is self-adjoint, we 
obtain 

||x(l — p) II = r{x{\ — p) < e. 

This shows that x G soc A. 

To show the equality k{h{socA)) = soc A observe first that A/socA is 
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a C* algebra and hence semi-simple . Since for every two-sided ideal A/J is 
semi-simple if and only if J = k{h{J), see Jacobson [174, p.205] then 

soc A = fc(h(soc A)) = k{h{socA)), 

so the proof is complete. ■ 

We conclude this section by describing the multiplier algebra and the 
ideal Km (A) for a commutative C* algebra. 

Theorem 5.71. If A is a commutative C* algebra, then also M{A) is a 
commutative C* algebra. Moreover, M{A) is *-isomorphie to C{AM{A)). 

Proof For every T G M{A) let us define 

T^{x) := {Tx*Y for every x G A. 

Clearly is linear and for all x,y G A we have 
T+{xy) = {T{xy)*r ^{T{y*x*)r 

= {y*{Tx*)Y = {Tx*)*y = T+{x)y, 

thus T'*" G M{A). It easy to verify that the mapping T ^ T+ is an invo- 
lution on M(A). We show now that this involution makes M{A) into a C* 
Banach algebra. 

Let U denote the closed unit ball of A. U is self-adjoint, thus 

IjT+ll = sup||T+(x*)l| =sup||(T+x)*)|| 
xeu xeu 

= sup ||Tx|| = ||T||, 
xeu 

and therefore ||Tr+|| < ||T|p. The (7* condition ||TT+|| = ||r|p then follows 
by observing that || 2 || = sup^g^^ \\yz\\ every z G A, and hence 

|TT+|| = sup ||(Tr+)xl| = sup sup ||rr+(xy)|| 

xeu xeu yeu 

> sup ||TT+(xx*)|| = sup ||(rx)(T+x)|| 
xeu xeu 

= sup||Txl|2 = 1|T1|2. 
xeu 

Hence M{A) is a commutative unital C* algebra, and therefore via the com- 
mutative version of the Gelfand-Naimark theorem, see [72, Theorem 35.4], 
M{A) is ^-isomorphic to C{A{M{A)), the Banach algebra of all continuous 
functions on the compact space A(M(A)). ■ 

Any C* algebra A has a bounded approximate identity, see Bonsall and 
Duncan [72, Lemma 39.14], hence, see the first section of Chapter 4, the 
norm on A is equivalent to the operator norm on M(A). Therefore the 
closure of soc A in A is the same of the closure of soc A with respect to the 
operator norm of M(A). 

Theorem 5.72. Let A be a commutative C* algebra. Then Fm{A) = 
soc A and Km {A) = soc A = A:m(a)(^m(A)(soc A)). 
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Proof M{A) a C* algebra and hence is semi-simple, so by Theorem 5.52 we 
have socA = socM(A). The inclusion socA C Km{A) is then an obvious 
consequence of Corollary 5.25, and hence to complete the proof we need only 
to prove the inclusion Km (A) C socA. 

Let T e M(A) be a compact operator. Since A has a bounded approx- 
imate identity it follows that T is a multiplication operator for some 
X G A, see the proof of Theorem 5.61. Since Lx '■ A ^ A is compact 
(Lx)'^ — X A X is also compact, and hence by Theorem 5.70 x G soc A. 

A similar reasoning shows that Fm{A) = soc A. 

The equality soc A = kM{A){hM{A){so^ ^)) is a consequence of M{A) 
being a C* algebra. Indeed, applying Theorem 5.69 to M{A) and taking 
into account that the closure with respect to A and M(A) are the same, we 
have 

socA = socM(A) = A:m(u)(^m(U)(soc A)), 
as desired. ■ 



7. Weyl multipliers 

In this section we shall show that the class <1 >m(A) of a semi- prime 
Banach algebra coincides with the class of all multipliers which are Weyl 
operators. We first need to find conditions which ensure that a multiplier 
T, or some power T" of it, has closed range. 

Before dealing more specifically with multipliers we begin with some gen- 
eral observations about bounded operators on Banach spaces. The following 
two results relate, for a bounded operator T € L{X) on a Banach space X, 
the property of being T"(X) closed with the finiteness of the ascent. 

Lemma 5.73. For a bounded operator T € L[X) on a Banaeh spaee X, 
the following eonditions hold: 

(i) If T”(X) is elosed for some natural n > 0 then -|- ker is 

elosed for all integer 0 < k < n. 

(a) IfT has finite aseentp := p{T) andT^{X) is elosed for some n > p, 
then T”+^(X) is elosed for all k > 0. 

Proof (i) Let (uj) be a sequence in -|- ker which converges to 

some u (z X as j ^ oo. We have to show that u G -|- kerT^. 

Let us consider two sequences (xj) in X and (yj) in kerT^ such that 
Uj = T'^~’^Xj + yj. Then 

T'^Xj = +yj)= T^Uj T^u, 

as j CO, and hence, since by assumption T"(X) is closed, T^u G T”(A). 
Therefore there exists z G X such that T^u = T'^z. Prom this it follows 
that T^~^z — u G kerT^, and consequently u G -|- kerT^, so the 

proof of the statement (i) is complete. 
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(ii) Suppose that T"(X) is closed. Applying the result of part (i) to the 
case A: := n — 1, we infer that the sum T(A)+ker is closed. Since n—1 > 
p we know that kerT^ = kerT"“^ = ker T", hence T{X) + ker T" is closed. 
By Lemma 1.37 we then conclude that also the sum = T"(T(A) + 

ker T") is closed. An inductive argument then shows that T"+^(A) is closed 
for all fc > 0. ■ 

It is easy to find examples of operators T G L{X) having ascent p = p{T) 
finite, for which T^{X) is closed and is not closed. For instance, 

if T is the Volterra operator on X := C'[0, 1] defined in Example 2.35, then 
the operator S:XxX^XxX defined by 

S{x,y) := {0,x + Ty), for all a;, y G A, 

has closed range {0} x X, while S'^ has range {0} x T[X), and the latter 
subspace is not closed in A x A. 

The next result shows that if an operator having finite ascent p the 
condition that T^’^^(A) is closed holds precisely when T"(A) is closed for 
all n > p. 

Theorem 5.74. Suppose that T G L{X), X a Banach space, has finite 
ascent p :=p{T). Then the following conditions are equivalent: 

(i) TP+^{X) is closed; 

(ii) T^’+”(A) is closed for every integer n > 0. 

Proof The implication (ii) => (i) is clear, so we need only to prove the 
implication (i) => (ii). 

(i) (ii) Suppose that T^*+^(A) is closed. Let y := 2p + 1 + n, where 
n > 0 is arbitrarily given, and fc := 2p + 1. Prom part (ii) of Lemma 5.73 
we obtain that the condition T^^^(A) closed entails that T'^(A) is closed, 
because o' > p + 1. Since k > p we have ker = ker T^, and hence by part 

(i) of Lemma 5.73 

T”(A) + ker TP = T”(A) + ker = r«“^(A) + kerT^, 

is closed. This for all n > 0. In particular, T”+P(A)+ker = T"'*‘*’(A) + 
kerT*’ is closed for all n > 0. By Lemma 3.2, the condition p = p{T) < oo 
yields that T"+p(A) Piker = {0}, so by Theorem 1.14 we may conclude 
that T"+^’(A) is closed. ■ 

Now, in order to look more closely the Fredholm theory of multipliers 
we need first to introduce the concept of generalized inverse of an operator 
T defined on a Banach space A. Recall that T G L{X), X a Banach space, 
is said to be relatively regular if there exists an operator S G L{X) for which 
T = TST and STS = S. The operator S is also called a generalized inverse 
of T. 

Generally a generalized inverse of T, if it exists, is not uniquely deter- 
mined. But there exists at most one generalized inverse which commutes 
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with a given T G L{X). In fact, if S and S' are two generalized inverses of 
T both commuting with T then 

TS' = TSTS' = STS'T = ST, 

and therefore 

S' = S'TS' = S'TS = STS = S. 

The following result shows that a bounded operator T admits a general- 
ized inverse which commutes with T precisely when T has both ascent and 
descent less or equal to 1. 

Theorem 5.75. Let T G L{X), X a Banach space. Then the following 
conditions are equivalent: 

(i) T has a generalized inverse commuting with T; 

(ii) X = T(X) ©kerT; 

(hi) p{T) = q{T) < 1; 

(iv) T = PU = UP, where U G L{X) is invertible and P G L{X) is 
idempotent (hence a projection); 

(v) T = TCT, where C G L{X) is invertible and TC = CT. 

Moreover, if T satisfies the equivalent conditions (i)-(v) then T”(X) is 

closed for every n G N. 

Proof (i)^(ii) Let us suppose that there exists a generalized S of T such 
that TS = ST. Then we have 

I = TS + {I - TS) = TS + {I - ST). 

The operator TS is, as we have observed above, a bounded projection of X 
onto T{X) and I — TS = I — ST is a bounded projection of X onto kerT. 
Hence (i) ^ (ii). 

The equivalence (ii)<t^(iii) has already been observed in Remark 3.7, part 
(d). 

(iii) ^(iv) Assume that T has ascent p{T) = q{T) < 1. Then 0 belongs 
to the resolvent R{X,T) or is a simple pole of R{X,T). In both cases T{X) 
is closed, and the restriction T|T(X) is bijective, see part (f) and part (d) 
of Remark 3.7. Define U G L{X) by U := T\T{X) © /|kerT. Clearly U 
is invertible, and if P denotes the projection of X onto T{X) with kerP = 
kerT then T = PU = UP. 

(v)=^(vi) If we set C := U~^ a straightforward calculation shows that 
T = TCT and TC = CT. 

(iv) =>(v) Suppose that (iv) holds. Then S := C^T is a commuting 
generalized inverse of T. 

The last assertion is clear from Theorem 5.74 since T{X) is closed. ■ 

If T = TCT, where C G L(X) is invertible, then T is called regularly 
decomposable. 
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The previous result applies to multipliers of semi-prime Banach algebras, 
since these operators have ascent p{T) less or equal to 1. The next result 
shows that if T G M{A) has a commuting generalized inverse S in L{A), 
this operator S will necessarily be a multiplier. This is a generalization of 
the property that if a multiplier has an inverse (as linear operator) then this 
inverse is necessarily a multiplier. 

Theorem 5.76. Let A be a semi-prime Banaeh algebra and T G M{A). 
Then the following properties are equivalent: 

(i) T has a eommuting generalized inverse in L{A); 

(ii) T has a generalized inverse S G L{A) for which TS G M[A); 

(hi) T has a generalized inverse S G L{A) for which TS commutes with 
T; 

(iv) T has a generalized inverse S G M{A); 

(v) A = T{A) © kerT, or equivalently p{T) = q{T) < 1; 

(vi) T = PU = UP where U G M{A) is invertible and P G M{A) is 
idempotent; 

(vii) T is regularly decomposable in M[A); 

(viii) T‘^{A) = T{A), or equivalently T has descent q(T) < 1. 

If the equivalent conditions (i)-(viii) hold then T'^{A) is closed for all 
n G N. 

Proof (i)=>(ii) Suppose that S' is a commuting generalized inverse in L{A) 
of T G M{A). If we put P := TS then by Remark ?? P projects A onto 
P{A) = T{A) along kerP = kerT. Thus both kerP and P{A) are two-sided 
ideals in A. By Theorem 4.9 kerT is orthogonal, in the sense of algebras, to 
T{A), so = P{r^) ® kerP is an orthogonal decomposition. By Theorem 
4.10 then P = TS is a multiplier of A. 

(ii) ^(iii) This implication is trivial because M{A) is a commutative 
algebra. 

(iii) =J>(v) Since for P := TS we have P{A) = T{A), it suffices to show 
that kerP C kerT. If Px = 0 then Tx = Pz for a suitable z ^ A, hence 

Tx = P'^z = PTx = TPx = 0, 
and so (/ — P){A) = kerP C kerT. 

The equivalence of (i), (ii), (hi) and (v) then follows by Theorem 5.75. 

(v) =^>(vi) If we assume (v) then the projection P of A onto T{A) along 
kerP = kerT is, by (ii), a multiplier. Consequently U := T-\-I — P G M{A). 
Observe that U is the operator which appears in the proof of Theorem 5.75 
and hence is invertible. Since T = UP = PU the implication (v)=> (vi) is 
proved. 

(vi) =j>(iv) Clearly the operator S := PU~^ G M{A) is a generalized 
inverse of T. 
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(iv)=>(v) Since M(i) is commutative this is a consequence of the impli- 
cation (i) ^ (ii) of Theorem 5.75. 

(vi)=j>(vii) If T = PU = UP, where U e M{A) is invertible and P e 
M{A) is a projection, then we have 

TU~^T = TUU~^T = PT = T. 

(vii)^(i) Clearly, if T = TCT, where C is an invertible multiplier, then 
S := CTC G M{A) is a commuting generalized inverse of T. 

The equivalence (v)<t^(viii) follows immediately from part (i) of Theorem 
4.32, as soon as we have observed that the ascent p{T) and the descent q{T) 
must coincide whenever are both finite. 

The last assertion is clear from Theorem 5.75. ■ 

Remark 5.77. From Theorem 5.76 we know that for a multiplier T G 
M{A) of a semi-prime Banach algebra the condition T^[A) = T[A) implies 
that T{A) is closed. The reverse inclusion is not true, in general, the closed- 
ness of T{A) does not implies T‘^[A) = T{A), or, equivalently, q{T) = 1. 

For instance, if A = A(D) is the disc algebra and Tg is the multipli- 
cation operator by g{z) := z, z G D, then Tg is a Fredholm operator hav- 
ing index ind Tg = —1, see Example 5.49, and both the operators Tg and 
Tg have closed range (precisely, Tg has closed range for every n G N). 
Clearly q{Tg) = oo, otherwise the finiteness of q{Tg) would imply that 
p{Tg) = q{Tg) = 1 and therefore ind(Tg) = dim kerT^ - codimTg(A) = 0. 

Suppose that for a multiplier 0 G cr{T). In this case p{T) is not equal to 
0 and hence p{T) = I, so the condition (v) of Theorem 5.76 is equivalent to 
saying that 0 is a simple pole of the resolvent. An immediate consequence 
of Theorem 4.36 is that in the case A is a semi-simple Banach algebra we 
can add another condition to the equivalent conditions (i)-(viii) of Theorem 
5.76. 

Corollary 5.78. Let T G M{A), where A is a semi-simple Banach 
algebra and 0 G cr(T). Then the conditions (i)-(viii) of Theorem 5.76 are 
equivalent to the following condition: 

(ix) 0 is isolated from the spectrum o'{T). ■ 

Remark 5.79. Note that the hypothesis of semi-simplicity is essential in 
Corollary 5.78. To see that, let Ta be the injective operator defined on the 
semi-prime radical algebra A^^ of Example 4.35. It is easily seen that Ta is 
not surjective, since a ^ Ta{Aai). Hence A^i Ta{Aai) = Ta{Aoj) ©kerTa. 
On the other hand, 0 is isolated in a{T) since Ta is quasi-nilpotent. 

Recall that by Cohen’s factorization theorem if A possesses a bounded 
approximate identity then it admits a factorization. We shall use this fact 
in the proof of the following result. 
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Theorem 5.80. Let A be a commutative semi-simple Banach algebra 
with a minimal approximate identity. If T G M{A) then the conditions 
(i)-(viii) of Theorem 5.76 are equivalent to the following property: 

(a) T{A) is a closed ideal with a bounded approximate identity. 

Proof Assume (vi) of Theorem 5.76, there is a factorization T = PU, 
where P G <Pm{A) is idempotent and U G M{A) is invertible. Let (e^) 
denote a bounded approximate identity of A. Clearly T{A) is an ideal in A, 
and from T{A) = PU{A) = P{A) we infer that T{A) is closed. Moreover, 
the bounded net {Pe^) is a subset of T{A), and for every x G T{A) we have 

lima;Pe„ = limP(a;e„) = Px = x. 

Therefore (vi) of Theorem 5.76 implies (a). 

On the other hand, assume that T(A) is a closed ideal with a bounded 
approximate identity. If x G A, by Cohen’s factorization applied to T(A) 
there exist two elements y,z & A for which 

Tx = {Ty){Tz) = T{yTz) = T\yz). 

This shows that T{A) C T^(A), and consequently T{A) = T^{A) since the 
reverse inclusion is trivial. Therefore the condition (viii) of Theorem 5.76 is 
satisfied. ■ 

We show now that if A is a semi-prime Banach algebra the class <Pm{A) 
of the multipliers invertible in M{A) modulo Km (A) is precisely the class 
of all Fredholm multipliers having index zero. 

Theorem 5.81. Let A be a semi-prime Banach algebra and let T G 
M{A). Then the following statements are equivalent: 

(i) T is Weyl; 

(ii) T has a generalized inverse in M{A) and has defects a{T) and j3{T) 
both finite; 

(hi) T = R-\- K, where R G M{A) is bijective, K G Fm{A); 

(iv) T = R-i- K, where R G M{A) is bijective, K G Km (A); 

(v) T G ^m{A); 

(vi) T = PU, where P G <Pm{A) is idempotent and U G M{A) is 
invertible. 

Proof (i)^ (ii) Suppose that T G M{A) is a Weyl operator. Since p{T) < 1 
by Theorem 4.32, the condition a{T) = (3{T) entails, see Theorem 3.4, 
that p{T) = q{T) < 1. Prom Theorem 5.76 it then follows that T has a 
generalized inverse in M{A). 

(ii)^(iii) Suppose that T = TST for some S G M{A). If P := TS = 

ST G M{A) then by Remark ?? P is a projection of A onto T{A) along 

kerP. Hence K := I — P G M{A) is a finite-dimensional projection of A 
onto kerP along T{A). 
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Let us define R ■.= T — K G M{A). We claim that R is invertible. In 
fact, if Rx = 0 then Tx = Kx. Since Kx G kerT it follows that Tx = 
Kx G kerT n T{A). Hence Kx = (/ — P)x = 0. Thus Px = x e T{A), and 
from Tx = 0 we also obtain that x G kerT. Hence x G kerT n T(A), and 
consequently x = 0, by Theorem 4.32, so R is injective. 

Now, K is finite-dimensional, and hence by part (f) of Remark 1.54, 
T-K e ^{A) and 

-/3(T) = ind T = ind {T - K) = ind T = 0, 

so R is also surjective. Therefore R is bijective and T = R-\- K . 

(iii) ^(iv) Obvious. 

(iv) =>(v) Let T = R+K, where R G M{A) is bijective and K G Km{A). 
Then R~^ G M{A), and by the commutativity of M{A) we have 

R-^T = TR-^ = 1 + R-^K. 

Since R~^K G Km{A), this implies that T is invertible in M[A) modulo 
Km (A). 

(v) =7>(i) Let T G ^m{A). Then there exist operators W G M{A) and 
K G Km (A) such that WT = I + K. Since T and I + K are Fredholm 
operators W is also a Fredholm operator, and hence by the index theorem 

ind (WT) = ind IF ind T = ind {I + K) = 0. 

Therefore ind T = —ind IF. Since every multiplier has the SVEP, from 
Corollary 3.19 it follows that the index of T and of IF is non-positive, and 
this implies that ind T = ind IF = 0. Therefore T is Weyl. 

(ii)=7>(vi) Suppose that (ii) holds (and hence also (i)). Then by Theorem 
5.76, T = PU = UP where P G M{A) is idempotent and U G M{A) is 
invertible. From the equalities T{A) = PU{A) = P{A) and kerP = kerT 
we conclude that P G <Pm{A). Finally, fJ is a Fredholm operator of index 0 
because U is invertible. 

(vi) ^(i) If T = PU, where P,U G <Pm{A), then the index formula entails 

that ind T = ind P + ind U = 0. Hence T is Weyl. ■ 

Lemma 5.82. Let A be a semi-prime Banaeh algebra and T G M{A). 
Then soc A C T{A) © ker T . 

Proof The inclusion soc A C T(H) +ker T easily follows from each minimal 
idempotent e being an eigenvector of T. Indeed, 

Te = T(e^) = e(Te)e G Ce. 

This shows the inclusion socH C T(H) + ker T, and the last sum is direct 
since T{A) n kerT = {0}, by Theorem 4.32. ■ 

The fact that each multiplier T of a semi-prime Banach algebra has 
ascent p{T) < 1 implies by Theorem 3.4 that ct{T) < (3{T). This inequality 
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also entails that T G M{A) is lower semi- Fredholm precisely when T is 
Fredholm. Consequently we have 

<Pm{A) C ${A) n M{A) = <P-{A) n M{A) C $+{A) n M{A). 

We show now that all these sets coincide in a very special case: 

Theorem 5.83. If A is a semi-prime Banach algebra with a dense socle 
then 

<Pm{A) = ^{A) n M{A) = ^-{A) n M{A) = ^+{A) n M{A). 

Proof If T G ^+(yl)nM(yl) the subspace T{A)-\-kerT is the sum of a closed 
and a finite-dimensional subspace of A, therefore it is closed. Moreover, since 
A has a dense socle socA, by Lemma 5.82 we have 

A = soc34 = T{A) © her T = T{A) © her T. 

Thus dim kerT = codim T(y4), so T is a Weyl operator, and hence by The- 
orem 5.81 T G ■ 



8. Multipliers of Tauberian regular commutative algebras 

A recurrent assumption in this section will be, for a multiplier T G 
M{A), the closedness of the ideal T^{A). In particular, we shall see that 
if A is a semi-simple regular commutative Banach algebra the closedness of 
T'^[A) has some important consequences. 

It has been observed in the previous section that the closedness of the 
range of for a bounded operator T G L(X) on a Banach space implies 
the closedness of T{X), whilst the converse generally is not true. However, 
the first result of this section establishes that for a multiplier T G M{A) the 
property of T‘^{A) being closed is equivalent to the property that T{A) © 
kerT is closed. 

Theorem 5.84. Let A be a semi-prime (not necessarily commutative) 
Banach algebra and T G M{A). Then 

T^{A) is closed <t^T(A)©kerT is closed. 

Proof If T‘^{A) is closed then by Lemma 5.73 T{A) + kerT is closed and 
the sum is direct, since T{A) n kerT = {0}, by Theorem 4.32. 

Conversely, if T(A) + kerT is closed then T^{A) is closed by Lemma 

1.37. 

If we add to the closedness of T‘^[A) the assumption of regularity of the 
algebra A, we can say much more. Note that at this point in the proof of 
the following result we apply the results of local spectral theory developed 
in the previous chapters. 

Theorem 5.85. Suppose that A is a semi-simple regular commutative 
Banach algebra. If T & M{A) has the property that T^{A) is closed then 
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ifT = T\A{A) is bounded away from 0 on the set A(A) \ hA{T{A)), to be 
preeise there is a 5 > Q for whieh \T[ip)\ > 6 for all ip e hA{T[A)). 

Proof Suppose that T‘^[A) is closed. Let B := T[A) be the closure of 
T{A). Observe that i? is a commutative regular semi-simple Banach algebra 
having the maximal ideal space A{B) = A(A) \ hA{T{A)), see Rickart [279, 
Theorem 2.6.6]. 

Clearly the restriction S := T\B is an injective multiplier. Moreover, S 
has a closed range because S{B) = T‘^{A). In fact, the inclusion S{B) C 
T‘^{A) is clear by the continuity of T and because T‘^{A) is closed. The 
reverse inclusion easily follows from T^(A) = T{T{A)) C T{B) = S{B). 
Hence S is bounded below. Consequently by Theorem 4.32 0 ^ ase(*S'). 

Now, by Theorem 2.73 and Theorem 1.36 there exists e > 0 such that 
for every open disc D(0, 6) with 0 < <5 < e we have 

H,(C\D(0,5))= f| S^{B), 

nSN 

where, as usual, Bg{C \ D(0,5)) denotes the local spectral subspace of B 
relative to the closed set C \ D(0, 6). This implies, again by Theorem 2.73, 
that the subspaces S'“^(D(0, d)) are all equal for every 0 < d < e. 

Next, we want show that /S“^(D(0, 6) \ {0}) is empty. In fact, if 0 a e 
]D)(0,e) n S{A{B)) choose 0 < <5i < jaj < e. We have then 

0 S-\{a}) C S-\D{0, e)) \ S-\D{0, di)) 

C 5-i(D(0,e))\5-i(D(0,<5i)) 

which gives a contradiction. 

This implies that 

and hence ^“^({O}) is an open and closed subset of A(aI). But this implies 
that 5“^({0}) = 0, because otherwise, since H is a regular algebra, we can 
find an element b (z B for which supp b C S'“^({0}). Clearly, for this element 
b we obtain (Sb) = 0, and therefore Sb = 0, contradicting the injectivity of 
S. Hence 5“^(D(0,e) = 0, and consequently 

|S'(m)| > e for all m € A{B). 

Since S coincides with the restriction of T on A(H) \ hA(T{A)) the proof is 
complete. ■ 

Theorem 5.86. Suppose that A is a eommutative semi-simple regular 
Tauberian Banaeh algebra and T e M{A). Then the eondition T‘^{A) elosed 
is equivalent to the eonditions of Theorem 5. 76. In partieular, we have 

T‘^{A) is elosed 4^ A = T{A) © kerT. 
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Proof Assume that T‘^[A) is closed. As we have observed in Theorem 
5.84, the property of T^{A) being closed is equivalent to the property that 
T{A) © ker T is closed. We shall show that under the assumption that A is 
a regular Tauberian Banach algebra T{A) © kerT is then dense in A, and 
this trivially implies that A = T(A) © kerT. 

To show that T(A) © kerT is dense in A it sufhces to prove that, since 
A is Tauberian, the subspace T(A) © kerT contains every element x (E A 
with compact support K := supp x. Let such x be given and define z G A 
so that 

2'=0onT“^(0) and z = x on AT n T“^(C \ D(0, e), 
where D(0, e) is as in the proof of Theorem 5.85. Let y := x — z. Obviously 
supp S' C A n T“^(D(0, e)), 

so by compactness we conclude from Theorem 6.70 that 
(Tt{z) C f(f“^(D(0,e)) C C\lD)(0,e). 

Therefore 

2 e Ar(C\D(0,e)) C T(A). 

On the other hand, supp y C T“^({0}) hence Ty = 0. This shows, 
because of the semi-simplicity of A, that x = y + z & T{A) © kerT. Thus 
the closedness of T‘^{A) implies A = T{A) © kerT. 

The converse is clearly true, again because of Theorem 5.84, so the proof 
is complete. ■ 

Corollary 5.87. If A is a commutative semi-simple regular Tauberian 
Banach algebra then a multiplier T e M{A) with closed range is injective if 
and only if it is surjective. 

Proof If T e M{A) is surjective then since T{A) n kerT = {0} we have 
ker T = {0} and therefore T is injective. 

Conversely, let us suppose T[A) closed and kerT = {0}. Trivially, the 
subspace T(A) © kerT is closed, and hence combining Theorem 5.84 and 
Theorem 5.86 we have 

T{A) =T(A)©kerT = A. 

Therefore, T is surjective. ■ 

The next result extends to commutative regular Tauberian Banach al- 
gebras the result established in Theorem 5.54 under the stronger condition 
that the Banach algebra A has dense socle. 

Corollary 5.88. Let A be a commutative semi-simple regular Tauberian 
Banach algebra and T e M{A). Then 

a{T) = asu{T) = aap(T) = ase{T). 
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Proof The equality cr{T) = asn{T) and crse{T) = o‘ap(T) have been es- 
tablished in Theorem 4.32. The equality asu{T) = aap{T) is an obvious 
consequence of Corollary 5.87. ■ 

A direct proof of Corollary 5.88 which does not involve the machinery 
of local spectral theory may be found in [214, p. 416]. 

Corollary 5.88 reveals that the analogy, already observed, between some 
aspects of spectral theory of normal operators on Hilbert spaces and mul- 
tipliers of commutative Banach algebras becomes more evident in the case 
where A is a Tauberian regular commutative Banach algebra. In fact, for 
every normal operator T on a Hilbert space H the semi-regular spectrum 
CTse(T) coincides with the whole spectrum, since both T and T* have the 
SVEP and hence Corollary 2.45 applies. 

The next theorem is a version of Theorem 5.86 for elements of the ideal 
Mq{A). Note that in such a case the condition of Tauberianess is not needed. 

Theorem 5.89. Let A be a semi-simple regular eommutative Banaeh 
algebra and T e Mq{A). Then the eonditions (i)-(viii) of Theorem 5.76 are 
equivalent to the following statements: 

(a) T2(A) is elosed; 

(b) There is an idempotent e £ A and an invertible multiplier S sueh 
that T = Lse, where Lse is the multiplieation operator on A defined by the 
element Se. 

Proof Assume the equivalent conditions (i)-(viii) of Theorem 5.76, in par- 
ticular that the condition (v) holds. Then T(A)©kerT = A is closed, hence 
by Theorem 5.84 also T^(A) is closed. 

(a)=>(b) Suppose that T^(A) is closed and T e Mq{A). Let us consider 
the set 

K :={me A(A) : f (m) yf 0}. 

By Theorem 5.85 there exists a <5 > 0 for which 

{me A(A) : |f(m)| > <5}. 

Since T e Mo{A) the set K is compact as well as open. The Shilov idempo- 
tent theorem ensures that there exists an element e e A such that e{m) = 1 
for each m e K and e{m) = 0 for each m e A (A) \ K. Clearly the element e 
is an idempotent, and taking into account that for any a e A and m e A(A) 
we have (Ta){m) = T{m)a{m) we easily obtain {{Ta) = (eTa). Prom the 
semi-simplicity of A we then obtain that 



Ta = e{Ta) = {Te)a for any a e A, 




290 



5. ABSTRACT FREDHOLM THEORY 



SO T is the multiplication operator on A defined by the element Te. 

Next, let us define Sa := {Te)a + a — ea . Clearly S e M{A) and 

S{ea) — e{Sa) = e{Ta + a — ea) = e{Ta) 

= {Te)a = Ta, 
which shows that T = Lse- 

It only remains to prove the invertibility of S. To do this assume that 0 
belongs to the spectrum (j{S). Clearly this happens if and only if there is a 
sequence (mfc) in A( 2 l) for which (Te — e){rrih) ^ 0 as fc ^ oo. Evidently 
this convergence enforces the equality e{rrik) = 1 for all large fc G N, hence 
0 7 ^ T{mk) 0. But because T{nik) yf 0 we have |T(mfc)| > <J, a contradic- 
tion. 

We now show that the statement (b) implies that T‘^[A) = T[A), which 
is the condition (viii) of Theorem 5.76. 

Set T := Lse, where e = and S is invertible. Then 

T{A) = {Se)A = eS{A) = eA 

and from that it follows that 

t2(A) = T{T{A)) = T{eA) = e{T{A)) 

= e‘^A = eA = T{A), 

so the proof is complete. ■ 

Corollary 5.90. If A is a commutative semi-simple regular Banach 
algebra then a multiplier T G Mo{A) with closed range is neither injective 
nor surjective. 

Proof Mq(A) is a proper ideal in M{A) so a multiplier T G Mo{A) cannot 
be bijective. Now, if T G Mq{A) with closed range were injective or surjec- 
tive, by arguing as in the proof of Corollary 5.87, just replacing Theorem 
5.86 with Theorem 5.89, we would obtain that T is bijective and this is 
impossible. ■ 

A semi-simple commutative Banach algebra A with a dense socle is regu- 
lar since its maximal ideal space A (A) is discrete. Moreover, such an algebra 
is also Tauberian because the elements of the socle have a finite support. 
These considerations show that the next theorem extends the result of The- 
orem 5.83 in the commutative case. 

Theorem 5.91. Let A be a commutative semi-simple regular Tauberian 
Banach algebra. Then 

^m{A) = L>{A) n M(A) = ^>_(A) n M(A) = ^+(A) n M(A). 

Proof By Theorem 5.81 it suffices to show that if T G ^+(A) H M(A) then 
T has index 0. 

Let T G ^+(A) n M{A). Since kerT is finite-dimensional the subspace 
T(A) © kerT is closed, and hence by Theorem 5.84 and Theorem 5.86 A = 
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T[A) © kerT. The last equality trivially implies a(T) = (3{T) and hence 
T has index 0, and this, by Theorem 5.81, is equivalent to saying that 
T e ^m{A). m 

The semi-Fredholm theory of multipliers becomes trivial in the case of 
a semi-simple regular Tauberian commutative Banach algebra for which the 
maximal ideal space A(A) contains no isolated points. 

Corollary 5.92. Let A be a commutative semi-simple regular Taube- 
rian Banach algebra having a maximal ideal space A (A) which contains no 
isolated points. ForT e M{A) the following conditions are equivalent: 

(i) T is semi- Fredholm; 

(ii) T is invertible in M{A). 

Proof The implication (ii)=> (i) is trivial. To prove (i) =>(h) we observe 
that by Theorem 5.91 T e <1>m{A). Hence T is invertible in M{A) modulo 
Km{A). Since by hypothesis A(A) contains no isolated points then by 
Theorem 4.41 Km{A) = {0}, and consequently T is invertible in M{A). ■ 

The additional assumption that A (A) be connected allows us to fit the 
condition of closedness of T(A) quite neatly into the equivalence of the last 
corollary. 

Theorem 5.93. Let A be a semi-simple regular commutative Tauberian 
Banach algebra having a connected maximal ideal space A(A). // 0 7 ^ T e 
M{A) then the following properties are equivalent: 

(i) T is semi-Fredholm; 

(ii) T‘^{A) is closed; 

(hi) T is invertible in M{A). 

Proof If A is finite-dimensional then A = C since A(A) is assumed to 
be connected ([72]). In this case the theorem is trivially true. So we can 
suppose that the algebra A is infinite-dimensional. 

By Corollary 5.92 the properties (i) and (hi) are equivalent. Since (hi) 
trivially implies (ii) it suffices to prove the implication (ii)=>(iii). 

By Theorem 5.86 A = T(A) © ker T, from which we obtain, since A(A) 
is assumed to be connected and T 7 ^ 0, that A = T{A). This shows that T 
is invertible in M{A). ■ 

Next we shall introduce a technical condition (I) formulated in [126] by 
Glicksberg. This condition has obvious relations to the existence of bounded 
relative units in the unitization of A. 

(I) There is a constant <5 > 1 with the property that for each neighborhood 
U of any element m e A(A) there exists an element z G A such that 

suppzC^Y, z{m) = I, and || 2 :|| < <5. 
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A commutative Banach algebra A for which the condition (I) holds is 
said to be boundedly regular. Observe that this condition is satisfied by 
the group algebra L^{G), whenever G is a locally compact Abelian group 
(see [282, Theorem 2.6.8]), as well as by Go(0) for every locally compact 
Hausdorff space O. 

The following statement is analogous to that of Theorem 5.85. Here the 
condition (I) allows us to replace the assumption of T^(A) closed with the 
weaker assumption that T{A) is closed. 

Theorem 5.94. Let A be a semi-simple regular eommutative Banaeh 
algebra whieh satisfies eondition (I)- Suppose that 0 yf T e M{A) and T{A) 
elosed. Then T is bounded away from zero on A(A) \ hA{T{A)). 

Proof Let us consider a multiplicative functional m G A(A) \ hA{T{A)) 
and a compact neighborhood V of m such that hA{T(A)) DV = 0. 

Invoking condition (I) we may choose an element z G A such that the 
set {m G A(A) : z(m) = 0} is a neighborhood of hA{T{A)) and z{m) = 1 
whilst || 2 ;|| < 6. Since A is regular we have 2 G T{A). Moreover, from the 
assumption of closedness of T{A), it follows that the map T : A ^ T[A) is 
open and hence that there exists a constant K > 0 and an element u (E A 
for which Tu = z and for which ||zi|| < 1^11211. 

Prom that we obtain the estimate 

1 = z{m) = T{m)u{m) < \T{m)\\\u\\ 

< |f(m)|A:||z|| < \f{m)\6K. 

Thus |T'(m)| > IfdK, and since m G A(A) \ hA{T{A)) is arbitrary the 
proposition follows. ■ 

With the assumption that T vanishes at infinity on A(A), condition (I) 
allows to include in the equivalences of Theorem 5.89, also the property of 
T[A) being closed. 

Corollary 5.95. Let A be a semi- simple regular eommutative Banaeh 
algebra whieh verifies eondition (I)- Suppose that T G Mq[A). Then the 
eonditions (i)-(viii) of Theorem 5.76 and the eonditions (i)-(h) of Theorem 
5.89 are equivalent with the eondition that T{A) is elosed. 

Proof The case T = 0 is trivial. If T 0 then by Theorem 5.94 the 
closedness of T(A) entails that the transform T is bounded away from 0 on 
the set {m G A (A) : T(m) 0}. At this point proceed exactly as in the 
proof of the implication (i)=> (h) of Theorem 5.89. ■ 

9. Some concrete cases 

The most significant applications of the theory developed in the previ- 
ous sections are to group algebras and measure algebras of locally compact 
Abelian group. We recall, once more, that L^{G) is a regular semi-simple 
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Tauberian commutative Banach algebra which satisfies condition (I). 

The following important result, owed to Host and Parreau [166], char- 
acterizes in a very simple way the convolution operators on L^{G) which 
have closed range. 

Theorem 5.96. Let G be a loeally eompaet Abelian group and let p e 
A4{G). Then the eorresponding eonvolution operator : L^{G) L^{G) 

has elosed range if and only if p is the produet of an idempotent measure 
and an invertible measure. 

Note that the result of Host and Parreau extends, in the case where A = 
L^{G) for a locally compact group G the result of Corollary 5.95, established 
for multipliers which vanish at infinity, to any multiplier of L^(G). The 
proof of this deep result is beyond the scope of this monograph. However, 
it is an open problem whether the result of Host and Parreau extends to 
any multiplier of an arbitrary semi-simple regular Tauberian commutative 
Banach algebra. Clearly, in this general setting the result of Theorem 5.94 
concerning multipliers T G Mo{A) may be viewed as a partial analog of 
Theorem 5.96. 

If we collect the results proved for the case of a regular semi-simple 
Tauberian Banach algebra, and express them in terms oi A = Lf{G) and 
M{A) = A4(G), and take into account Host-Parreau’s theorem we obtain a 
complete description of semi-Fredholm convolution operators: 

Theorem 5.97. Let G be a loeally eompaet Abelian group and let p G 
Ai{G) be a non zero regular eomplex Borel measure on G. For the eorre- 
sponding eonvolution operator : L^[G) L^[G) eonsider the following 

statements: 

(i) pL is invertible in Ai{G); 

(ii) is upper semi- Fredholm; 

(hi) is lower semi-Fredholm; 

(iv) Tfj_ is Fredholm; 

(v) Tfj_ is Fredholm of index zero; 

(vi) p. is invertible in the measure algebra A4(G) modulo the ideal of all 
eompaet multipliers; 

(vii) p = v-kT where v G A4(G) is idempotent and t G A4(G) is invert- 
ible; 

(viii) p-kL^(G) is elosed; 

(ix) pk pkL^{G) is elosed; 

(x) pk pk L^{G) = pk L^{G). 

Then the following implieations hold: 

All the statements (ii)-(x) are eguivalent, and (i) implies every other state- 
ment on the list. ^ 

If the group G is not eompaet, or if the dual group G is eonneeted, then 
all the statements (i)-(x) are equivalent. 
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Proof That the statement (i) implies the others is trivial. Since A4(G) = 
M{L^{G)), the equivalence of the statements (ii), (hi), (iv), (v), and (vi) 
is just a transcription of Theorem 5.91. The equivalence of (vi) and (vii) 
follows from Theorem 5.81, while the equivalence of (vii) and (viii) is the 
result established by Host and Parreau. Moreover, the statement (vii) is 
equivalent to the statement (viii) by Theorem 5.86, whilst the equivalence 
of (vii) and (x) follows from Theorem 5.76. 

If G is not compact then the dual group G has no isolated point, so the 
equivalence of (i) and (ii) follows from Corollary 5.92. 

Finally, if G is connected then by Theorem 5.93 the statements (i) and 
(ix) are equivalent. ■ 

In the case that G is a compact Abelian group the situation become 
even more clear. 

Theorem 5.98. Suppose that G is a compact Abelian group and that 
pL e M.{G). For the convolution operator : L^{G) L^{G) each of the 

following statements is equivalent to the conditions (ii)-(x) listed in Theorem 
5.97: 

(a) p is invertible in Ai{G) modulo L^{G); 

(b) p is invertible in A4(G) modulo the ideal P{G) of all trigonometric 
polynomials on G; 

(c) p = where e Ai{G) is invertible and ip e L^{G); 

(d) p = + p where E Ai{G) is invertible and p E P{G). 

Proof We know by Corollary 5.62 and Corollary 5.53 that for a compact 
Abelian group G we have 

Km{L\G)) = L\G) and Fm{L\G)) = socL\G) = P{G). 

In this case the assertion (a) is mutatis mutandis, the statement (v) of The- 
orem 5.97. By Theorem 5.52 the assertion (a) is equivalent to the assertion 
(b). 

The equivalence of the statements (a) , (c) , and (d) follows from Theorem 

5.81. ■ 

Also a Banach algebra A with an orthogonal basis (e^) has a dense socle, 
since the set of all minimal idempotents coincides with the set {e^ : fc G N}. 
Hence the equalities of Theorem 5.91 are valid for any Banach algebra with 
an orthogonal basis. If the basis (cfc) is unconditional we can say much more. 

Theorem 5.99. Let A be a Banach algebra with an orthogonal uncondi- 
tional basis (ck) and let (Afc(Tefc)) be the sequence associated with T E M{A). 
Then T is a Fredholm operator if and only if there exists a bounded sequence 
{f,k) such that ^fcAfc(Tefc) —>1 as k ^ oo. 
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Proof We know by Theorem 4.44 that the mapping T (Afc(Te/c)) is an 
isomorphism of M(A) onto Moreover, if Kmq{A) is the set 

{T e K{A) : (Afc(Tefc)) e cq}, 

as noted before Theorem 4.45 we have Fm{A) C Kmo{^) ^ Km{A). These 
inclusions entail that the set <Pmo{A) of all Fredholm elements of M{A) 
relative to Km(,{A) coincides with <Pm{A). Since by Theorem 4.45 Kmo{A) 
is isomorphic to cq then T is Fredholm if and only if the corresponding 
sequence (Afc(Tefc)) is invertible in 1°^ modulo cq. ■ 

We now consider the case A is commutative semi-simple Banach algebra 
for which its multiplier algebra M (yf) is regular. Note that if M (A) is regular 
then A is regular, see Theorem 4.25, whilst the converse need not be true. 
An immediate example is given by the group algebra A = L^{G) of any non 
discrete locally compact abelian group G, since in this case M{A) = M-(G) 
and the last algebra is not regular [242]. Of course, the results of Theorem 
5.89 and Corollary 5.95 apply to this particular case. Anyway, Theorem 5.91 
does not apply to this case because we do not assume that A is Tauberian. 

We need first to make some general remarks about Banach algebras. 
Let B be any (not necessarily commutative) Banach algebra with identity u. 
Suppose that A is a commutative subalgebra of B with identity u G A such 
that A is also a Banach algebra (however, A need not be a closed subalgebra 
of B). 

We recall that given a commutative Banach algebra A we shall say that 
a subset J F A strongly separates the points of A (A) if for every m e A (A) 
there exists an element x G J such that x{m) yf 0. 

Theorem 5.100. Let A satisfy either of the following properties: 

(i) A(A) is totally diseonneeted; 

(ii) There exists a semi-simple eommutative regular Banaeh algebra V 
and an algebra homomorphism (f of T> into A whieh maps the identity of D 
onto the identity of A and is sueh that ‘p{T>) strongly separates the points of 
A{A). 

Then A is an inverse elosed subalgebra in B . 

Proof Let W be a maximal commutative subalgebra of B with A C W. It 
is well known that W is inverse closed in B. Hence to prove our theorem we 
need only to show that A is inverse closed in W. Thus we may assume that 
B is commutative. 

Let m* G A (A) denote the restriction to A of an arbitrary multiplicative 
functional m G A(H), and set 

n := {m* : m G A(H)}. 

We claim that under the assumptions (i) or (ii), LI is dense in A (A). 

In fact, let LI denote the closure of LI in A (A) and assume that (i) holds, 
and suppose that fl yf A (A). Then there exists a non-empty open and 
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closed subset F disjoint from fl, and via the Shilov idempotent theorem an 
idempotent e G A such that the Gelfand transform e is equal to 1 on F and 
e is equal to 0 on A(^) \ F. In particular, 

e(m) = 0 for all m e A(S), 

which implies e G radS, but this is impossible. Hence if the condition (i) 
holds fl is dense in A(^). 

Now assume that (ii) holds and, again, suppose that fl ^ A(^). Then 
the mapping defined by 

d' : m e A(^) mo (p e A(D) 

is continuous. Moreover, since strongly separates the points of A(^) 
4' is also injective. Set 

A := = {m o (p : m e fl}, 

and fix mi ^ fl. Clearly we can choose two elements v,w gT> such that 
v{A) = {0}, w{mi o ip) 0 and {u — v)w = 0. 

From this it follows that 

{u — p{v))p{w) = 0 and p{w) ^ 0. 

Also (p(v) belongs to the radical and this is impossible, see Theorem 2.3.2 
of Rickart [279]. So in either cases Q, is dense in A(^). 

Finally, let x be an element of A with inverse x~^ G B . Then there 
exists (5 > 0 such that 



|a;(m)| > 5 for every m G A(H). 

But then 

\x{m*)\ > 6 for every m* G fl. 

Hence x is also invertible in A. ■ 



Corollary 5.101. Suppose that J is a closed ideal of B, AC\J a closed 
ideal of A, and that A/ACiJ satisfies condition (i) or condition (ii) of Lemma 
5.100. Then x ^ A is invertible modulo ACi J if and only if x is invertible 
modulo J. 

Proof Clearly, the mapping 

x + {A C\J)^x + J 

is an isomorphic embedding of the algebra A/AOJ onto a subalgebra of 
B/J. Thus it suffices to apply Theorem 5.100. ■ 

Now, let ^ be a commutative subalgebra of L{X), X a Banach space, 
such that the operator identity I G A. If A satisfies the condition (i) or 
the condition (ii) of Theorem 5.100 then M is a closed inverse subalgebra of 
L(X) and this trivially implies that K ■.= A C\ K{X) is an inessential ideal 
of A. 
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Corollary 5.102. Let A be a closed commutative subalgebra of L{X), 
X a Banach space. Suppose that A verifies condition (i) or condition (ii) of 
Theorem 5.100. Then <Pk{A) = d?[X) n A, where T>k{A) is the set of all 
K- Fredholm elements of A. 

Proof First note that if the algebra A verifies the conditions (i) or (ii) 
of Theorem 5.100 then so does the quotient algebra AjK. The equality 
T>x(A) = ‘T(X) n A then follows immediately from Corollary 5.101. ■ 

Theorem 5.103. Let A be a commutative semi-simple Banach algebra 
and suppose that M{A) is regular. Then 

<Pm{A) =<P{A)nM{A). 

Proof The inclusion <Pm{A) C <P{A) fl M{A) is clear, so we need to prove 
the reverse inclusion <Pm{A) D ‘T{A) fl M{A). 

By assumption M{A) is regular, and by Theorem 4.25 M{A) is also 
semi-simple. Therefore if we take A = T> = M{A) and denote by (p the 
identity mapping of M{A) onto M{A), the condition (ii) of Theorem 5.100 
is trivially verified. Since M{A) is a closed commutative subalgebra of L{A) 
we may now employ Corollary 5.102 to conclude that the equality <Pm{A) = 
<P{A) n M{A) hold. 

In Remark 5.77 we have observed that for a semi-prime commutative 
Banach algebra the condition that T{A) is closed is generally weaker than 
the condition T{A) = T'^(A), which is equivalent by Theorem 5.76 to the 
condition A = T{A) © ker T. Moreover, the example considered in Remark 
5.77 shows that the condition A = T(A)©kerT generally cannot be relaxed 
to the condition that T{A)(B^erT is closed. In fact, in this example ker Tg = 
{0} and therefore Tg{A) ©kerTg is closed. 

An important case in which these conditions are equivalent is the case 
of a (not necessarily commutative) C* algebra. 

Theorem 5.104. Let A be a C* algebra and let T G M(A). Then the 
following statements are equivalent to the conditions (i)-(viii) of Theorem 
5.76: 

(a) T[A) is closed; 

(b) T{A) © ker T is closed. 

Proof (b)=>(a) If T{A) © kerT is closed then T'^(A) is closed by Theorem 
5.84. Since for every multiplier T the ascent p{T) is less than or equal to 1, 
the closedness of T^(A) implies by Theorem 5.74 that T{A) is closed. 

(a)=?>(b) Since T{A) is a closed two-sided ideal in a C* algebra, T{A) 
has a bounded approximate identity, so that Cohen’s factorization theorem 
entails that T{A) = [T{A)]‘^. If z G T{A) then there exists x,y € A such that 
z = TxTy = T'^{xy) G T^(A), from which we obtain that T{A) C T‘^[A). 
Since the reverse inclusion is satisfied for each operator we then conclude 




298 



5. ABSTRACT FREDHOLM THEORY 



that T{A) = T'^{A). The last equality is equivalent by Theorem 5.76 to the 
condition A = T{A) © ker T, which trivially implies (b). ■ 

Corollary 5.105. Let A be a C* algebra and suppose that T e M{A) 
has elosed range. Then T is injeetive if and only if T is surjeetive. 

Proof If T{A) is closed then A = T{A) © kerT and this decomposition 
implies that T(A) = A precisely when kerT = {0}. ■ 

Corollary 5.106. Let A be a C* algebra and suppose that T G M{A). 
Then p{T) = pse{T) and a{T) = ae,p{T). 

Proof Argue exactly as in the proof of Theorem 5.88. ■ 

Corollary 5.107. Let A be a C* algebra. Then 

T>m{A) = T>{A) n M{A) = T>-{A) n M{A) = T>+{A) n M{A). 

Proof Argue exactly as in the proof of Theorem 5.91. ■ 

10. Browder spectrum of a multiplier 

In this section we shall describe the Browder spectrum cr\^{T) of a mul- 
tiplier of a semi-prime Banach algebra, in particular the Browder spectrum 
of a convolution operator acting on the group algebra L^{G). Recall that 
by Corollary 3.53 the Browder spectrum crb(T) of a multiplier of a semi- 
prime Banach algebra coincides with the Weyl spectrum a^{T), since ev- 
ery multiplier T has the SVEP. Note that for multipliers of semi-prime 
Banach algebras the inclusion af(T) C ctw(T) may be proper. This is 
essentially owed to the fact that a Fredholm multiplier may have index 
not equal to 0. This, for instance, is the case of the multiplication op- 
erator [Tzf)[z) zf{z) defined on the disc algebra A(D). In this case 
Tf(Tz) = dD, whilst ctw(Tz) = ah{Tz) = D. 

For every multiplier T G M{A) let us denote 

A(T) := {A G iso a{T) : a{XL -T) = oo}. 

Theorem 5.108. Let A be a semi-simple Banaeh algebra and T G 
M{A). Then 

(Tb(r) = ctw(F) = {A G C : a is a limit point of cr(T)} U A(T). 

Proof Suppose that A G cr{T) and A ^ cr^iT) = ab(T). Then p{XL — T) = 
q{XL — T) < 00 and hence A is isolated in a{T). Obviously A ^ A(T). 

Conversely, assume that A G C is an isolated point of the spectrum cr(T) 
for which the kernel ker(A/ — T) is finite-dimensional. By Theorem 4.36 A 
is then a simple pole of the resolvent, hence A = (A/ — T){A) © ker(A/ — T) 
and this easily implies that a{XL — T)= fi{XI — T) < oo, so A ^ aw(T). ■ 

By Corollary 3.41 we know that for every bounded operator T G L{X) on 
a Banach space X the Weyl spectrum may be described in terms of spectra 
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of compact perturbations, as well as in terms of spectra of finite-dimensional 
perturbations: 

aw(T)= f| a{T + K)= f| <j{T + K), 

KeF{X) KeK(X) 

whilst, from Corollary 3.49 we also know that the Browder spectrum is given 
by the formulas 

^b(T) = fl a{T + K)= Pi a{T + K). 

KeF(X),KT=TK KeK(X),KT=TK 

Evidently in the case of a multiplier T the compact perturbations, or the 
finite-dimensional perturbations, which appear in the equalities above are 
not, in general, multipliers. The characterizations of Fredholm multipliers 
given in the previous sections illustrate that the multiplier algebra M (A) of 
a semi-prime Banach algebra is sufficiently large to represent all the results 
concerning Fredholm theory in terms only of elements of M(A). The results 
of this section once more confirm this property. Indeed, we shall show now 
that for multipliers one can restrict the intersections above to compact mul- 
tipliers or to finite-dimensional multipliers. 

To see this, we first need to extend the concepts of Weyl spectrum and 
Browder spectrum to elements of a semi-prime Banach algebra A with re- 
spect to a fixed inessential ideal of A. 

Definition 5.109. Let J be a elosed inessential ideal J of a Banach 
algebra A with unit u. The Fredholm spectrum of an element x G A relative 
to J is the set 

(Tf(x, J) := {A e C : A — a; ^ 4>(^, J)}. 

The Weyl spectrum of an element x G A relative to J is the set 

cr^{x,J) ■- P a{x + y). 
yeJ 

A complex A is said to be a Riesz point of x & A if either A e p{x) or if A 
is a J -Fredholm point of x which is an isolated point of cr{x). 

The Browder spectrum of an element x G A with respect to J is the set 

CTh(x, J) := {A e C : A is not a J -Riesz point}. 

Of course, the classical Fredholm, Weyl, and Browder spectra of a bounded 
operator on a Banach space X may be viewed as spectra originating from 
the Fredholm theoy of L{X) relative to the inessential ideal K(X). Clearly 
the three spectra above defined are all closed subsets of cr{x) and hence 
compact subsets of C. Moreover, for every x G A and inessential ideal J the 
following inclusions 

(150) 



CTf(a;, J) C a^{x, J) C ab{x, J), 
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hold. The proof of the first inclusion is immediate. Indeed, from the defini- 
tion of Fredholm elements we have 

af{x, J) = + J) Q a{x + y), 

for every x,y G A. The proof of the second inclusion of (150) is not im- 
mediate and requires the concept of abstract index of elements of Banach 
algebras, which is beyond the scope of this monograph (for a proof see [62, 
Theorem R.2.2]). Moreover, by Theorem R.5.1 of Barnes, Murphy, Smyth, 
and West [62], for any commutative and unital Banach algebra and any 
inessential ideal J we have 

Uf(x, J) = a^(x, J) = CTb(x, J). 

Let us consider the case A := M{A), the multiplier algebra of a semi- 
prime Banach algebra A and let J := Km{A). Evidently for each T G M{A) 
we have af{T, Km{A)) — {A G C : A/ — T ^ and since M{A) is a 

commutative unital Banach algebra, 

(151) af{T,KM{A)) = a^{T,KM{A)) = Km{A)). 

Moreover, from Theorem 5.81 we easily obtain that 

(152) af{T,KM{A)) = a^{T) = ab(T). 

Theorem 5.110. Let A be a semi-prime Banach algebra andT G M{A). 
Then 

(153) C7b(r) = aw(T) = f| a{T + K)= f| a{T + K). 

KeFM(A) K€Km{A) 

Moreover, if A is a semi-simple commutative Banach algebra then 

(154) ab(T)= f| a{T + L^). 

icGsoc A 

where the closure of soc A is taken with respect to the operator norm of 
M{A). 

Proof The equalities (153) easily follow from (151) and (152), taking into 
account that the ideals Km (A) and Fm{A) generate the same Fredholm 
elements in M(A). 

Now suppose that A is a semi-simple commutative Banach algebra and 
consider the inessential ideal J := socA = socM(A), see Theorem 5.52. 
Again, M{A) being a commutative unital Banach algebra we deduce that 

CTf (T, soc A) = ctw(T, soc A) = Q a{T -\- Lx), 

icGsoc A 

for every T G M{A). By Theorem 5.55 we also know that crf(r, socA) = 
af{T,KM{A)) so that from the equalities (152), we may conclude that (154) 
holds. ■ 
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Corollary 5.111. Let A be a eommutative semi-simple Banaeh algebra 
with a bounded approximate identity. IfTG M{A) then 

iTb(r)= f| a(T+L,), 

xEsoc A 

where the elosure of soc A is taken with respeet to the norm of A. 

Proof As already observed, if a commutative Banach algebra A has a 
bounded approximate identity then A is closed in its multiplier algebra 
M{A) since the norm of A is equivalent to the operator norm of M{A). 



In particular, Corollary 5.111 applies to multipliers T of C* algebras. 
In this case af(T) = a^{T) = since by Corollary 5.107 we have 

af(T) = af(T,AM(A)). 

Much more we can say under some assumptions on the maximal ideal 
space A (A). 

Theorem 5.112. Suppose that A is a semi-simple eommutative Banaeh 
algebra and T e M{A). Then the following statements hold: 

(i) If A has a bounded approximate identity and A(A) is diserete then 

Ub(r) = f| a(T + L,) = f| a(T + K); 

x^A /CgA^qq(j4) 

(ii) If A is a Tauberian regular Banaeh algebra, then 

ab(T) = aw(T) = af(T); 



(in) If A(A) has no isolated points then 

ay,{T) = a^{T) = a{T). 

Proof (i) If A has a discrete maximal ideal space A(A) then A and Mqq{A) 
are inessential ideals of M{A) by Theorem 5.57. Moreover, A is closed in 
the operator norm of M{A) since A has a bounded approximate identity. 
Theorem 5.57 also ensures that the inessential ideals Km{A), A and Mqq{A) 
generate the same set of Fredholm elements in M (A) , so for every T n M (A) 
we have 

Ub(r) = ch{T,Km{A)) = af(T,A) = af{T, Moo{A)). 

The commutativity of the unital Banach algebra M{A) yields 
cTf (T, A) = a^{T, A) = f| a(T + L,) 

xeA 

and 

af(T,Moo(A)) = (Tw(r,Moo(A)) = f| a{T + K), 

ATS Moo (A) 
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from which we conclude that the statement (i) is true. 

(ii) The equality crf(T) = ctw(T) is an obvious consequence of Theorem 
5.91 and Theorem 5.81. 

(iii) The equalities follow from the equalities (152), once it is observed 
that if A(yl) has no isolated points then Km{A) = {0}, see Theorem 4.41. 



Theorem 5.110 and Theorem 5.112 apply to the group algebra case A := 
L^{G) of a locally compact abelian group G. Recall that L^{G) possesses 
a bounded approximate identity, and by Corollary 5.62, for every compact 
abelian group G we have Km{L^{G)) = L^{G) and Fm{L^{G)) coincides 
with the ideal P{G) of all trigonometric polynomials on G. 

Corollary 5.113. Let fj, e Ai{G), where G is a loeally eompact abelian 
group. For the eonvolution operator : L^{G) L^{G) we then have: 

(i) A e o‘b(7)t) precisely when either A is not isolated in a{p.) or ^“^({A}) 
is an infinite set of G. Moreover, 

= ctw(T),) = a-b(T),); 

(ii) If G is compact then 

CTb(T).) = n a{p.+ v)= Pi a{p. + v)= P a{p + v). 
ueP[G) veF[G) veMm{G) 

(iii) G is not compact then crf(T^) = = crb(T^) = cy{p). 

Proof All the statements are consequences of Theorem 5.112 and Theorem 
4.38. 

In Chapter 3 we have seen that the Browder spectrum of a bounded 
operator on a Banach space may be expressed by means of spectra of com- 
pressions. Now we show that the Browder spectrum of a multiplier T of a 
semi-prime (not necessarily commutative) Banach algebra may be expressed 
by means of spectra of compressions relative to projections which are mul- 
tipliers. 

Let V{A) be the set of all bounded projections P € L{A) such that 
codim P{A) < oo. Recall that the compression generated from a projection 
P G P{A) is the bounded linear operator Tp : P{A) P(A) defined by 
Tpy := PTy for every y G P{A). 

Theorem 5.114. Suppose that A is a semi-prime Banach algebra and 
TeM{A). Then 

(155) MT)= p <y(Tp). 

PeT{A)nM{A) 

Proof Suppose that T G M{A). Prom the equality (82) established in 
Chapter 3, taking into account that the equality PT = TP is automatically 
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ensured for multipliers on semi-prime Banach algebras, we obtain 

(7b(T)= f| a{Tp)Q f| a{Tp). 

P€V(A) PeV{A)nM{A) 

To establish the opposite inclusion we need only to prove that if A ^ 
cTb(7") then there is a a projection P G V{A) which is a multiplier of A such 
that A ^ a{Tp). 

Now, if A ^ o'h{T) then either XI — T is invertible or A G cr{T). Trivially, 
in the first case, taking P := I G M{A) we have A ^ a{Tp). In the second 
case the condition A ^ crb(T) entails that A is an isolated point of cr(T). 

Let Q denote the spectral projection associated with {A}. Then kerQ = 
{XI — T){A), by part (f) of Remark 3.7, and cr(T|kerQ) = a{T) \ {A}. 
Clearly Q G M{A), and if we put P := I — Q then P{A) = kerQ is finite- 
codimensional. Thus P G V{A) fl M{A). Finally, from the commutativity 
of M{A) we obtain that 

Tp{y) = {PT)y = {TP)y = Ty for every y G P{A). 

This means that Tp coincides with the restriction of T on P{A) = ker Q, 
hence A ^ <^{Tp). ■ 

In a semi-simple commutative Banach algebra A the ideal P{A), where 
P G V{A) n M{A), may be represented in a very precise way. To see that 
first consider for an arbitrary idempotent e (E A the annihilator an{e}. 
Clearly an{e} = (1 — e)A, where (1 — e)A := {a — ea : a G A} and hence 
A= eA®{\- e)A. 

Now let P G ViA) n M{A), A being a semi-simple commutative Banach 
algebra A. Since kerP is a finite-dimensional ideal in A, by Theorem 5.27, 
there exists an idempotent p G socA such that kerP = pA. If a; = Pa G 
P{A) then 

px = p{Pa) = P{pa) = 0, 

which implies that P{A) C an{p} = (1 — p)A. From the decomposition 
A = P{A) © ker P = P{A) © pA we then conclude that P{A) = (1 — p)A. 

Conversely, if p G soc A and p = p^ the multiplication operator Lp is an 
idempotent multiplier of A, and by Corollary 5.25 pA is a finite-dimensional 
ideal of A. If we let P := I — Lp then P is an idempotent element of M{A). 
Moreover, 

P{A) = {I-Lp){A) = {l-p)A 

and 

dim ker P = dim Lp{A) — dim pA < oo. 

Thus PGP(A)nM(A). 

The argument above shows that there is a correspondence 

P G V{A) n M{A) p G soc A such that P(A) = (1 — p)(A). 
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Now let Tp ~ T \ (1 — p){A) denote the restriction of T to (1 — p)A. 
Combining the result of Theorem 5.114 with the correspondence proved 
above we then obtain the following formula for crb(T). 

Theorem 5.115. Let A be a semi-simple commutative Banach algebra 
with socle socA. Then 

ab(T) = f| a{Tj,). 

p=p'^^socA 

Let us consider again the case A := L^{G), where G is a locally compact 
abelian group. If 6q G Ai(G) is the Dirac measure concentrated at the 
identity and n G Ai(G) then (1 — n) *L^(G) = (Sq — v) *L^(G). 

Let us denote by the restriction of on the ideal (<5o — v) aL^(G). 
As already observed, for a compact group G we have socL^(G) = P{G), the 
ideal of all trigonometric polynomial on G. As a particular case of Theorem 
5.115 we obtain the following result. 

Corollary 5.116. Let G be a compact abelian group and p G A4(G). 
For the convolution operator : L^{G) L^{G) we have 

Cb(7)i) = 

The next result shows that every multiplier, as every normal operator 
on a Hilbert space, satisfies Weyl’s theorem. 

Theorem 5.117. Suppose that T G M{A), A a commutative semi- 
simple Banach algebra. Then Weyl’s theorem holds for T andT*. IfT* has 
SVEP, then a-Weil’s theorem holds for T and T* . ■ 

Proof By Theorem 4.33 every multiplier on a semi-simple Banach algebra 
has property (H), so by Corollary 3.97 Weyl’s theorem holds for T. The 
second assertion is clear from Corollary 3.109. ■ 

We now show that under certain assumptions on the algebra A every 
multiplier obey’s a-Weyl theorem. 

Theorem 5.118. Let A be a commutative semi-simple regular Taube- 
rian Banach algebra and T G M{A). Then a-Weil’s theorem holds for T. If 
T* has SVEP then a-Weil’s theorem holds for T* . 

Proof If A is regular and Tauberian then crap(T) = o‘(T) by Corollary 5.88. 
Prom this it follows that vrQQ(T) = 7 Too(T). 

To show that a- Weyl’s theorem holds for T assume that 

CTuf(T) n 7roo(r) = aui{T) n 7 Too(T) 0 . 

Let A G auf(T)n7rQQ(r). From the definition of 7Tqq(T) we know that Ho{XI— 
T) = ker(A/ — T) is finite-dimensional, and hence since A is an isolated point 
of cr{T), see Theorem 3.96, it follows that XI — T is semi- Fredholm. Since 




10. BROWDER SPECTRUM OF A MULTIPLIER 



305 



p{\I — T) < 00 it follows that a{\I — T) < (3{XI — T) by Theorem 3.4. 
The last inequality obviously implies that XI — T is upper semi-Predholm, 
a contradiction. 

Therefore (7uf(r)n7rQQ(T) = 0, so from Theorem 3.105 we may conclude that 
a-Weyl’ s theorem holds for T. The second assertion is clear by Theorem 

5.117. 

Corollary 5.119. Let G be a loeally eompaet abelian group and p e 
M{G). If is a eonvolution operator on a group algebra L^{G) then a- 
Weil’s theorem holds for T^. ■ 

Theorem 5.120. Let A be a Banaeh algebra with an orthogonal basis 
and T e M{A). Then a-Weil’s theorem holds for both T and T* . 

Proof We have by Theorem 4.46 o'ap{T) = cr{T), and reasoning as in the 
proof Theorem 5.118, it follows that a- Weil’s theorem holds for both T and 
T*. The fact that a-Weyl’s theorem holds for T* follows from Corollary 

5.117, since every multiplier of a Banach algebra with orthogonal basis is 

decomposable, see Proposition 4.8.11 of [214]. ■ 

Theorem 5.121. Let A be a G* algebra and let T G M(A). Then 
a-Weil’s theorem holds for T. 

Proof It is well known that a G* algebra is semi-simple. Also in this case 
we have crap(2^) = <r(T), see Corollary 5.107, and hence reasoning as in the 
proof Theorem 5.118 it follows that a-Weil’s theorem holds for T. ■ 

We conclude this chapter with some remarks about the Browder and 
the Weyl spectra of a convolution operator T^p on LP{G) for 1 < p < oo. 
Contrary to the case p= 1, for 1 <p the spectrum of the operator Tp^p need 
not to be equal to the spectrum of the measure p in the Banach algebra 
Ai(G). Moreover, if the group G is amenable, see §43 of Bonsall and Duncan 
[72] for the definition, the spectrum of p is equal to the order speetrum of 
the regular operator < p < oo, the spectrum in the subalgebra of all 

regular operators, see Arendt [49] for definitions. 

Let A := L^[X) be the Banach algebra of all regular operators on the 
complex Banach lattice X. The set K'^(X) of all compact regular operators 
is a closed inessential ideal of L^(X). The Fredholm spectrum and the Weyl 
spectrum of an operator T G L^(X) in the Banach algebra A := L^[X) 
with respect to K'^{X) are called the order Fredholm speetrum (also called 
order essential speetrum) and the order Weyl speetrum of T, respectively, 
see Arendt and Sourour [50]. The order Browder speetrum of T in L^[X) 
with respect to K^{X) has been investigated by Saxe [285], see also Weis 
[318]. 

Now, if p G A4(G) and J is any closed inessential ideal of the measure 
algebra A4(G) we can consider the Fredholm spectrum crf(p), the Weyl 
spectrum av/(p) and the Browder spectrum o'b(p) of the element p in Ai{G) 
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with respect to J. 

In [285] Saxe has shown that if G is a compact (not necessarily abelian) 
group, ^ e Ai{G), and 1 < p < oo, then for the operator Tf^^p : U'[G) 
LP(G) the following equalities hold: 

~ = Cb(/^) = <Tof(T)i,p) ~ ~ ^oh{Tfi^p)- 

If p = 1 or p = 00 this result reduces to 
(156) afifj.) = = ab(/i) = crf(T^,p) = cr^{Tp^,p) = (Tb(7)bp), 

where the last three sets are, respectively, the ordinary Fredholm spectrum, 
the Weyl spectrum and the Browder spectrum of the operator T^,p. 

Moreover, crb(7)t,p) = (^lf{Tfi,p), Tp^p is Browder if and only if is lower 
semi-Fredholm [ 285 , Theorem 2.2], Note that the equalities (156) do not 
hold in general if 1 < p < oo, see Saxe [ 285 ] and Arendt and Sourour [ 50 ]. 

Comments An excellent treatment of the abstract Fredholm theory on 
a Banach algebra may be found in the book by Barnes, Murphy, Smyth, and 
West [ 62 ], In this book Fredholm theory is developed in a primitive Banach 
algebra, and then extended to the general case, whilst Riesz theory follows 
as a consequence. Our approach, based on the concept of an inessential 
ideal, to the abstract Fredholm theory follows some ideas of Aupetit [ 53 ]. 

The Fredholm theory in an algebraic setting was pioneered by Barnes 
[ 58 ], [ 59 ] in the context of a semi-prime ring. In particular, Barnes uses the 
concept of an ideal of finite order to replace the finite dimensionality of the 
kernel and the finite codimensionality of the range of a Fredholm operator. 

The original setting for Fredholm theory on Banach algebras, developed 
by Barnes [ 58 ], was a semi-simple Banach algebra and this theory was rel- 
ative to the socle. The extension of Fredholm theory to semi-prime Banach 
algebras was also developed by Barnes [ 59 ]. Since the socle does not always 
exist in the general case, Smyth [ 301 ] and Veselic [ 310 ] developed a Fred- 
holm theory relative to the algebraic kernel of an algebra, precisely relative 
to the maximal algebraic ideal of the algebra. Note that the algebraic kernel 
of a semi-prime Banach algebra is the socle. This fact has been first proved 
by Smyth [ 302 ] in the case of a semi-simple Banach algebra. The extension 
of this result to semi-prime Banach algebras, here established in Corollary 
5.22, is taken from Giotopoulos and Roumeliotis [ 124 ]. Theorem 5.18 is 
modeled after Alexander [ 43 ], whilst Theorem 5.27 is owed to Barnes [ 57 ]. 

The Fredholm theory from semi-simple Banach algebras was carried to 
general Banach algebras by Smyth [ 301 ] who first introduced the pre-socle. 
It is remarkable that also in the context of abstract Fredholm theory an 
index function may be defined and a punctured neighbourhood may be es- 
tablished, see for instance Barnes, Murphy, Smyth and West [ 62 , Theorem 
F.3.8], Smyth [ 301 ], Pearlman [ 257 ]. 

The study of the properties of the pre-socle of a Banach algebra, devel- 
oped in the fourth section, as well as the part concerning the Riesz algebras 
developed in the fifth section, is modeled after Smyth [ 302 ]. The results 
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related to the socle of the multiplier algebra, in the beginning of the sixth 
section, elaborate some ideal of Aiena and Laursen [27], [28], In particular. 
Theorem 5.61 is a new abstract version of a result (here given in Corollary 
5.62) owed to Kitchen [187] and Akemann [45]. The subsequent theory on 
the socle of C* algebras is taken from Smyth [302], for further results see 
also [62]. 

All the results concerning the Fredholm theory of multipliers of commu- 
tative regular Tauberian Banach algebras are owed to Aiena and Laursen[27] . 
This paper extends to regular Tauberian Banach algebras previous results 
obtained in Aiena [9] in the simpler case of a commutative semi-simple Ba- 
nach algebra having a dense socle. The Aiena and Laursen’s work [27] was 
strongly inspired by a previous article of Glicksberg [126] who considered 
a factorization problem of the convolution operator of the group algebra 
L^{G), G a locally compact abelian group. At the end of his paper Glicks- 
berg pointed out that his method of proof really applies to any commutative 
semi-simple regular Tauberian Banach algebra A. 

In particular, he established the following three results: 

(a) If the maximal ideal space A(A) is connected and A satisfies the 
condition (I) after Theorem 5.93, then a nonzero multiplier T of A has 
closed range if and only if T is invertible. 

(b) If A satisfies condition (I) and T = Lais the multiplication operator 
on A by the element a G A then T(A) is closed if and only if T is the product 
of an idempotent and an invertible multiplier. 

(c) If A satisfies condition (I) and T e M{A) then T'^{A) is closed if 
and only if T is the product of an idempotent and an invertible multiplier. 

The main motivating question of the paper of Glicksberg was whether 
the closedness of the range T[A), for any convolution operator on L^[G), 
is equivalent to the statement that /r is the product of an idempotent and an 
invertible measure. Obviously, if this factorization holds then the closedness 
of T{A) easily follows from Theorem 5.76 (see Remark 5.77). But the proof 
of the converse of this property is decidedly a very complicated task. 

The equivalence of these two properties in L^{G) was finally proved in 
1978 in an impressive paper by Host and Parreau [166]. Anyway, the gen- 
eral question remains open in the case of a commutative semi-simple regular 
Tauberian Banach algebra. Clearly, in this general setting Theorem 5.86 is 
a partial analog of Host and Parreau’s result. Moreover, this theorem gen- 
eralizes a result in Dutta and Tewari [103] obtained only for Segal algebras. 

Corollary 5.87 was first noted by Ransford in an unpublished manu- 
script (the original proof given by Ransford may be found in Laursen and 
Neumann [214]). This result was a generalization of the same result for 
isometric multipliers on a regular Tauberian Banach algebra noted by sev- 
eral authors, Dutta and Tewari [103] and Eschmeier, Laursen, and Neuman 
[ 112 ]. 

The description of semi-Fredholm convolution operators established in 
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Theorem 5.97 is taken from Aiena and Laursen [ 27 ], whilst the results con- 
cerning the Fredholm theory of multipliers of a semi-simple Banach algebra 
having a regular multiplier algebra M{A) follows some ideas of Barnes [ 60 ]. 

The part concerning the Fredholm theory of multipliers of C* algebras 
is a sample of results proved by Laursen and Mbektha [ 206 ] and Aiena [ 10 ]. 

The formulas of the Browder spectrum in the special case of multipliers 
is modeled after Aiena [ 11 ], see also Barnes, Murphy, Smyth, and West [ 62 , 
§A.6] for convolution operators on (not necessarily commutative) group al- 
gebras. That for a multiplier the Browder spectrum and the Weyl spectrum 
coincide was observed, by using different methods, by Laursen [ 204 ]. The 
results on Weyl’s theorem and a-Weyl’s theorem for multipliers are taken 
from Aiena and Villafane [35]. 




CHAPTER 6 



Decomposability 



The most important concept introduced in this chapter is that of decom- 
posability for operators on Banach spaces. A modern and more complete 
treatment of this class of operators may be found in the recent book of 
Laursen and Neumann [ 214 ]. This book also provides a large variety of 
examples and applications to several concrete cases. Our study is concen- 
trated to the elements of this theory needed for applications to Riesz theory 
for multipliers of commutative semi-simple Banach algebras. 

Roughly speaking, a bounded operator T on a Banach space X is de- 
composable if every open covering of C produces a certain splitting of the 
spectrum cr{T) and of the space X by means of T-invariant closed subspaces. 
In this splitting X is the sum of two T-invariant closed subspaces. Origi- 
nally, in the definition of decomposable operators given by Colojoara (see 
[ 83 ], it was required that the two subspaces were spectral maximal [ 83 ]. 
These definitions are equivalent, as will be shown in the second section. 
Thanks to work by Albrecht [ 38 ], and independently by Lange [ 195 ] and by 
Nagy [ 241 ], the definition of decomposability may be described as above. 

The first section of this chapter is devoted to some basic properties of 
spectral maximal subspaces, whilst the second section addresses the notion 
of decomposability. In this section we shall also introduce the property {(3) 
introduced by Bishop in [ 70 ] and another decomposition property, the prop- 
erty (<5). The decomposability of an operator T on a Banach space may be 
described as the conjuction of two weaker properties (/3) and (d). Further- 
more, another kind of decomposability is considered, in the third section, 
the so called super-decomposability and we shall see that, if an operator 
T G L[X) is super-decomposable and if there is no non-trivial divisible sub- 
space for T, then the local spectral subspaces are precisely the algebraic 
spectral subspaces introduced in Chapter 2. 

We shall prove in the fourth section that every operator having a totally 
disconnected spectrum, and in particular every Riesz operator, is super- 
decomposable. The Riesz operators may be characterized as the decom- 
posable operators for which the local spectral subspaces Xt{^) are finite- 
dimensional for each closed set 17 which does not contain 0. Section four 
also addresses the characterization of decomposable weighted unilateral shift 
operators on with 1 < p < oo. We shall also explore appropriate con- 

ditions in the special case where the abstract shift condition T°°[X) = {0} 
holds, and under which 0 is a point isolated from the rest of the spectrum of 



309 




310 



6. DECOMPOSABILITY 



a bounded operator T. As a consequence of these results we shall see that 
for a weighted right shift operator T the decomposability is equivalent to T 
being a Riesz operator, and this happens only in the trivial case that T is 
quasi-nilpotent . 

In the fifth section we shall return to consider multipliers of commutative 
Banach algebras. We shall investigate the various properties of decompos- 
ability, previously introduced, within the theory of multipliers of commu- 
tative semi-simple Banach algebras. We shall see that in the framework of 
multiplier theory, the Gelfand theory, spectral theory and harmonic analysis 
are closely interwinded. An example of this interaction is given by the rela- 
tionships between the various kind of decomposability of a multiplier T, the 
hull-kernel continuity of the Gelfand transform T and the property of T to 
have a natural spectrum. The decomposability of a multiplier is studied in 
several situations, for instance in the very special case that M{A) is regular 
then every T G M{A) is decomposable, whilst for an arbitrary semi-simple 
commutative Banach algebra this is no longer true in general. We shall see 
that if T G Mo (A) or if A possesses a bounded approximate identity then 
the decomposability of T, or the super-decomposability of T, is equivalent 
to the formally weaker property (d). 

In the sixth section we shall compare certain local spectral properties of 
a multiplier T with those of the corresponding multiplication operator Lt 
defined on the multiplier algebra M{A) or in Mq{A). The main result of 
this section establishes that if T G Mq{A) and A (A) is discrete then T is 
decomposable precisely when T is a Riesz operator, or, equivalently, when T 
has a countable spectrum. Finally, in the last section we specialize some of 
these results to the case of group algebras A = L^{G), where G is a locally 
compact Abelian group, or G is a compact Abelian group. 

1. Spectral maximal subspaces 

We first introduce the following notion of spectral maximal subspace 
which plays a relevant role in invariant subspace theory. 

Definition 6.1. Given T G L{X), where X is a Banaeh spaee, a elosed 
subspaee M of X is said to be spectral maximal for T if for every T -invariant 
elosed subspaee Y of X the inelusion a{T\Y) C o-(T|M) implies Y C M. 

In the following theorem we establish some important basic properties 
of spectral maximal subspaces. We recall first that if A G p{T) we denote 
the resolvent (A/ — T)~^ by R{X,T). 

Theorem 6.2. Let T G L{X) be a bounded operator on a Banaeh spaee 
X. Then the following assertions hold: 

(i) Any speetral maximal subspaee M of T is T-hyper-invariant, M is 
invariant for every bounded operator that eommutes with T; 

(ii) For every speetral maximal subspaee M of T and A G p{T) we have 
R{X,T){M) C M. Moreover, a{T\M) C a{T); 
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(iii) If Ml, M 2 are spectral maximal sub spaces ofT, then Mi C M 2 if 
and only if a{T\Mi) C a{T\M 2 ). 



Proof Assume that ST = TS and choose A e p{S). Denote by M\ the 
closed subspace R(X, S){M). Clearly R(X,S)T = TR(X,S), so that from 
T{M) C M we obtain that T{M\) C M\. Since T\M\ is the restriction of 
R{X, S){T\M\){XI — S) to M\ we also have 

T\Mx = [{XI - S)\Mi]-\T\M){{XI - S)\Mx), 

which implies that a{T\M\) = a{T\M). Being M spectral maximal for T 
we then conclude that M\ C M. Therefore, R{X, S)x € M for all x e M. 
Prom the Riesz functional calculus, for any x G M we have 

Sx = — [ X R(X,S)x dA, 

2m Jy 

where, as usual, P is a closed rectifiable Jordan curve which surrounds the 
spectrum cr(5'). This evidently implies that Sx G M, since M is a closed 
linear subspace of X. 

(ii) Using the same argument as in the proof of part (i), we obtain 
R{X,T)M C M for all A G p{T). Prom this it follows that R{X,T\M) = 
R{X,T\M) exists for each A G p{T), so p{T) C p[T\M). 

(iii) If Ml C M 2 , proceeding as in the proof of part (ii) we obtain that 

a{T\Mi) C a{T\M 2 ). The opposite implication is clear from the definition 
of spectral maximal subspace. ■ 

A first example of spectral maximal subspace is provided by the range 
of spectral projections. 



Theorem 6.3. Let T G L{X), where X is a Banach space. If cr Q (r{T) 
is a spectral set and Pa is the spectral projection associated with a, then 
Pa{X) is a spectral maximal subspace ofT. 



Proof If we set M := Pa(X), from functional calculus we know that 
cr(r|M) = a. Let U be a closed linear subspace T-invariant such that 
a{T\Y) C a{T\M) = a. If A ^ a then (XI — T)\Y admits inverse and for 
each y G y we have 



Pay = f XR(X,T)ydX=i^. f XR(X,T\Y)ydX 

Jr 2.m Jix\=\\t\\+i 



7|a|=||t||+i 
so y G Pa(X). Therefore, Y C Pa(X) 



A1 = I1T|1 + 1 

A R(X,T)y dA = y, 



We recall that if T G L(X) has the SVEP and x G X then there exists 
a maximal analytic extension R(-,T)x to Pt(x), see Remark 2.4, part (a). 
This maximal analytic extension in the sequel is denoted by fx- 
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Theorem 6.4. Suppose that a bounded operator T e L{X) on a Ba- 
nach space X has the SVEP. For every closed T -invariant subspace M then 
o't{x) = errp\M{x) for allx & M if and only if fx{^) G M for every A € Pt{x). 

Proof Suppose that for all x e M we have Pt{x) = Pt\m{x). Let A be an 
arbitrary point of pt{x) = Pt\m{x) and denote by Qx ■ Pt\m{x) M the 
maximal analytic extension of to Pt\m{x). Obviously fx{^) = 

gx{^) G M for every A G Pt{x). Conversely, if fx{^) G M for all A G Pt{x), 
with X G M, then 

(A/|M - T|M)7,(A) = {XI - T)Jx{\) = X, 

thus Pt{x) C Pt\m{x)- Since also the opposite inclusion holds, see Remark 
2.4, part (b), the proof is complete. ■ 

Choose X G X, in the sequel we shall denote by J-x{T) the linear closed 
subspace generated by all the vectors fx{X) with A G Pt{x). 

Theorem 6.5. Suppose that T e L{X), where X is a Banach space, has 
the SVEP and let M be a spectral maximal subspace for T. Then J-x{T) C M 
for every x G M. 

Proof Let x G M and let Aq G Pt{x) be arbitrarily fixed. To prove 
the theorem it suffices to prove that fx{X) G M. If Aq G p{T\M) then 
fx{Xo) = R{Xo, T)x G M, since M is invariant under R{Xo, T), so it remains 
to prove that fx{Xo) G M whenever Aq G a{T\M). With this aim, suppose 
that Aq G Pt{x) n cr(T|M) and fx{Xo) ^ M. 

Let Z denote the linear subspace spanned by M and fx{Xo). Clearly, 
Z is closed. Let z := y afx{Xo) G Z, with y e M. From the equality 
(Aq/ — T)fx{Xo) = X we obtain that 

Tz = {Ty - ax) + aXofx{Xo) G Z. 

This shows that Z is T-invariant. 

Next we want show that p{T\M) C p{T\Z). Let p G p{T\M) and us 
consider an element z = y-\- afx{Xo) G Z such that {pi — T)z = 0. We have 

0 = {pI-T)z = {pI-T)y + a{pI-T)fx{Xo) 

- {pi - T)y + a[{p - Ao)/ + (Aq/ - T)]/,(Ao) 

= {pi -T)y + ax + a{p- Xo)fx{Xo). 

Since p G p{T\M) and y G M, it follows that {pi — T)ye M, so 

a{p - Xo)fx{Xo) = ~{pl - T)y -ax e M. 

But // yf Ao and fx{Xo) yf 0, since fx{Xo) ^ M, so a = 0 and hence {pi — 
T)y = 0. Since, by assumption, p e p{T\M) it follows that j/ = 0, and 
therefore the restriction {pi — T)\Z is injective. 
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To prove the surjectivity of the restriction (/i/ — T)\Z let us consider an 
arbitrary element z = y + afx{\o) and define 

Oc 

yo ~ R(X, T\M){y - e M. 

Define 

Ct ~ 

ZQ ■= yo + T ^fx{Xo) G z. 

A — Ao 

An easy estimate yields that — T)zq = z, so — T)\Z is surjective and 
therefore bijective. Hence a{T\Z) C a{T\M) and this implies, since M is 
spectral maximal, that Z C M, contradicting the assumption /^(Ao) ^ M. 
Therefore fx{Xo) G M for all Aq G a{T\M), so the proof is complete. ■ 

Corollary 6.6. Suppose thatT G L{X), where X is a Banach space, has 
the SVEP. If M is a spectral maximal subspace ofT then ctt{x) = (Xt\m{x) 
for every x G M. 

Proof Combine Theorem 6.5 and Theorem 6.4. ■ 

The next result shows that if an operator T G L{X) has the SVEP then 
every closed local spectral subspace is spectral maximal for T. 

Theorem 6.7. Let T G L{X), X a Banach space, have the SVEP. 
Suppose that Ll V C is a closed set for which Xt{LI) is closed. Then the 
analytic subspace Xt{LI) is spectral maximal. 

Proof Let V be a closed T-invariant subspace for which the inclusion 
a{T\Y) C a{T\XT{VL)) holds. Then by Theorem 2.71 a{T\Y) C D and 
therefore, by part (vii) of Theorem 2.6 we obtain Y C Xx{Ll). ■ 

We shall now show that if T G L{X) has the property (C) then the con- 
verse of the preceding risult holds, namely every spectral maximal subspace 
is a local spectral subspace. 

Theorem 6.8. Suppose that a bounded operator T G L{X) on a Banach 
space X has the property (C) . Then a closed subspace M is spectral maximal 
if and only if M = XT{cr{T\M)) . 

Proof Suppose that M is a spectral maximal subspace of T. By assumption 
the analytic subspace XT{cr{T\M)) is closed, and by Theorem 2.77 the op- 
erator T has the SVEP. Prom Theorem 6.7 it then follows that Xt{(x{T\M)) 
is spectral maximal for T. Furthermore, by part (ii) of Theorem 6.2 and 
Theorem 2.71 we have 

a(T|Ar(a(T|M)) C a(T|M) n a{T) = a{T\M). 

Since M is spectral maximal, this entails that Xx{cr{T\M) C M. On the 
other hand, if x G M by Corollary 6.6 we know that 

ctt(x) = aT\M{x) C a(T|M), 
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SO X e Xt{(j{T\M)). Hence M = XT{a{T\M)). 

The converse follows by Theorem 6.7. ■ 

2. Decomposable operators on Banach spaces 

In the sequel we shall denote by TL{U,X), where X is a Banach space, 
the set of all analytic functions f : U ^ X defined on the open set U Q C. 
It is known that TC{IA,X) is a Frechet space with respect to the pointwise 
vector space operations and the topology of locally uniform convergence. In 
this topology, a sequence (/„) C H{U, X) converges to / if and only if (/„) 
converges uniformly to / on every compact set K dU. 

Given a bounded linear operator T acting from X into Y, X and Y 
Banach spaces, and an open disc D(Ao,e), let 

Tt :7t(D(Ao,e),X) ^W(D(Ao,£),H), 

be the mapping defined by 

(157) (tV)(A) := T(/(A)) for every A e D(Aq, e). 

Evidently is a continuous linear mapping. The operator may be easily 
represented as follows. Let / € 7t(D(Ao, e), X) be represented by a power 
series 

OO 

/(A) :=^(A-Ao)"x„, forall AeD(Ao,e), 

n— 0 

where (x„) C X. Because the series is locally uniform convergent, from the 
continuity of we obtain 

OO 

(tV)(A) = ^(A- Ao)”T(x„) for all A e D(Ao,e). 

n—0 

The following result shows that the mapping preserves some impor- 
tant properties of T. 

Theorem 6.9. For an arbitrary open disc lD)(Ao,£) o/C we have: 

(i) If the bounded operator T e L{X,Y), X and Y Banach spaces, is 
surjective then the induced operator : 'H(D(Aq, e), X) ^ 'H(D(Aq, e), T) 
is surjective and open. 

(ii) If Z is a closed linear subspace of the Banach space X, then the space 
7t(D(Ao, e), X/Z) and the quotient space H{V>{Xo,e),X)/H(V>{Xo,e),Z) are 
topologically isomorphic. 

Proof (i) If g e 'H(D(Ao, e), X) has the representation 

OO 

5(A) = ^(A-Ao)”y„, A€D(Ao,e), 

n—0 

the radius of convergence of this series is at least e. By the open mapping 
theorem T is open, thus there is a constant <5 > 0 such that for every y gY 
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we can find x G X for which Tx = y and ||x|| < 6\\y\\. Choose G X such 
that Txn = y-n and ||a;rj|| < ||j/n||- Prom the estimate 

limsup < limsup = limsup ||i/n||^^” < £, 

n— ^oo n— ^oo n— ^oo 

we infer that the series 

OO 

/(A) :=^(A-Aorx„ 

n— 0 

converges for all A G D(Ao,£), so / G 'H(D(Aq, e), X). Clearly, T^{f) = g, 
hence is surjective, and consequently by the open mapping theorem is 
open. 

(ii) If T : X ^ X/Z is the canonical quotient map then ker = 
H{D{Xo,e), Z), so is a topological isomorphism. ■ 

Theorem 6.10. Suppose that the operator T G L{X) on the Banach 
space X has the SVEP and that is a closed subset ofC for which Xt{^) 
is closed. IfT is the operator induced by T on the quotient X/Xx(fl), then 
T has the SVEP and 

(158) ctt{x) = <Jj^{x) for all x G Xr(fl). 



Proof Let Q : X ^ X/Xr(I7) denote the canonical quotient mapping and 
let g : D ^ X7’(I7) be an analytic function defined on some open disc D for 
which (A/ — T)g(X) = 0 for all A G D. By part (i) of Theorem 6.9 we can 
find an analytic function / : D ^ X such that g = Q o f and hence 

Q{XI - T)f{X) = {XI - f)g{X) = 0 for all A G D. 

Prom this we obtain that {XI — T)f{X) G Xx{H) for all A G D, and hence 
by part (iv) of Theorem 2.6 /(A) G Xt{H) for all A G D fl fl. By Theorem 
2.71 we know that a{T\Xx{Il)) Q so we may define an analytic function 
h :0\fl ^ Xx{H) by the assignment 

h{X) := {XI - f)-\XI - T)f{X) G Xx{fl) for all A G D \ 11. 

Now, {XI — T)(/(A) — h{X)) = 0 for all A G D \ fl, so that the SVEP of T 
implies that 

/(A) = h{X) = 0 for all A G D \ H. 

Thus /(A) G Xx{H) and hence g{X) = Q{f{X)) = 0 for every A G D. This 
shows that T has the SVEP. 

To prove the identity (6.10), given x G Xx{H) and A G px{x), let us 
consider an analytic function / : D ^ X such that {XI — T)f{X) = x for 
all A G D. Since T has the SVEP, from the identity {XI — T)Q{f{X)) = 0 
for all A G D, we deduce that Q{f{X)) = 0 and hence /(A) G Xx{H) for all 
A G D. Therefore A G Px\XT{n)i^)’ so px{x){x) C Px\XTm{x)- The opposite 
inclusion is obvious, so the equality ax{x) = iTj-|Xt(D)(2;) is proved. ■ 
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Lemma 6.11. Let U he a eonneeted open subset of C and let Y be a 
elosed subspaee of the Banaeh spaee X. If f & H{U, X) verifies the property 
f{Ll) C Y for some non-empty open set Ll QU, then ffU) C Y . Moreover, 
fen{u,Y). 

Proof For every n G N, let us consider the set 

An ■.= {XeU:f^^\X)eY}. 

Clearly, A„ is closed and hence also A := n„gNA„ is closed. Moreover, A is 
also open and non-empty, since it contains LI. Therefore U being connected, 
A = U and this implies that /(A) G Y for every X^U. ■ 

For every T G L{X), X a Banach space, let Poc{T) denote the unbounded 
component of p{T). Let aoc{T) denote the full speetrum of T, aoc{T) ■= 
C \ Poo{T). It is obvious that the full spectrum is the union of the spectrum 
cr(T) and all bounded components of the resolvent set. 

For each closed T-invariant subspace Y of X let : X/Y XjY 
denote the induced quotient operator, defined for every x ■.= x -\-Y G X/Y 
by 

T^(x) := Tx with x ex. 

Theorem 6.12. For a bounded operator T G L[X) on a Banaeh spaee 
X the following statements hold: 

(i) IfY is a elosed T -invariant subspace of X then 

ct{T^) Q a{T) U a(T\Y) C aoc{T). 

Moreover, Y is invariant under R{X,T) and 

R{X,T\Y) = R{X,T)\Y for every A G Poc{T). 

(ii) If Y and Z are elosed T-invariant suhspaees for which X = Y Z , 
then cr{T^) C aoo{T\Y). 

Proof (i) Let A G p{T) n p{T\Y) and set a; := a; -|- T for every a; G X. 
Suppose that (A/^ — T^)x = 0. Then {XI — T)x G Y and hence 

X = R{X,T){XI - T)x = R{X, T\Y){XI - T)x G Y. 

Therefore a; = 0, so that XI^ — is injective. 

Let us consider an arbitrary element x G X/Y . For every y e Y there 
exist two uniquely determined elements u e Y and v e X such that 

{XI - T)u = {XI\Y - T\Y)u = y and {XI-T)v = x. 

Set z ■.= u-\-v. Clearly (A/^ — T"^)z = x, so the operator (A/^ — T^) is 
surjective. Therefore the inclusion a{T^) C a{T) U a{T\Y) is established. 

To show the second inclusion of (i), let us consider |A| > ||T||. It is 
known that the resolvent R{X, T) admits the representation 

= XI yF+T for every |A| > ||T||, 

n=0 
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see [159, Theorem 44.1], from where the inclusion 

R{X,T){Y) C Y for every |A| > ||r|| 
immediately follows. Moreover, Poo{T) is connected and 
{AeC: |A| > ||r||}Cp^(T), 

so by Lemma 6.11 we can conclude that Y is invariant under R(X,T) and 
hence 

R(X,T\Y) = R{X,T)\Y for every Xepoc{T). 

(ii) Given x e X, let [x]z ■= x + Z denote the relative equivalence class 
modulo Z . Let <P :Y ^ XjZ be the canonical surjection defined by := 
[y\z for every y (EY. Clearly ker <P = Y D Z, so the canonical injection 

$ : y/ker $ = Y/{Y n Z) ^ XjZ 

is an isomorphism. Consider ik := the inverse of and let 

5 * := 

be the quotient map induced by T\Y on Y/{Y HZ). It is easy to verify that 
= xkT'^, and hence cr{T^) = cr{S). From the part (i) we then conclude 

that 

a{S) C a{T\Y) U a{T\{Y n Z)) C Uoo(rjy), 
so the proof is complete. ■ 

Theorem 6.13. Let X\ and X 2 be elosed subspaces of X such that 
X = X\ + X 2 and let f e ^(Daq,^) be analytic on the open disc 
centred at Aq. Then there exist two analytic functions fk G TC{D\g,Xh), 
k = 1,2, such that 

/(A) = /i(A) + /2(A) for every A G Daq. 

Proof The assertion will be established if we prove that the linear mapping 
$ : H{Dx„Xi) X H{Dx„X2) ^ n{Dx„X) 
defined by the assignment 

4 >(/i,/ 2 )(A) :=/i(A) + /(A2), f^en{Dx„X,) and A G Dao, 

is continuous, open, and onto. 

Let 'k be the mapping defined by 

'I^(/i,/2)(A) :=(/i(A),/2(A)), fien{Dx„X,) and A G Dao- 

Clearly 'k is a topological linear isomorphism of the product ?Y(DAo,Afi) x 
TC{Dxg, X2) onto 'H(Daq, x X 2 ). Define T : Xi x X 2 ^ X by T(xi, X2) = 
x\ + X 2 , with Xi G Xi. Since T is linear and onto, the induced mapping 
pf : 7f(DAg,Xi X X 2 ) ^ 7f(DAo,X) defined as in (157) is continuous, open, 
and onto. Since <k = pf o ^k then also 4/ is continuous, open and onto. ■ 
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The previous result, owed to Gleason [125], holds also if / G TC{U,X) 
where Li is an arbitrary open set. The proof of this general case is consider- 
ably more involved (see, for a proof, Laursen and Neumann [214, Proposi- 
tion 2.1.14]). 

We define now an important property, introduced first by Bishop [70], 
which plays a central role in local spectral theory. 

Definition 6.14. An operator T G L{X), X a Banach space, is said to 
have Bishop ’s property {(3) if, for every open setU C C and every sequence 
(fn) C 'H{U,X) for which {XI — T)fn{X) converges to 0 uniformly on every 
compact subset ofU, then also ^ 0 in H{U,X). 

For every T G L{X), X a Banach space, and every open set U let 
us consider the operator Tn : H{U,X) H{U,X) by 

(159) {Tuf){X) := {XI - T)f{X) for all f eTu and Xe U. 

It is easy to verify that Tu is continuous. The property (/3) may be charac- 
terized as follows. 

Theorem 6.15. If T & L{X), where X is a Banach space, then T has 
the property {(3) if and only if Tu is injective and has closed range for all 
open sets U CC. 

Proof Suppose that T has the property {(3) and let U be any open subset 
of C. By considering the constant sequences in H{U,X) we easily deduce 
that Tu is injective. 

To show that Tu has a closed range suppose that Tufn^gasn^oo. 
We show first that /„ is a Cauchy sequence. To do this suppose that /„ is 
not a Cauchy sequence. Then one can construct a subsequence /„j, such that 
the sequence defined by gk ■= fuk+i ~fuk does not converge to 0 in H{U, X). 
On the other hand, Tugk ^ 0 as k ^ oo, therefore property {(3) entails also 
that {gk) converges to 0, a contradiction. Thus /„ is a Cauchy sequence, 
and since H{bl,X) is a Prechet space it follows that (/„) converges to some 
/ G H{U,X). The continuity of Tu yields that Tu fn ^ Tuf as n ^ oo, so 
g = Tuf. This shows that Tu has closed range. 

Conversely, if Tu is injective and has closed range for all open set U C C, 
then, given an open set U, the operator Tu admits a continuous inverse, say 
Su, on its range. If Tufn ^ 0 in H{U,X) then /„ = SuTufn 0, as 
n — > 00 . This holds for every open set U Q C, hence T has the property {/3). 



We now introduce an important class of operators on Banach spaces 
which admits a rich spectral theory and contains many important classes of 
operators. 

Definition 6.16. Given a Banach space X, an operator T G L{X) is 
said to be decomposable if, for any open covering {U\,U 2 } of the complex 
plane C there are two closed T-invariant subspaces Y\ and of X such that 
Yi + Y 2 = X and a{T\Yk) CU^ for 1,2. 




2. DECOMPOSABLE OPERATORS ON BANACH SPACES 



319 



Theorem 6.17. Let T e L{X), X a Banach space, he decomposable. 
Then T has the property {j3) . 

Proof Let C C be an open set and suppose that the sequence (/„) C 
TC{U, X) is such that {XI — T)fn{X) converges to 0 uniformly on every com- 
pact subset of U. To establish property (/3) it suffices to show that (/„) 
converges to 0 uniformly on every closed disc contained in U. 

Let Xq G U and let e > 0 such that the closed disc D := D(Ao,e) cen- 
tred at Ao and radius e is contained in U. Choose e < ei < E 2 such that 
D 2 := D(Ao,£ 2 ) C U. Consider the open covering {D(Ao,£i),C \ D} of C. 
Since T is decomposable there exist two T-invariant closed subspaces Yf, I 2 
such that 

X = Vi+Y 2 , a(T|Ti) cD(Ao,ei) and a(T|y 2 ) n D = 0. 

According with Theorem 6.13 let (/^) C H{U,Yk), for k = 1,2, be two 
sequences such that 

fn{X) = fn{X) + f^{X) for every A and n e N. 

Let us consider the operator induced by T on the quotient space 
XjY 2 and let ti ■. X ^ X/Y 2 denote the canonical quotient map. Clearly, 
° fn = ^o/n G 'hi{U,X/Y 2 ) and furthermore, as n ^ 00 , the sequence 

(160) {XI^- - T^^)7T(/i(A)) = t((A/^^ - T)/„(A)) 

converges to 0 uniformly on every compact subset of lA. It then follows 
by Theorem 6.12 that for every A G dT) 2 , dT )2 the boundary of D 2 , the 
operator A/^^ — is invertible so that 

K := sup ||i?(A,T^^)|| < 00 . 

X^dD^ 

By (160) we then obtain the following estimate 

Mfnim = \\R{X,T^^){XI^^ -T^^)n{f^)\\ < A||(A/^^ -T^^)7T(/i(A))||. 

This estimate entails that the sequence {no /^) g H{U,X/Yi) converges 
uniformly on the compact set dT) 2 - By the maximum modulus principle the 
sequence (to/,)) then converges uniformly on D 2 . 

Now, by Theorem 6.9 the space 'H(D(Aq, £ 2 ), A/I 2 ) is topologically iso- 
morphic to the quotient space 'H(D(Aq,£ 2 ),-^)/'H(D 2 , 12 )- Hence there ex- 
ists a sequence {gn) C 'H(lD)(Ao, £ 2 ), Y 2 ) such that -|- converges a 0 
uniformly on the closed disc D(Aq,£i). Prom that we deduce that the se- 
quence {XI — T){f^{X) + 9n{X)) converges to 0 uniformly on D(Aq, £ 1 ), and 
hence 

(161) {XI - T)[/2(A) - 5n(A)] = {XI - T)[fn{X) - {XI - T)(/^(A) + 5„(A)] 

converges to 0 uniformly on D(Aq,£i). The inclusion D C p{T\Y 2 ) then 
entails that 

L := sup ||i?(A, r|l 2 ) II < 00 . 

\eD 
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Since /^(A) — 5 n(A) e I 2 for all A e D c D(Ao,£i), the equality (161) 
implies that the estimate 

l|/2(A)-5n(A)|| = ||i?(A,r|F2)(A/-T)(/2(A)-5n(A))|| 

< L||(A/-T)(/2(A)-5n(A))|| 

holds for every A G D. From this we infer that ||/n(A)— g„(A) || ^ 0 uniformly 
on D. Finally, since {XI — T)(/^(A) + gn{X)) converges to 0 uniformly on 
D(Ao,£i) we may conclude that the sequence 

MX) = (/'(A) + gn{X)) + {fl{X) - gn{X)) 
converges to 0 uniformly on D. ■ 

Given an operator T G L{X), X a Banach space, and a non-empty closed 
set 11 C C let us denote by Z{T, fl) the set of all x G X such that for every 
compact K c C \fl and e > 0 there exists an open set U and an analytic 
function f :U ^ X such that 

||x — {XI — T)/(A)j| < e for every X e K. 

Clearly, Z{T,fl) is a closed T-invariant subspace of X. 

It is easily seen that a bounded operator T on a Banach space X has the 
SVEP if and only if the operator TU, defined on the Frechet space H{U,X) 
as in (159), is injective. From Theorem 6.15 the property {(5) then implies 
the SVEP. The next result shows that actually we have much more. 

Theorem 6.18. Suppose that T G L{X), X a Banach space, has the 
property {(3). Then T has the property {C). Moreover, 

(162) Xt{H) = Z{T,H) for every closed fl (I C. 

Proof Since Z{T,H) is always closed, in order to prove that the operator 
T has the property {C) it suffices to establish the equality Xt{H) = Z{T, Tl) 
for every closed 11 C C. Clearly Xt{H) Q Z{T, H), so we need only to prove 
the opposite inclusion. 

Let X be an arbitrary element of Z{T,fl). Consider Aq G C \ H and 
let us denote by U an open neighbourhood of Aq such that U is a compact 
subset of C\H. Since x G Z{T, H) there exists a sequence of locally analytic 
X-valued functions (/«), defined in some neighbourhoods of U, such that 

(163) ||x — {XI — T)fn{X) II < — for every A G W. 

For every n,j ~ 1,2,... we have 

||(A/-T)(/„(A)-/,(A))||<^ + i, 

71 j 

from which we infer that the first member of the inequality above converges 
to 0 uniformly on U. Since T has the property {(3) then /„ — fj ^ 0 in 
H{U,X), as n,j 00 . From this it follows that (/„) is a Cauchy sequence 
in TL{U,X) and converges uniformly on every compact K to some / G 
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H(U, X). From the inequality (163) we then obtain that {XI — T)f{\) = x 
for every X G U. Thus Aq G Pt{x) and hence arix) C fl. This means that 
X G Xt{X^), so the equality (162) is proved. ■ 

By Theorem 2.77 and Theorem 6.18 we then have the following impli- 
cations: 

property (/3) => property (C) ^ SVEP, 
and the operator in the Example 2.32 shows that the SVEP is strictly weaker 
than the property (C). Also property (C) is strictly weaker than the prop- 
erty (/3). In fact, T.L. Miller and V.G. Miller have given an example of an 
operator which has the property (C) and does not have the property (/3). 
Another example in the context of unilateral weighted shifts may be found 
in Laursen and Neumann [214, Section 1.6]. Other examples of operators 
having property (/3) are hyponormal operators, M-hyponormal operators on 
complex Hilbert spaces and, more generally, subscalar operators on Banach 
spaces, see Putinar [268], Section 6.4 of Eschmeier and Putinar [113], or 
Laursen and Neumann [214, p. 144]. 

Theorem 6.19. Let T G L{X), X a Banach space. Then the following 
statements are equivalent: 

(i) T is decomposable; 

(ii) T has the property (C) and the identity X = Xt{U\) + Xt{U 2 ) holds 
for every open covering {Ui,U 2 \ of the complex plane C; 

(hi) For every open covering {Ui,U 2 \ of the complex plane C there exist 
two spectral maximal subspaces Yi, Y 2 such that 

X = Yi + Y 2 and a-(r] Yfc) C Uk for A: = 1, 2. 

Proof (i) => (ii) By Theorem 6.17 and Theorem 6.18 we need only to prove 
that the decomposition X = Xt{U\)+ Xt{U 2 ) holds for every open covering 
{Ui,U 2 ] of C. 

Let Y\ and I 2 be two closed T-invariant subspaces for which X — Yi-\-Y 2 
and a{T\Yk) QUkQ Kk- By part (vi) of Theorem 2.6 we have, for A: = 1, 2, 
Ifc V Xxiplk), and hence 

X = Yi-\-Y 2 F Xj'ifAi) -\- Xj'{IA2) V X, 
from which we conclude that X = Xt{Ui) + Xt{U 2 ). 

(ii) ^ (hi) Let {Ui,U 2 } be an open covering of C. Let {Vi,V 2 } be 
another open covering of C such that Vi C Ui and V 2 C U 2 - If we set 
Yk := XxiVk), k = 1,2, then A = Yi -|- Y 2 . By the property (C) the 
local spectral subspaces Yk are closed and, by Theorem 6.7, are also spectral 
maximal for T. Moreover, by Theorem 2.71 

a(TlYk)cVfna(T)CVfcUk, k = 1,2. 

Since A = Yi -|- 12 it follows that T has the required decomposition. 

(ih)^ (i) Obvious. ■ 
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Another important decomposition property is given by the following one. 

Definition 6.20. An operator T e L{X), X a Banach space, is said to 
have the decomposition property (6) if for every open covering {Ui,U 2 } we 
have X = Xt{W) + XrOh). 

If T has the SVEP then XiUk) = XxiKk), fc = 1, 2, so the property (6) 
is equivalent to saying that the decomposition X = Xt{Ui) +Xt(Z// 2 ) holds 
for every open covering \U\,U 2 } of C. 

The following result shows that the decomposability of an operator may 
be described as the conjuction of the two weaker conditions (/3) and (d) or 
of the two weaker properties (C) and (5). 

Theorem 6.21. For an operator T € L{X), X a Banach space, the 
following assertions are equivalent: 

(i) T is decomposable; 

(ii) T has both properties (/3) and (<5); 

(hi) T has both the properties (C) and (d) . 

Proof (i) ^ (ii) If T is decomposable then by Theorem 6.17 T has the 
property {(5) and therefore has the SVEP. Moreover, from the definition 
of decomposability, for any arbitrary open covering {U\,U 2 } of C we have 
X = Xt{Ui) + Xt{U 2 ), thus T has also property (S). 

(ii) => (hi) It is obvious by Theorem 6.18. 

(hi) ^ (i) The property (C) entails that T has the SVEP, by Theorem 
2.77. The property ((f)then implies that the decomposition X = Xt{Ui) + 
Xt{U 2 ) holds for every open covering {U\,U 2 } of C, and hence by Theorem 
6.19, T is decomposable. ■ 

One of the deepest results of local spectral theory is that the properties 
(/3) and (6) are duals of each other, in the sense that an operator T G L{X), 
X a Banach space, has one of the properties (/3) or (6) precisely when the 
dual operator T* has the other. This basic result has been established very 
recently by Albrecht and Eschmeier [42]. Moreover, the work of Albrecht 
and Eschmeier gives two important characterizations of properties (/3) and 
(d): the property (/3) characterizes the restrictions of decomposable opera- 
tors to closed invariant subspaces, whilst the property (5) characterizes the 
quotients of decomposable operators by closed invariant subspaces, see also 
Chapter 2 of Laursen and Neumann [214]. The proof of this complete dual- 
ity is beyond the scope of this book since it is based on the construction of 
analytic functional models, for arbitrary operators defined on complex Ba- 
nach spaces, in terms of certain multiplication operators defined on vector 
valued Sobolev type of spaces. A detailed discussion of this duality the- 
ory, together some interesting applications to the invariant problem, may be 
found in Chapter 2 of the monograph of Laursen and Neumann [214], see 
also the Laursen’s lectures in [17]. Furthermore, in section 1.6 of [214] one 
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can also find enlighting examples of operators which have only someone of 
the properties (C), (/3), and (5), but not the others. 

Combining the mentioned duality theory on the properties {(3) and {5) 
and Theorem 6.21 we obtain the following result: 

Theorem 6.22. Let T e L[X) he a bounded operator on a Banaeh spaee 
X. The following statements hold: 

(i) If T has the property (6) then T* has the SVEP; 

(ii) If T is deeomposable then both T and T* have the SVEP; 

(lii) T is deeomposable if and only if T* is deeomposable. ■ 

We can now extend to certain spectra of decomposable operators on 
Banach spaces some classical results valid for normal operators on Hilbert 
spaces. 

Corollary 6.23. Suppose that a bounded operator T € B{X), where X 
is a Banaeh spaee, is deeomposable. Then 

aes{T) = asi{T) = auf{T) = au{T) = af{T) = a,^{T) = ah{T). 

Proof It is immediate from Corollary 3.53 and Theorem 6.22. ■ 



3. Super-decomposable operators 

In this section we shall introduce a class of decomposable operators for 
which it is possible to give a very useful description of the spectral maximal 
subspaces . 

Definition 6.24. An operator T e L{X), X a Banaeh spaee, is said 
to be super-decomposable if for any open eovering {Ui,U 2 } of the eomplex 
plane C there exists some operator R e L{X) sueh that 

RT = TR, a{T\R{X)) C and a{T\{I - R){X)) C U 2 - 

Note th at the cond ition TR = RT in the definition above ensures that 
R{X) and {I — R){X) are T-invariant subspaces of X. Trivially, taking 
Yi := R{X) and I 2 := {I — R){X) we have X = Yi + Y 2 , so every super- 
decomposable is decomposable. Generally the converse is not true. Indeed, 
every super-decomposable operator T is strongly deeomposable, namely T 
has the property that every restriction of it to a local spectral subspace 
Xt{LI) is decomposable [214, Proposition 1.4.2]. An example of a decom- 
posable operator on a Hilbert space which is not strongly decomposable 
has been given by Albrecht [37], see also Vasilescu [309] or Section 1.4 of 
Laursen and Neumann [214]. 

Definition 6.25. Let X be a Banaeh spaee and B a elosed subalgebra of 
L{X) eontaining the identity operator I. B is said to be normal with respeet 
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to a given operator T & B if for every pair of speetral maximal subspaees 
Y, Z satisfying a{T\Y) n a{T\Z) = 0 there exists some R G B sueh that 

RT = TR, R\Y = 0 and {I-R)\Z = 0. 

The following result establishes that every decomposable operator is 
super-decomposable precisely when the algebra L(X) is normal with respect 
to T. 

Theorem 6.26. For a bounded operator T e L[X), X a Banaeh spaee, 
the following statements are equivalent: 

(i) T is super-deeomposable; 

(ii) For every open eovering {Ui,U 2 \ ofC there exist T -invariant elosed 
subspaees Yi,Y 2 and an operator R € L[X) eommuting with T sueh that 

(164) R{X)CYi, {I-R){X)CY 2 and a{T\Yk) C Uk for k = 1,2-, 
(in) T is deeomposable and L{X) is normal with respect to T. 

Proof (i) => (ii) Let {Ui,U 2 } be an open covering of C and choose two open 
sets Wi , W 2 in C such that 

WiFUi, W 2 FU 2 and yyiUW 2 = C. 

According the definition of super-decomposability let R G F{X) denote an 
operator commuting with T such that 



(165) a{T\R{X)) C Wi and a(T|(/ - R){X)) C W 2 . 

Put Yk := XT{V\ik), k =1,2. Prom the inclusions (165) and part (vi) of 
Theorem 2.6, it follows that 

R{X) C At(Wi) C Xr(WI) = Ti 

and 

(/ - R){X) C Xt{W2) C Xrim) = Y 2 . 

The local spectral subspaces Y/. are closed since T is decomposable, and 
hence by Theorem 6.18 has the property (C). Moreover, by Theorem 2.71 
we have a{T\Yk) C Wk Q Uk- 

(ii)^(iii) Clearly, T is decomposable. Let Y, Z be two spectral maximal 
subspaces such that a{T\Y) n cr{T\Z) = 0. Consider the open covering 
{U,V} of C, where U := C\ a{T\Y) and V := C \ a{T\Z). Let R G 
L(X) be a commuting operator with T and let yi,Y 2 be two closed T- 
invariant subspaces for which the inclusions (164) hold. Clearly R{Y) C Yi. 
Furthermore, being T decomposable, by Theorem 6.21 T has the property 
(C), and hence by Theorem 6.8 Y = XT{cr{T\Y)). Consequently from part 
(i) of Theorem 2.6 the subspace Y is hyper- invariant for T, in particular 
R{Y) C Y. Clearly 

R{Y)0Yf\Yi C Xt(ct(T|Y)) nXT(u(T|yi)) 

C XT{a{T\Y)) n Xt(C \ a{T\Y)) = Xt{0) = {0}, 
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SO that R\Y = 0. A similar argument shows that (/ — R)\Z = 0. 

(hi) => (i) Given an arbitrary open covering {U\,U 2 }, choose open sets 
Vi, V 2 , Wi, W 2 of C such that 

Vi C VT C V 2 C C iYi, 



and 

Wi C WT C W2 C C iYa- 

Clearly := C \ Vi and fl 2 := C \ Wi are closed and disjoint. Again, by 
Theorem 6.8, the local spectral subspaces Y := and Z := Xt{^ 2 ) 

are spectral maximal. By Theorem 2.71 we also have. 



a{T\Y) n a{T\Z) C n ll 2 = 0- 

We know, since L(X) is normal with respect to T, that there exists an 
operator R G L{X) commuting with T such that = 0 and {I — R)\Z = 
0. We show now that a{T R{X)) C V 2 . Obviously {V 2 ,C \ Vi)} being 
an open covering of C, by Theorem 6.19 we have the decomposition X = 
Xt{V2) + Xt{C \ Vi). The inclusions C \ Vi C C \ Vi C Hi then entail 
that X = Xr(V 2 ) + Ax(Hi). Since R\Y = R\Xx{^^i) = 0, from the last 
decomposition it readily follows that 

R{X) = R{Xt(V2)) C At(W). 

Let A G C \ V 2 and denote by S the inverse operator of {XI — T)\Xt{V 2 )- 
Given an arbitrary element x G R{X) choose y G Xt{V 2 ) such that x = Ry. 
Then 



Sx = SRy = SR{\I - T)Sy = S{XI - T)RSy = RSy G R{X). 

This shows that S{R{X)) C R{X) and hence that S{{R{X)) C R{X), so the 
restriction S'|ii(A) is the inverse of {XI — T)\R{X). Therefore the inclusions 

a{T\{R{X)) CV 2 QU 1 hold. 

A similar reasoning establishes that a{T\{{! — R){X)) is contained in 
IA 2 , so that T is super-decomposable. ■ 

For a subalgebra B of L{X), where A is a Banach space, let Z{B) be 
the center of B 



Z{B) := {T e B -.TS = ST for all S G B}. 

Lemma 6.27. Let B he a elosed unital subalgebra of L{X) and H any 
elosed subset o/C. IfT G Z{B) is deeomposable and S G B then the following 
assertions are equivalent: 

(i) S{X) C At(H); 

(ii) At(C\H)) C kerS”. 

Proof Suppose that S{X) C Xt{LI) and let x G At(C \ H). Prom the 
inclusions ax{Sx) C ax{x) we obtain 

Sx G Xt{LI) n Xt{C \ H)) = Aj’(0). 
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The decomposability T entails that T has the SVEP, so by Theorem 2.8 
Xt{0) = {0}. Therefore Xt{C \ f2)) C Iters'. 

Conversely, suppose that Xt{C \ fl) C ker S. For every e > 0 let us 
consider the following set 

ffg := {A e C : dist(A,ff) < s}. 

Let Ui be an open set such that Q. 0Ui Q Since T is decomposable 
we know by Theorem 6.19 that there exist two maximal spectral subspaces 
Y\ , I 2 such that 

X = Yi+Y 2 , (j{T\Yi) and a(T|y 2 ) C C \ 

For an arbitrary element x G X let x = yi + y 2 , yi & Y\ and 2/2 G I 2 , be the 
corresponding decomposition. The subspaces Yi,y 2 are spectral maximal, 
so by Corollary 6.6 we have 

(^T{yi) = f^T|Yi(yi) C a{T\Yi) C fig 

and 

C^r(2/2) = C^T|l2(y2) C Cr(T|l2) C C \ fl^. 

Prom this it follows that 2/2 G Xt{C \ fl), and hence from the assumption 
also that S' 2/2 = 0. Consequently Sx = Syi + S' 2/2 = Syi and therefore 

axiSx) = CTriSyi) C axiyi) C fig. 

Therefore Sx G Xj’(flg). Since e > 0 is arbitrary we then conclude that 
Sx G Xt{^), hence the inclusion (i) is proved. ■ 

For every T G Z{B), where B is any closed unital subalgebra of L{X), 
let T : B ^ B denote the corresponding multiplication operator defined by 

f{S) := TS for all S e B. 

Lemma 6.28. Let T G Z{B), where B is a elosed unital subalgebra of 
L{X) eontaining the operator identity. Then the following assertions hold: 

(i) axiSx) C (Ty(S') n ctt{x) for every S G B and x G X; 

(ii) If T has the SVEP then T has the SVEP. 

Proof (i) Let S' G S, A G Pf{S), and / : D(A,e) ^ B an analytic function 
on the open disc D(A,£) for which the equation {pi — pT)f{p) = S holds 
for every p G D(A,e). From the equation {pi — T)f{p)x — Sx it follows 
that A G pt{Sx), and consequently ctt{Sx) C CTy(S) for every S G B and 
X G X. The inclusion ar(Sx) C ax{x) holds, once it is observed that S and 
T commutes. 

(ii) Clear. ■ 

Theorem 6.29. Let B be any unital elosed subalgebra of L{X) and 
suppose that T G Z{B) has the property {C) on the Banaeh spaee X. If B 
is normal with respeet to T then the eguality 

(166) %(fl) = {SeB-. S{X) C Xx{Ll)}, 
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holds for every elosed subset fl CC. 



Proof Suppose that S e Then ctt{Sx) C af{S) C for every 

X G X. Hence S{X) C Xx{i^)- Conversely, assume that B is normal with 
respect to T and let S' e H such that S{X) C Xx(fl). Fixed A ^ and 
choose 0 < T] < dist(A,fl). Let us consider the two sets 

:= {^ e C : Im /I < Im A — r]}. 



and 

^2 G C : Im /X > Im A + J]} 

Put Yk := Xxi^k), k = 1,2. By assumption T has the property (C), so 
by Theorem 6.8 the two subspaces Yfc are spectral maximal. Furthermore, 
from Theorem 2.71 we know that 



a{T\Yi) n a{T\Y 2 ) C lli n lla = 0- 

Since B is normal, there exists an operator R G B commuting with T such 
that i?|yi = R\XT{i^i) = 0 and (/ - R)\Y 2 = (/ - R)\XT{i^ 2 ) = 0. From 
the inclusions 

Xt(C\ (C\lli)) C Xt(11i) C keri?, 
and from Lemma 6.27 it then follows that 

i?(Xr(ll)) C R{X) C Xt(C\11i). 

Analogously, using the same argument we easily obtain that 

(/ - R){XT{n)) c (/ - R){x) c XT{c\ih). 

Hence 

RS{X) C R{XT{n)) C Xrin) n XT(C\fli) = n C\fli) 

and 

(/ - R)S{x) c (/ - R){XT{n)) c Xrin) n Xt{c\^ = Xxin n c\n^. 

Set Xi := Xx{^ fl C \ fl 2 ), X 2 := Xx{^ fl C \ Hi) and consider the two 
analytic functions 

ififi) := R{^i, T\Xi){I - R)S for all /x ^ H fl C \ H 2 

and 

V'(/x) := T\X 2 )RS for all ^ ^ H fl C\Hi. 

Let |/x| > ||T|| and denote by / : ^ H an analytic function, defined on 

an open disc centered at such that 

(m 7 - T)/(/x) = (/X/ - T)/(/x) = 5. 

For every x G X we have 

(/x/ -T){I- R)f{^i)x = (/ - R){fil - T)f{yi)x = (/ - R)Sx. 

From these equalities we infer that 

{^xI-T)[^{^^)-{I-R)f{^v)]x = Q, 
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and therefore (f{n) = (/ — R)f{^) e B. Now, since A belongs to the un- 
bounded connected component of set C \ (ff fl C \ Q. 2 ) we have (/?(A) e B. 
From the equalities 

{XI -f MX) = {XI - T)^{X) = {I- R)S, 

we conclude that A e Pf{{! ~ R)S) and hence {I — R)S e Bj^{H). 

Analogously, RS € Bf{fl), thus S = {I — R)S + RS e so the 

proof is complete. ■ 

Theorem 6.30. Let B be a elosed unital subalgebra of L{X). For every 
T e Z{B) the following assertions are equivalent: 

(i) For every open eovering {Ui,ll 2 } of C there exist T -invariant elosed 
subspaees li , Y 2 and an operator R G B eommuting with T sueh that 

R{X)CYi,{I-R){X)CY 2 and a{T\Yk) cUk, 

for k = 1,2; 

(ii) T is deeomposable and B is normal with respeet to T; 

(iii) T is super- deeomposable and B is normal with respeet to T; 

(iv) T e L{B) is deeomposable; 

(v) T e L{B) is super- deeomposable. 

Proof The equivalence (i)<t^(ii) may be proved by proceeding exactly as in 
the proof of Theorem 6.26. Moreover, the statement (i) implies that (ii) is 
equivalent to the assertion (iii). 

(iii) => (iv) Since T is super-decomposable, hence decomposable, and B 
is normal with respect to T, the formula (166) of Theorem 6.29 implies that 
T has the property {C). In order to prove that T : B ^ B is decomposable 
it suffices to show, by Theorem 6.19, that for every open covering {Ui,ll 2 } of 
C we have B = Bj:(lAi) -\-Bj:{bl 2 ). Let S' e S be arbitrary. By the equivalent 
condition (i) there exist T-invariant closed subspaces Yi, Y 2 and an operator 
R G B commuting with T such that R{X) C Yi,{I — R){X) C Y 2 and 
a{T\Yj-) c Uk for fc = 1, 2. Hence 

R{X) C XT{a{T\Yi)) C Xt{Ui) 

and 

(/ - R){X) C XT{a{T\Y2)) C Xt{U2). 

Thus by Theorem 6.29 R e BffUi) and I — R € Bf{ll 2 ). Prom the inclusions 
RS{X) C R{X) C Xt{IA\) we obtain that RS € Bf{Ui), and analogously 
{I — R)S e Bf{lA 2 ). At this point the equality S = RS + {I — R)S shows 
that the desired decomposition holds. 

(iv) ^ (iii) Assume that T is decomposable. Let {^ 1 ,^/ 2 } be an arbitrary 
open covering of C and choose two open sets Wi, W 2 C C such that Wfc C Uk, 
for A: = 1,2 and Wi U W 2 = C. T being decomposable, by Theorem 6.19 
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we have B = Bj^(Wi) + Bf{W 2 )- Since I G B there exist Si e Sy(Wi), 
S 2 € Bf{yV 2 ) such that I = S\ + 82 - Hence 

af{Si)<zWiQUi, and ^^{82) <^W2 QU2. 

Now, by Theorem 6.19, T has the property ((7), thus the subspaces 
Yfc := Xr(Wfc), k = 1,2, are closed and, by Theorem 2.71, a{T\Yk) C Uk- 
Moreover, from the inclusions 

crxiSkx) ariSk) '^Wk, k = 1 , 2 , 

we deduce that S'la; e Yi and S2X = (/ — S'i)a; e Y2. The equality x = 
S\x + (/ — S'i)a; then shows that X = Y\ + Y2, with a(T\Yk) C Uk for 
fc = 1, 2, so T is decomposable. 

It remains only to prove that B is normal with respect to T. Let Y, Z 
be two spectral maximal subspaces for which a{T\Y) f\a{T\Z) = 0. Choose 
two closed subsets fli and U.2 of C such that 

fli n a{T\Z) = 0 , H 2 n a{T\Y) = 0, int fli U int U .2 = C. 

From the decomposability of T we know that B = so there 

exist R\ e Bj^{kli) and R 2 e Bj^{fl 2 ) such that I = R\ + R 2 - By Lemma 
6.28 and Corollary 6.6 we infer that for every a; € X we have 

(Jt{Rix) C aj^{Ri) n (Jt{x) C 11 ;^ n a{T\Z) = 0. 

Hence = 0 and analogously R 2 = {I — Ri)\Y = 0. This shows that B 
is normal with respect to T. 

The implication (v) (iv) is obvious. To complete the proof it remains 
to prove the implication (i)=>(v). 

Let {Ui,U2} be an arbitrary covering of C and choose two open sets 
yVi,W 2 Q C such that Wfc QUk, for k = 1,2 and Wi U W 2 = C. According 
to the assumption (i) let i? € H be a commuting operator with T such that 
R{X) c Yi, {I - R){X) C Y2 and cr(T|Yfc) C Wfc for A: = 1,2. Consider 
the two operators Ri := R, R2 ■= I — R & B. Obviously R\,R2 commute 
with T and + i ?2 = I ■ The corresponding left multiplication operators 
i?i, i ?2 G T(H) satisfy R\ + R2 = Is, where Ib is the identity operator on B. 
Moreover, from the inclusions a{T\Rk{X)) C Wk we obtain 

Rk{X) C XT{a{T\R^) C XriWk) 

for k = 1,2. Since T is decomposable on H, by Theorem 6.29 the spectral 
maximal subspaces for T : B ^ B are given by 

Bf{n) = {SeB: S(X) C Xt(0)}, 

for all closed subsets O C C. Now put Xk := Bf{Wk) for k = 1,2. Clearly 
the subspaces Xk are closed and T-invariant. Moreover, 

a{f\Xk) c (H^) C Uk 
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and Rk{B) = Xk for fc = 1, 2. Hence R{B) C X\ and I — R){B) C X 2 , so by 
Theorem 6.26 T is super-decomposable. ■ 

An important example of super-decomposable operator is given by every 
operator which has totally disconnected spectrum. 

Theorem 6.31. Suppose that T e L{X), X a Banach space, has a 
totally disconnected spectrum. Then T is super-decomposable. 

Proof Let {Ui,U 2 } be an open covering of C. Since cr(T) is totally dis- 
connected there exists a spectral subset fl of cr{T) such that Q. Q IA\ and 
C \ C IA 2 . Let P denote the spectral projection associated with fl and 
let Yi := P{X), Y 2 := (/ — P){X) = kerP. Then P commutes with T and 
Li,l 2 are closed T-invariant subspaces. Moreover, 

a{T\Yi)=ncUi, a{T\Y2)=C\ncU2, 
so by part (ii) of Theorem 6.26 T is super-decomposable. ■ 

By Theorem 6.31 every Riesz operator, or more generally, every oper- 
ator having a discrete spectrum, is super-decomposable. The class of all 
super-decomposable operators contains some other classes larger than that 
of operators having a totally disconnected spectrum. For instance, the class 
of all generalized scalar operators or, more generally, the so called class of 
all A- spectral operators, see [214], or also [83]. Later we shall show that 
several multipliers on commutative semi-simple Banach algebras are super- 
decomposable. 

Recall that a linear subspace M of a vector space is said to T divisible 
if (A/ — T){M) = M for every A € C. By definition the algebraic subspace 
Et{0), introduced in Chapter 2, is the largest T-divisible subspace. 

The following result describes in a simple way the local spectral sub- 
spaces of a super-decomposable operator T in the case that £’^(0) = {0}. 

Theorem 6.32. Let T e L{X) be super-decomposable and suppose that 
{0} is the only T-divisible linear subspace of X. Then Xt{LI) = Et{LI) for 
all closed C C. 

Proof We need only to prove that Ex{Ll) C Xt{LI), because the opposite 
inclusion is satisfied for every operator T G L{X). It suffices to show that 
Et{'^) C Xt(W) holds for every open set W Ll, since Xt{-) preserves 
countable intersections by Theorem 2.6 part (v). 

Choose an open set U such that Ll QU dU QW and let R G L{X) be 
an operator commuting with T such that 

a{T\R(X)) dC\U CC\n and a{T\{I - R){X)) C W. 

We have {I — R){X) C Xt{W), so the inclusion Ex{Ll) C Xt{W) will follow 
if we verify that R{Ex{Ll)) = {0}. 

To see that let Z denote the largest linear space of R{X) such that 
{XI — T){Z) = Z for all A G C\fl. Prom the inclusion a{T\R{X)) C C\f2 it 
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follows that Z is T-divisible, and by assumption this forces Z to be trivial. 
On the other hand, we have i?(£’T(0)) = {XI — T)R{ET{i^)) for all A G C\0, 
and therefore R{Et{X^)) C Z = {0}, so the proof is complete. ■ 

Note that super-decomposable operators need not have any non-trivial 
T-divisible linear subspaces. For instance, if X := C[0, 1] and T is the quasi- 
nilpotent operator considered in Example 2.35, then T is super-decomposable 
and hence super-decomposable. Moreover, as is easy to verify, the non-trivial 
subspace 

Y :={f e C“[0, 1] : /("^(O) = 0 for all n = 0, 1, • • • } 
is T-divisible for X. 

We conclude this section with a result which will be useful in the sequel. 

Theorem 6.33. Let X ,Y be Banach spaces. Suppose that T G L{X), 
S G L{Y), B G L{X,Y) injective and BT = SB. If T has the SVEP and 
the property (5) then a{T) C a{S). 

Proof Assume that T has the SVEP and the property (6). Combining 
Theorem 2.45 and Theorem 2.43 we know that 

a{T) = (Tsu(r) = IJ arix) 
xex 

so, in order to establish the inclusion a{T) C a{S), it suffices to prove that, 
for every x G X, the local spectrum (Jt{x) is contained in any arbitrary open 
neighborhood V of (x{S). 

To prove this let us consider a closed neighborhood LI of cr{S) such that 
a{S) C C V and put U := C \ fl. Obviously {U, V} is an open covering 
of C, so the property {6) implies, since T has the SVEP, that every x G X 
may be decomposed as x = u + v, with ariu) C U and ctt(v) C V. Next we 
want show that u = 0. To see this let P denote a closed curve in the interior 
of LI that surrounds cr(S'). Since T has the SVEP we can find an analytic 
function / : C\(Tt(u) ^ X such that (A/ — T)/(A) = u for all A G C\aT{u). 
We have 

Bx = ^ [ R{X,S)Bx dX= [ R{X,S)B{XI -T)f{\) dX 

ZTTt Jp ZTTl Jy 

^ I ^/(^) = 0- 

By the injectivity of B we conclude that u = 0, and from this it follows that 
arix) = (JT{y) C V, as desired. ■ 

4. Decomposable right shift operators 

In this section we shall consider the problem of decomposability of 
weighted right shift operators on where 1 < p < oo. We first establish 

an useful characterization of Riesz operators among the class of decompos- 
able operators, and successively we shall explore some situations for which 
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a bounded operator T G L(X) on a Banach space X has a closed analytic 
core K{T). 

Theorem 6.34. If X is a Banach space and T € L{X) then the follow- 
ing conditions are equivalent: 

(i) T is a Riesz operator; 

(ii) T is decomposable and all loeal speetral subspaees Xt{^), where 0. 
is closed set for which 0 ^ are finite- dimensional. 

Proof (i) => (ii) We know that every Riesz operator is decomposable and 
hence has the SVEP. Let fl C C \ {0} be closed. By Theorem 2.6 we 
have Xt{^) = Xt{^ H cr{T)), so we may suppose that is a subset of 
cr(T). Clearly is a finite subset of cr(T') \ {0}, say {Ai,--- ,A„}, since 
the spectrum a{T) of a Riesz operator is a finite set or a countable set of 
eigenvalues which clusters at 0. By Theorem 2.6 we also have 

n n 

Xrin) = 0 Xt({A0) = 0 - T), 

i=l i=l 

where the last equality follows from Theorem 2.20. Now, A^/ — T G ‘b(X) 
for alH = 1, . . . , n and every Xi is isolated in cr(T), so that by Theorem 3.77 
the subspaces Ho{XiI — T) are finite-dimensional and hence also Xt{XI) is 
finite-dimensional. 

(ii) ^ (i) First we show that each non-zero spectral point is an isolated 
point of u{T). Since T is decomposable, for an arbitrary e > 0 we have 

X = Xt(D( 0, e))) + Xt{C \ D(0, e/2)) 

and 

(7(T|XT(D(0,e)) CD(0,e). 

Let A G cr(T) be such that |A| > e. Then XI — T is bijective on Xj'(D(0,e)), 
so that 

a{T) n (C \ D(0, e)) C o-(Xt(C \ D(0, e/2)). 

Prom assumption we have that Xj’(C\Ii)(0, e/2)) is finite-dimensional, hence 
cr(T) n (C \ D(0,e)) is a finite set. Since e is arbitrary it then follows that 
every non-zero spectral point A is isolated in cr(T). 

Now, by decomposability T has the SVEP, and hence Ho{XI — T) = 
Xj’({A} by Theorem 2.19. By assumption it then follows that Ho{XI — T) 
is finite-dimensional, and hence by Theorem 3.77 and Theorem 3.111 we 
conclude that T is a Riesz operator. ■ 

Recall that if 0 is an isolated point of cr(T) then by Theorem 3.74, 
H(){T) = Po{X) and K{T) = ker Pq, where Pq denotes the spectral projec- 
tion associated with 0. Therefore if 0 is an isolated point of cr{T), K{T) 
is closed. The converse of this implication in general does not hold, for 
instance the unilateral left shift operator T on X := t'^(N), for arbitrary 
1 < p < 00 , has closed analytical core K{T) = X, since it is surjective, 
whilst 0 certainly is a cluster point of cr(T). 
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Definition 6.35. Given a bounded operator T e L{X) on a Banach 
space X, A e C, is said to be a support point for T if for every closed disc 
D(A,e) the glocal subspace Ar(D(A,e)) is not {0}. The set of all support 
points for T will be denoted by crsupp{T). 

In the following theorem we collect some basic properties of o'supp{T). 
Recall that T is said to have fat local spectra if arix) = cr{T) for all 0 7 ^ 
xex. 

Theorem 6.36. For every bounded operator T G L[X) on a Banach 
space X, the following assertions hold: 

(i) o'supp(T) is a closed subset ofC and Up(T) C asupp{T) C cTap(T); 

(ii) IfT has the property (6) then crsupp{T) = <^ap{T) = <x{T); 

(hi) If T has local fat spectra, crs\ipp{T) is non-empty if and only if 
iTsupp(R) is a singleton. 

Proof (i) It is easy to see that cTsupp(7") is closed, whilst the inclusion 
o'p(T) C (Tsupp(R) follows from the inclusions 

{0} 7 ^ ker (A/ - T) C Ho{XI - T) = MW) ^ Tt(D(A, s)) 

for every closed disc D(A,e) centred at A G crp(T), see Theorem 2.20. 
Moreover, by Theorem 2.46 we know that Tt(II) = {0} for all closed sets 
17 C C for which 17 n crap(T) = 0. Hence given any A G crgupp(T) we have 
D(A,e) naap(T) 7 ^ 0 for every e > 0, and therefore A G crap(T) since crap(T') 
is closed. 

(ii) Let A G C \ o'supp(T')) and choose an e > 0 such that Tr(D(A,e)) = 
{0}. Evidently the open disc U := D(A,e) and V := C\ D(A,e/2) form an 
open cover of C, so the property (d) implies that X = Xt{U) + Xt{V) = 
Xt{V). From A ^ E we obtain that A ^ (Tsu(R)- Since A ^ crp(T) by part 
(i), we then conclude that A ^ u(T) = (Xp{T) U asu{T) as claimed. 

(hi) Immediate. ■ 

Lemma 6.37. Suppose that T G L{X), X a Banach space, has the 
SVEP. Suppose that there exists a sequence of compact sets I7„ C C with the 
property 0 ^ f7„ and Xj'(f7„) 7 ^ {0} for all n G N. If 

7 „ := sup |A| ^ 0 as n ^ 00 , 
then K(T) is not closed. 

Proof Assume that K{T) is closed. By part (ii) of Theorem 1.21 the 
restriction T\K(T) is surjective on the Banach space K{T) and has the 
SVEP since every restriction inherits SVEP. Prom Corollary 2.24 it then 
follows that XI — T is injective, so A G p{T). Because the resolvent set is 
open there exists an open disc li)(0,e) such that li)(0,e) n a{T\K{T)) = 0. 
Choose n such that I7„ C D(0,e) and observe that 

XtM) Q Xt{C \ {0} = K{T) for all n G N, 
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and 

K{T) = Xt\k(tMT\K{T)) C XT{a{T\K{T)). 

Prom this, and taking into account Theorem 2.6, we obtain that 
XTi^n) c Xr(12„) n XT{a{T\K{T)) = n a{T\K{T))) = Xt{0), 

and hence by Theorem 2.8 since T has the SVEP we conclude that Xx{^n) = 
{0}, a contradiction. ■ 

The preceding result reveals that for every operator T G L{X) with the 
SVEP the space K{XI — T) fails to be closed whenever A is a cluster point 
of cTp(T), since ker(A/ — T) C Xr({A}) for all A G C. Note that the SVEP 
is crucial here, as shown by the example of the left shift T on £p(N) for any 
1 < p < 00 . In fact, as already observed, T does not have the SVEP, a'p(T) 
is the open unit disc, whilst K(T) is closed (since coincides with being 

T onto), and A = 0 is certainly a cluster point of Up(T). 

Theorem 6.38. Suppose that T G L{X) has the SVEP. If K{T) is 
elosed then 0 is not a eluster point ofasupp{T). Moreover, ifcr{T) = a-supp(E) 
then K{T) is elosed if and only if 0 is not a eluster point of cr(T'). In 
partieular, this equivalenee holds ifT has the property (d). 

Proof Suppose that 0 is a cluster point of crsupp(T)- Choose a sequence 
of point \n G (Jsupp{T) \ {0} such that A„ ^ 0 as n ^ oo, and consider 
for each n G N the closed disc := D(A„,e„), where 0 < < |A„|. By 

Lemma 6.37 then K(T) is not closed, which proves the first assertion. The 
equivalence and the last assertion are then clear from Theorem 3.74 and 
part (ii) of Theorem 6.36. ■ 

Corollary 6.39. //T G L[X) is a non-invertible deeomposable operator 
then the following assertions are equivalent: 

(i) K{T) is elosed; 

(ii) K{T*) is elosed; 

(iii) 0 is an isolated point of a{T). 

Proof We know by Theorem 6.22 that T* is decomposable, and hence has 
both the SVEP and the property (d), so the assertions are equivalent by 
Theorem 6.38 and Theorem 6.36. ■ 

Note that the equivalence (i) (iii) does remain valid for operators 
having the SVEP and with the property (6). 

Corollary 6.40. Suppose thatT G L{X) is a deeomposable operator for 
whieh cr{T) eontains no isolated points. Then for eaeh A G C the following 
statements are equivalent: 

(i) K{\I — T) is elosed; 

(ii) K{XI — T) = X, or equivalently XI — T is surjeetive; 

(iii) XI — T is invertible. 
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Proof Immediate by Corollary 6.39. ■ 

In the opposite direction we obtain the following result for Riesz opera- 
tors. 

Corollary 6.41. Suppose that T e L{X) is Riesz operator. Then the 
following statements are equivalent: 

(i) K[T) is finite- dimensional; 

(ii) K{T) is closed; 

(hi) K{\I — T) is closed for all A € C; 

(iv) cr(T) is finite; 

(v) K{T*) if finite- dimensional; 

(vi) K{T*) is closed. 

Proof Obviously (i) => (ii). If T is a Riesz operator every A G cr(T') \ {0} is 
isolated in cr{T), so K{XI — T) is closed since it is the kernel of the spectral 
projection associated with {A}. Therefore (ii) and (hi) are equivalent. For 
a Riesz operator T the spectrum cr(T) is finite if and only if 0 is not a 
cluster point of cr{T), so from Theorem 6.36 and Theorem 6.38 we deduce 
that (ii) (iv). Finally, assume that the spectrum a(T) is finite. By the 
characterization of Riesz operators established in Theorem 6.34 we obtain 
that K(T) = Xx{cr(T) n (C \ {0}) is finite-dimensional. Hence (iv) => (i), 
so the statements (i)-(iv) are equivalent. 

The equivalences (iv) (v) (vi) are obvious, since cr(T) = a(T*), 
and if T is Riesz then also T* is Riesz by Corollary 3.114. ■ 

We now consider operators for which K{T) = {0}. Recall that this 
condition is satisfied by every weighted right shift on £^(N). If (cu„) is the 
weight sequence of T, from Theorem 2.88 we know that if the quantity 

c(T) = lim inf(cui • • 

n— ^oo 

is strictly greater than 0 then T* does not have the SVEP. Therefore by 
Theorem 6.22 T cannot be decomposable, and in particular does not have 
the property (<5). This shows that in many concrete cases shifts fail to be 
decomposable. The next result shows that for a weighted right shift T both 
property {5) and decomposability are actually equivalent to T being quasi- 
nilpotent. 

Theorem 6.42. Let T G L{X), where X is a Banach space, he such 
that K(T) = {0}. Then the following statements are equivalent: 

(i) T is decomposable; 

(ii) T has the property (5); 

(hi) 0 is an isolated point of a{T); 

(iv) T is quasi-nilpotent; 

(v) T is a Riesz operator; 

(vi) XI — T has finite descent of all Xfi= 0. 
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Proof Clearly (i) => (ii). Assume (ii). Since ker(A/ — T) C K(T) = {0} 
for all A yf 0 it follows that ker(A/ — T) C K{XI — T) = {0} for all A e C, 
so T has the SVEP by part (hi) of Theorem 2.22. Clearly the condition 
K[T) = {0} entails that T is not surjective, so 0 e cr(T), and by Theorem 
6.38 0 is an isolated point of u{T). Therefore (ii) => (hi). 

To show that (hi) (iv) suppose that 0 is isolated in a{T) and denote 
by Pq the spectral projection associated with {0}. Then by Theorem 3.74 
{0} = K{T) = kerPo and hence Hq{T) = Po{X) = X, so by Theorem 1.68 
T is quasi- nilpotent. Since (iv) implies (i) trivially, the assertions (i)-(iv) 
are equivalent. 

Clearly (iv) => (v) and (v) => (vi) by Theorem 3.111, so it remains only 
to prove the implication (vi) (iv). Suppose that T is not quasi-nilpotent 
and A G cr{T) \ {0}. The argument used in the first part of the proof shows 
that ker(A/ — T) = {0} for all A / 0. This forces q{XI — T) to be infinite, 
otherwise we would obtain p{XI — T)= q{XI — T) = 0, by Theorem 3.3 and 
hence A G p(T); a contradiction. This shows that (vi) => (iv), so the proof 
is complete. ■ 

By Corollary 2.57 for every non-invertible isometry T, T* fails to have 
the SVEP at every A greater than r(T) = 1. Therefore by Theorem 6.22 
every non-invertible isometry T does not have the property (5), and in par- 
ticular T is not decomposable. However, every isometry T has the property 
(/3) and the decomposability, as well as the property (<j), are equivalent to T 
being invertible. We refer to Section 1.6 of [214] for a proof of these results. 

We now introduce a property intermediate between the SVEP and the 
Dunford property (C). 

Definition 6.43. A bounded operator T G L{X), X a Banaeh spaee, is 
said to have the property (Q) if Hq{XI — T) is elosed for every A G C. 

Clearly a quasi-nilpotent operator has the property (Q), since Ho{XI — 
T) = {0} for all A 7 ^ 0 and Hq(T) = X. More generally, if the spectrum cr(T) 
is finite then T has the property (Q). In fact, if A G cr{T) is isolated then 
H(){XI — T) coincides with the range of the spectral projection associated 
with the singleton set {A}, see Theorem 3.74. Another important class 
of operators having the property (Q) is given, by Theorem 4.33, by the 
multipliers of semi-simple Banach algebras. 

Clearly, since the property ((7) entails the SVEP, from Theorem 2.19 and 
Theorem 2.20 we infer that if T has the property (C) then Ho{XI — T) = 
Xj’({A}) is closed for every A G C, so that the following implications hold: 

(167) property (C) => property (Q) => SVEP. 

Note that neither of the implications (167) may be reversed in general. 
A first counter example of an operator which has the SVEP but not the 
property (Q) is given by the operator T defined in Example 2.32. An ex- 
ample of an operator which shows that the first implication is not reversed 
in general, may be found amongst the convolution operators of group 
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algebras L^{G), since these operators have the property (Q), see Theorem 
4.33, whilst it may not have the property {C), as we shall see in the next 
section. 

The next result shows that in many concrete cases the property (Q) and 
the decomposability of a right shift T on are equivalent to T being 

quasi- nilpotent. 

Theorem 6.44. Suppose that infinitely many weights u>n are zero. Then 
for the eorresponding right shift T on £^(N), 1 < p < oo, the following 
statements are eguivalent: 

(i) T is quasi-nilpoltent; 

(ii) T is deeomposable; 

(hi) T has the property (<5); 

(iv) T has the property (/3); 

(v) T has the property (C); 

(vi) T has the property (Q); 

(vii) Hq{T) is closed . 

Proof The equivalences (i) (ii) (iii) have been proved in Theorem 
6.42. The implications (ii) => (iv) =4> (v) are satisfied by every bounded 
operator, by Theorem 6.21 and Theorem 6.18. Moreover, (v) => (vi), as 
already observed. 

(vi) (i) Suppose that Hq{T) is closed. Since Ten — aJmCn+i for all 
n e N, if = 0 then e„ e kerT C Hq{T). Suppose that u;„ 0 and let k 

be the smallest integer such that u>n+k = 0 . It is easy to check that 

T Cn = OJnOJn+l ' ' ' ^n+k 6ji+fc+l ~ 0) 

SO Cn G kerT*^+^ C Hq{T). This shows that Hq{T) = £^(N) and hence T is 
quasi- nilpotent. 

Therefore (vi) => (i) and consequently the assertions (i)-(vi) are equiv- 
alent. The implication (vi) => (vii) is obvious, whilst (vii) => (vi) follows 
from part (iv) of Theorem 2.82, so the proof is complete. ■ 

Example 6.45. A simple example of an operator having the SVEP but 
without the property (Q) is provided by the following right shift on fP(N). 
Let uj = (cu„)„gN be the bounded sequence of positive real numbers defined 
by 



{ 0 if n is a square of an integer, 

1 otherwise. 

If T is the corresponding right shift on £^(N), with 1 < p < oo, it is easily 
seen that ||T"|| = 1 for all n G N, so that T is not quasi-nilpotent. This 
excludes by Theorem 6.42 that Hq(T) is closed. 
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5. Decomposable multipliers 

In this section we shall give several characterizations of decomposable 
multipliers of semi-simple Banach algebra. We begin first with some pre- 
liminary remarks about the maximal ideal space of the unitization of a 
commutative complex Banach algebra A without unit. 

Let Ag := A (B Ce denote the standard unitization of A endowed with 
the usual structure of a commutative Banach algebra. Then we can iden- 
tify each m G A (A) with its canonical extension m* from A to Ag, and if 
TOoo : Ae ^ C denotes the canonical extension of the zero functional defined 
by 

moo{x + \u) := A for all x G yf and A G C, 
it is easily seen that A(Ae) = A(yf) U {moo}- Observe that if A is semi- 
simple then also Ag is semi-simple and that this construction is still valid 
when A possesses a unit element, which, however, will be different from the 
unit element of the unitization Ag. 

Lemma 6.46. Let A be a eommutative eomplex Banach algebra without 
identity and suppose that for an element a G A the Gelfand transform a is 
hk- continuous. Then a is also hk-continuous on A{Ag). 

Proof Let E C A(yfe) be an arbitrary set. It follows immediately from the 
definition of hulls and kernels that 

(168) hi{ki{E)) C hA{kA(A(A) n E)) U {moo}, 

where hi, k\ refer to the hull and kernel operations with respect to Ag. 
Given an arbitrary non-empty closed subset F of C, let us denote by 

E ~ (m* G A(Ae) : m*{a) G F} 

its pre-image under a : A(yle) ^ C. Clearly, in order to show that a is hk- 
continuous on A(yle) it suffices to prove that E is /ifc-closed in A(yle)- Since 
by assumption a is /ifc-continuous on A(yl), the set A (A) fl F is /ifc-closed 
in A(A). 

We distinguish now the two cases 0 G F and 0 ^ F. 

If 0 G F then moo G F and hence 

hi{ki{E)) C hA{kA{A{A) n F)) U {moo} = (A(A) n F)) U {moo} = F, 
so F is /ifc-closed in A(Ae). 

In the remaining case 0 ^ F we have moo ^ F, so F C A(A). Prom that 
it follows that F is a hull in A (A), and if e := inf{|A| : A G F} we also have 

|a(m)| > e for every m G E. 

By Theorem 4.22 part (ii) there exists an element b G A such that 
a(m)b(m) = 1 for every m G E. 

Since the element v := e — ab G Ag satisfies 

moc(v) = moo(e) = 1 and v(m) = 0 for every m G F, 
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we conclude that moo ^ hi{k\{E)). From the inclusion (168) we then obtain 
hi{ki{E)) C hA{kA{A{A) n E)) = hA{kA{E)) = E, 
thus, also in the case 0 ^ F, the set E is hfc-closed in A(Ae). ■ 

Theorem 6.47. Let A be a eommutative semi-simple Banaeh algebra, X 
a Banaeh space, and ■. A^ L{X) an algebraic homomorphism. Then for 
every a ^ A for which the Gelfand transform a is hk-continuous on A(A) the 
corresponding operator T := <L[a) : A(A) ^ L[X) is super-decomposable. 

Proof The proof is divided in two parts. In the first part we shall consider 
the case A has a unit u for which <P{u) = I, whilst in the second part we 
shall consider the case where A either has no unit at all or the unit u G A 
does not satisfy the condition <P{u) = I. 

First case: Suppose that A has a unit u and (L(u) = I. In this case A(yl) 
is compact in the /ifc-topology. Given any arbitrary open covering {Ui,U 2 } 
of C let us consider a pair of open subsets G,H c C such that G Q U\, 
H <ZU 2 , and G U = C. Since <C\G and C\H are two disjoint closed sets 
and the Gelfand transform a is hk- contimious, it follows that the pre-images 
a“^(C \ G) and a“^(C \ H) are disjoint hulls in the compact space A(A). 
By [279, Gorollary 3.6.10], there exists then an element z (E A such that 

2 = 0 on a“^(C \ G) and z = 1 on a~^(C \ ff). 

Let us consider the operator B := d^(z) e L{X). We claim that R satis- 
fies the conditions for the super-decomposability of T with respect to the 
covering {^ 1 ,^ 2 } of C. Obviously T and R commute. In order to show 
the inclusion a{T\R{X) C Gi let A € C \ 17i be arbitrarily given and let 
(5 := dist(A, G) be the distance from A to G. Glearly <5 > 0 and 

|(a — Xu){m)\ > 6 for all m e hAia~^{<C \ G)). 

By part (ii) of Theorem 4.22 there exists an element s G A such that 

{fd—\u)'s=l on a“^(G). 

Since z = 0 on a“^(C \ G) it follows that 

(a — Xu)sz{m) = z{m) for every m G A(A). 

Prom the semi-simplicity of A it follows that (a — Xu)sz = z. 

Now let us consider S := ‘P(s) G L{X) and apply the homomorphism <F 
to the equation (a — Xu)sz — z . We obtain that 

((T - XI)SR)x = {S{T - XI)R)x = Rx 

holds for all X G X and therefore (T — XI) S = S{T — XI) = / on R{X). 
Since the subspace R{X) is invariant under S it follows that A belongs to 
the resolvent of the restriction of T on R{X), which proves the inclusion 
a{T\R(X)) C tA. 
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To prove the remaining inclusion cr(T|(/ — R){X)) C U 2 we use a similar 
argument. Take ^ e C \ C /2 and let e:= dist(/r, H). Clearly e > 0 and 

|(a — > e for all m e hA(a~^{C \ H)). 

Again, by part (ii) of Theorem 4.22, there exists an element u G A such that 

{a — ^u)v=l on 

From z = 1 on a~^{C\H) we obtain {a — fj,u)v{u — z) = u — z, so if V := ${v) 
the equality 

[(T - ^iI)V{I - R)]x = (/ - R)x 
holds for every x G X and hence 

{fil -T)V = V(ijI -T) = I on {I - R){X). 

As before, this implies the invertibility of al—T on (I — R)(X) and therefore 
a{T\{I - R){X)) C U~2. 

Second case: If A has no unit or if the unit u G A does not satisfy 
the equality <P{u) = I, the statement of the theorem can be reduced to the 
case <P{u) = / by means of the following construction. In either case let us 
consider the standard unitization A^ and the canonical extension <P* of the 
homomorphism ^ from A to the algebra A^, defined by 

+ Ae) := <P{x) + A for all a; € A and A € C. 

Observe that this construction works even if A has an identity element, 
which, as observed before, ceases to be the identity of the extension Ag. 

In order to prove that T = d>{a) = <P*{a) is super-decomposable we 
need to prove, by the first part of the proof, that a is hfc-continuous on the 
extended maximal ideal space A(Ae). We consider two cases. If A has an 
identity element then A(A) is obviously hk-closed in A(Ae) and from the 
hfc-continuity of a on A(A) there easily follows the /ifc-continuity of a on 
A(Ae). 

In the remaining case the /ifc-continuity of a : A(Ae) ^ C follows from 
Lemma 6.46, so the proof is complete. ■ 

We shall now consider the problem of decomposability for a multiplier T 
defined on a semi-simple commutative Banach algebra. Not surprisingly the 
continuity of the transform T on A(M(A)) here has a certain importance, as 
well as the continuity of the Helgason-Wang function tpx = ?^|A(A), where 
both the maximal ideal spaces A(A) and A(M{A)) are endowed with the 
hfc-topology. 

We need first to introduce a definition obtained by borrowing a term 
from harmonic analysis: 

Definition 6.48. If A is a commutative semi-simple Banach algebra, a 
multiplier T G M{A) is said to have a natural spectrum ifa{T) = T(A(A)). 
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Observe that by Theorem 7.79 if T G Mqq(A) and A is not unital then 
T has a natural spectrum. It is easy to see that if A has an unit then every 
T G M{A) has natural spectrum. Indeed, in this case A = M{A), and hence 
by Theorem 7.79 

a{T) = f(A(M(A)) = f(A(A)). 

On the other hand, if A has no unit A(A) need not be dense in A{M{A)) 
with respect to the Gelfand topology, so there exist multipliers which does 
not natural spectrum. 

The next result shows that the property (6), and a fortiori the decompos- 
ability, in the case of a multiplier implies the /ifc-continuity of (fr and that 
T has a natural spectrum. First recall that since every multiplier T G M{A) 
of a semi-prime Banach algebra A has the SVEP, by Theorem 2.19 the local 
spectral subspace and the glocal spectral subspace of T associated with a 
closed set O C C coincide. The condition (5) for a multiplier T G M{A), 
where A is a semi-prime Banach algebra, may then be formulated saying 
that for every open covering {Ui,U 2 } of C we have A = At{U\) + At{U 2 )- 

Theorem 6.49. Suppose that A is a semi-prime eommutative Banaeh 
algebra and T G M{A) has the property (d). Then the Helgason-Wang 
transform (fT = T\A{A) is hk-eontinuous on A(A). If A is semi-simple 
then T has a natural speetrum. 

Proof Suppose that (fr = T|A(yl) is not /ifc-continuous on A(A). Then 
there exists a closed subset F of C such that 

E := f-^{F) = {m G A{A) : T{m) G F} 

is not Iifc-closed in A(A), so hA{kA{E)) yf E. Let mo G hA{kA{E)) \ E and 
choose an element x G A such that mo{x) = 1. Clearly A := T{mo) ^ E. Let 
{Ui,U 2 } be an open covering of C such that C C \ {A} and U 2 Q C\E. 
Since T has the property (5) then A = At{Hi) + At{U 2 ), so there exist y 
and z e A such that 

x = y + z, (JT{y) ffUi, aT{z)QU 2 - 

Since A ^ (Triy) there exists some element u G A such that y = {XI — T)u. 
From this it follows that 

"^o(^/) = y(mo) = [A - T(mo)]u(mo) = 0. 

Hence 1 = mo(x) = mo{y) -|- mo{z) = mo{z). 

On the other hand, for any m G F we have y := T{m) G F, so /i ^ U 2 - 
Since z G At{U 2 ) we obtain that z = {yl — T)v for some u G A, and 
consequently 

m(z) = z(m) = [y — T(m)]u(m) = 0. 

Since m(z) = 0 for all m G F and mo{z) = 1 we infer that mo ^ hA{kA{E)), 
a contradiction. Hence T is /ifc-continuous on A(A). 

Assume now that T has the property (6) and that A is semi-simple. 
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To prove the equality ct{T) = T{A{A)), denote, as usual, by C';,(A( 2 l)) the 
Banach algebra of all Gelfand continuous bounded complex-valued func- 
tions on A(A) endowed with the supremum norm. Let B : A ^ Cb{A(A)) 
denote the Gelfand transform defined by Bx := x for all x G A, and let 
S : Cb{A{A)) Cb{A{A)) denote the operator given by multiplication by 
the function (px = T. Glearly BT = TS. Since B is injective by the semi- 
simplicity of A and since T has the property (<5), by Lemma 6.33 we have 

^{T) C a{S). On the other hand, the inclusions cr(S') C T(A(A)) C a{T) 
are trivial. Hence cr{T) = T{A{A)) . ■ 

Remark 6.50. Observe that in general the converse of the previous The- 
orem does not hold, the /ifc-continuity of T|A(A) = px does not imply that 
T has the property (<5), as the following example shows. 

Let A := L^{G), G a non discrete locally compact Abelian group, and 
consider the convolution operator T^, where p e M(G). Since L^(G) is reg- 
ular the Gelfand topology and the fi/c-topology coincide on A(L^(G)) = G, 
the dual group of G. Thus for any p e A4(G) the transform px^ = 
is fi/c-continuous. On the other hand, as we shall see in Ghapter 8, there 
exists a measure p such that the spectrum cr(T^) = er{p) yf p{G), hence by 
Theorem 6.49 the corresponding convolution operator cannot have the 
property (5), and, in particular, is not decomposable. 

The next theorem relates, for an arbitrary T G M{A), the decomposabil- 
ity of T to the decomp os ability of the corresponding multiplication operator 
Lx : M{A) M{A). 

Theorem 6.51. Let A be a semi-simple commutative Banach algebra 
and T G M{A). Then T is hk-continuous on A{M{A)) if and only if the 
multiplication operator Lx ■ M{A) M{A) is super-decomposable. More- 
over, these equivalent conditions imply that T is decomposable on A. 

Proof The h/c-continuity of T on A(M(A)) implies, by Theorem 6.47 ap- 
plied to left regular representation : T G M{A) Lx G L{M{A)), that 
Lx is super-decomposable on M{A). Gonversely, if Lx ■ M{A) M{A) is 
super-decomposable then Lx has the property (6) so that, by Theorem 6.49, 
Lx\A(M{A)) = T is fiA:-continuous on A{M{A)). The last assertion follows 
by Theorem 6.30, on taking B = M{A). ■ 

Corollary 6.52. Let A be a commutative semi-simple Banach algebra. 
If M{A) is regular then every T G M{A) is decomposable on A. 

Proof (i) If M{A) is regular then the Gelfand topology and the /ifc-topology 
on A{M(A)) coincide, so every T is fifc-continuous on A{M(A)). ■ 

Recall that given a complex commutative Banach algebra A and x G A, 
the support supp x is defined as the closure in A (A) of the set {m G A (A) : 
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x(m) ^0}. It is not difficult to see that if A is semi-simple then for any 
T e M(A) we have 

(169) T(supp x) C o-t{x) for all x e A. 

Indeed, if A e Pt{x) and A = T(m) for some m e then {XI — T)u = x 

for some u G A and hence 0 = [A/ — T{m)]u{m) — x{m). From this we 
obtain 

r({x-i{0}) C arix) 

and hence T(supp x) C ax{x), by the continuity of the Gelfand transform 
f on A(A). 

The following definition is a local spectral version of the notion of natural 
spectrum. 

Definition 6.53. Given a semi-simple eommutative Banaeh algebra A, 
T e M{A) is said to have natural local spectra if a t{x) = T(supp x) holds 
for every x ^ A. 

For any closed subset II C C let Zt{H) denote the set 
Zt{H) := {x & A\ T(supp x) C II}. 

Clearly, Zt{H) is a closed ideal of A. It is easily seen that also the local 
spectral subspace Ax{H) is an ideal, not necessarily closed, of A. In the next 
theorem we shall describe some relations between these two ideals. 

Theorem 6.54. Let A be a eommutative semi-simple Banaeh algebra 
and T e M{A). Then the following assertions hold: 

(i) Ax{Ll) C Zt{H) for all elosed subsets Ll C C; 

(ii) T has natural loeal speetra if and only if equality Ax{Ll) = Zt{LI) 
holds for all elosed subsets C C, and this is the ease if and only if 
a{T\ZT{Ll)) C Ll for all elosed sets Ll ofC; 

(hi) If T has natural loeal speetra then T has the property (C) and the 
equalities 

Arifl) = Zt{II) = n - ^)(^) = ^r(fi), 

hold for all elosed sets Ll ofC, where, as usual, Ex{Ll) denotes the algebraie 
speetral subspaee assoeiated with Ll; 

(iv) If the restrietion T\Zx{Ll), Ll a elosed subset ofC, has the property 
(d) then T has natural loeal speetra. 

Proof (i) The inclusion Ax{Ll) Q Zx{Ll), for all closed subsets 17 C C, 
follows easily from the identity (169). 

(ii) If T G M{A) has natural local spectra then obviously Ax{Ll) = 
Zx{Ll) for all closed sets 17 C C. Conversely, suppose that Zx{Ll) = Ax{Ll) 
for all closed sets 17 C C, and consider for every a; G A the closed sets of the 
form 17 := T(supp x). Then x G Zx{Ll) = Ax{Ll) so that cx{x) C 17, which 
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shows that T has natural local spectra. 

Assume now that T has natural local spectra, or, equivalently, that 
Zt{^) = Then AT{i^) is closed, and since T has the SVEP from 

Theorem 2.71 it follows that XxO'{T\Zt{^)) Q H. Conversely, since Zx{^) 
is a closed T-invariant subspace of X, the inclusion a{T\Zx{i^)) Q H implies 
by part (vi) of Theorem 2.6 that Zt{^) C At{^). By part (i) we then 
conclude that Zt{^) = At{^)- 

(hi) T has the property (C) since by part (ii) At{^) = Zt{^) is closed 
for all closed subsets C C. Clearly 

At(H)C f|(A/-T)(A)CZT(H), 

and by Corollary 2.70 Ex{^) = ^ natural spectra, 

or, equivalently, if Zx{^) = Aj-(ll) then all these subspaces coincide. 

(iv) Observe first that by Theorem 5.1 the closed ideal Zt{^) is semi- 
simple and T\Zx{^) is a multiplier. From Theorem 6.49, since by assump- 
tion T\Zt{^) has the property (5), we have that 

(170) a{T\ZT{n) = f(A(Zr(0)). 

Now, from Theorem 4.21 we know that A{Zx{^)) = ^(^1) \ /i^(.^t(^))- 
Moreover, T“^(C \ O) C hAiZxi^)), so that from the equality (170) it 
follows that 

a{T\Zx{i^) C r(T“i(ll)) C 11 for all closed subsets 11 C C. 

By part (hi) we then conclude that T has natural local spectra. ■ 

Lemma 6.55. Let A be a semi-simple eommutative Banaeh algebra and 
J be a elosed ideal of A for whieh J = span (AJ) . Then J is also an ideal 
of M{ A). Moreover, if T e M{A) has the property (5) then T|J : J — *• J 
has also the property (<5). 

Proof We have 

M{A)J = M{A) span(AJ) C span(AJ) = J, 

so J is a closed T-invariant subspace for any T e M{A). Suppose that T has 
the property (5). Let x ^ A arbitrary and choose an open covering {Ui,U 2 \ 
of C. Let X := where Ok & A and Xk & J, k = l,2,...n. Using 

the property (5), for every at we can find Uk,Vk & A such that 

(^T{uk) C Ui arivk) C U 2 and ak = Uk~\- Vk 

for all k = l,2,...n. Let fk ■ C\Ui ^ A denote an analytic function for 
which Uk = (A/ — T)fk{\) holds for every A e C \ 17i. Then 

UkXk = {XI -T)fk{X)xk for all A e C \17i. 
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SO that the J-valued analytic functions 5 fc(A) fk{^)xk on C \ verify 
UkXk = (A/ — T)gk{\) and hence 



^T\j{xLkXk) Q for all fc = 1, 2, • • • , n. 

A similar argument shows that a^^^jiykXk) ^ IA 2 for all fc = 1, 2, • • • , n. 
Therefore 



^T\j['^UkXk\ and ^ j C ^/ 2 - 



\k=l 



\k=l 



Since x = Ylk=i "^kXk + VkXk this shows that the restriction T| J has 

the property (5), as claimed. ■ 



Theorem 6.56. Let A be a semi-simple eommutative Banaeh algebra 
and suppose that for every elosed ideal J of A we have J = span (AJ). Then 
T e M{A) is deeomposable if and only ifT has the property (<5). 

Proof By Theorem 6.21 we need only to show that (S) implies the de- 
composability of T. Suppose that T has the property (6) and let C C 
denote an arbitrary closed set. By Lemma 6.55 the restriction T\Zt{LI) 
has the property the (S), and therefore by part (iv) of Theorem 6.54 T has 
natural local spectra, from which we conclude by part (iii) of Theorem 6.54 
that T has the property (C). By Theorem 6.21 it then follows that T is 
decomposable. ■ 



Corollary 6.57. Let A be a semi-simple eommutative Banaeh algebra 
with a bounded approximate identity. Then T e M{A) is deeomposable if 
and only if T has the property (6) . 

Proof We only need to prove that (<5) implies decomposability. This follows 
from Theorem 6.56 and from the Cohen factorization. ■ 

Note that the result of Corollary 6.57 applies to the group algebra L^{G), 
with G a locally compact Abelian group. 

We shall now address the problem of decomposability for multipliers 
which belong to the ideals Mq{A) and Mqq{A). Recall that by definition 

Mq[A) := {T G M[A) : ipT = T|A(A) vanishes at infinity in A(A)}, 

whilst 

Moo(A) := {T € M{A) : f = 0 on /im(A)(t1)}, 

and 

A C Moo(A) C Mo{A) C M{A). 

Moreover, if A is semi-simple then M{A), Mq{A), and Mqo{A) are also semi- 
simple Banach algebras, see Theorem 4.25. 

The following fundamental result shows that for these operators the 
decomposability is equivalent to the formally weaker property (6) . 
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Theorem 6.58. Let A be a semi-simple eommutative Banaeh algebra 
and T e Mq[A). Then T is deeomposable if and only ifT has the property 
( 5 ). 

Proof By Theorem 6.21 we only need to prove that the property (5) implies 
property ((7). According to part (iv) and part (hi) of Theorem 6.54 it sufhces 
to show that T\Zt{LI) has the property (d) whenever fi is a closed subset of 

C. 

Suppose first that 0 ^ 11. Since T e Mq{A) the set is a compact 

subset of A(A) in the Gelfand topology. By Theorem 6.49 the set 
is also hk-closed in A(A), and hence by [279, Theorem 3.6.9] there exists 
an element a G A such that a = 1 on T~^{Ll). Since A is semi-simple it 
then follows that ax = x for every x G Zt{LI). Using Lemma 6.55 we then 
conclude that T\Zt{LI) has the property (<5). 

Next, suppose that 0 belongs to the interior int Ll of Ll. Let {^ 1 ,^ 2 } 
be an open covering of C. We may assume, with no loss of generality, that 
0 G M := int Lir\Ui. Let us consider an open subset W C C such that 
0 ^ W and so A/" U W = C. For every x G Zt{LI), by using the property (<5) 
we may choose u,v G A such that 

a = u-\- V, ctt{u) C a/", ctt(v) C W. 

Prom the inclusion A/" C 11 it is clear that u G Zx{Ll) and hence ^ 

Ui- Moreover, by the first part of this proof we have 

V G At{v^) n Zx{Li) = Zx(yv) n Zx{Li) = Zj'iyv n n). 

We already know that r|ZT(WnH) has the property (<5), and since {Ui,U 2 } 
is an open covering of C we can find Z\,Z 2 G Zt(W H H) such that 

v = zi-\- Z 2 and o-T|Zr(vvnn)(^fc) ^ ^ 2. 

Prom this it follows that <XT\ZT{fi)i^k) U Uk for fc = 1,2. From the equality 
a; = (w + zi) + Z 2 we then conclude that T\Zt{LI) has the property (5) also 
when 0 G int H. 

To conclude the proof let us consider the case where 0 G H. Choose 
a sequence of closed subsets !!„ of C for which 0 belongs to int H„ and 
H = n„gNll„. By the preceding part of the proof we know that T\ZT{Lln) 
has the property (d), and hence by part (iv) and part (ii) of Theorem 6.54 
ZT{Lln) = At{LI„) for all n G N. Prom this we obtain that 

Zt{LL) = Pi ZT{LLn) = P ^^(lln) = At{LL). 
nSN nSN 

The equality Zx{Ll) = At’(II) entails, again by part (ii) of Theorem 6.54, 
that T has natural local spectra and hence has the property (C), so the 
proof is complete. ■ 
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Lemma 6.59. Let A be a semi-simple eommutative Banaeh algebra. If 
T e Mq{A) is deeomposable then M{A) and Mq[A) are normal with respeet 
to T. 

Proof It suffices to prove the normality of the algebra Mq(A). Let T G 
M(j{A) and consider a pair of spectral maximal spaces Y and Z for T for 
which a{T\Y) n a{T\Z) = 0 is satisfied. Let us consider the following two 
sets: 

E ~ f-^{a{T\Y)) = {me A(A) : f (m) G a{T\Y)} 

and 

F := T-\a{T\Z)) = {m G A(A) : f (m) G a{T\Z)}. 

Being T decomposable on A we then have by Theorem 6.51 that T|A(A) 
is /ifc-continuous, so the two sets E, F are hulls in A(yl). Moreover, since 
by assumption a{T\Y) and a{T\Z) are disjoint, we may assume that 0 ^ 
a{T\Z). If we put 

e := inf lAI, 

\€cr(T\Z) 

we then obtain 

|T(m)| > e > 0 for all rn G F. 

Since T G Mo{A) we infer that F is compact in A(t 1) with respect to the 
Gelfand topology. The two sets E and F are disjoint, and hence by part 

(iii) of Theorem 4.22 there exists an element e (E A such that 

e = 0 on F and e = 1 on F. 

Now let us consider the multiplication operator R ■.= Lg (E Mo{A). Let 
y gY he arbitrarily given and take m G A{A)\E. Then A = T(m) ^ a{T\Y) 
and hence there exists some w eeY such that y = {XI — T)w, which implies 

y{m) = [A — T{m)]w{m) = 0. 

Hence y = 0 on A(A) \ E and consequently e y = 0 on A(H). Since A is 
semi-simple it then follows that Rv = 0, and therefore R\Y = 0. 

A similar argument shows that R\Z = I, so Mq{A) is normal with respect 
to T. m 

For multipliers which belong to the ideals Mq{A) and Mqq{A) the prop- 
erty of being decomposable is equivalent to many of the conditions previously 
introduced. 

Theorem 6.60. Let A be a semi-simple eommutative Banaeh algebra. 
IJTg Mq{A) then the following assertions are equivalent: 

(i) T is super- deeomposable on A; 

(ii) T is deeomposable on A; 

(iii) T has the property (5); 

(iv) Lt ■ M{A) M{A) is super-deeomposable; 

(v) Lt ■ M{A) M{A) is deeomposable; 
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(vi) T is hk-continuous on A{M{A)); 

(vii) T e Moo{A) and T is hk-continuous on A(A). 

Moreover, ifT& Mqq[A) the statements above are equivalent to: 

(viii) T is hk-continuous on A(y4). 

Proof The statements (i), (ii), (iv), and (v) are equivalent by Theorem 6.30, 
since by Lemma 6.59 Mo{A) is normal with respect to T. The equivalence 
(ii) (iii) has been established in Theorem 6.58. The equivalence (iv) 

(vi) has been proved in Theorem 6.51. Hence the statements (i)-(iv) are 
equivalent . 

(vi) ^(vii) Let T € Mq{A) and suppose that T is /ifc-continuous on 
A(M(A)). Then the restriction T|A(A) is h/c-continuous, so we need only 
to show that T vanishes on the set 

hM{A){^) = {'P ^ A(M(H)) : (/5|A(A) = 0}. 

Let e > 0 be arbitrarily given. From our assumption the set 
E := {m e A(A) : |T(m)| > e} 

is a Gelfand compact hull in A(A). Therefore, see [ 279 , Theorem 3.6.7], 
the kernel k^iE) is a regular ideal in A, and consequently by Lemma 3.1.15 
of [ 279 ]) there exists an element v G A such that v = 1 on E. For every 
m G E we have 

j(Tu)(m)j = \T{m)v{m) \ > e for all m e E, 

so by part (ii) of Theorem 4.22 there exists some z G A such that = 1 
on E. Clearly, for the multiplier S := I — , where is the 

multiplication operator by T(yz), we have S = t) on E and 5* = 1 on 
^M(A)(^)- Prom this it follows that hM{A)^M{A){E) fl hpj(^jp^[A) = 0. 

Now assume that there exists a functional 0o G h},p(^jp^{A) such that 
\T{4>o)\ > e. Since by assumption T is hA:-continuous on A{M{A)) there 
exists a hk- open neighborhood U of 4>o in A{M{A)) such that 

]T(0)j > e for all (f gU. 

Since by Theorem 4.24 A(A) is hk-dense in A{M{A)) it follows that the 
intersection lA f\V C\ A(H) is non-empty for all /ifc-open neighborhoods V of 
00 in A(M(A)), and hence 0o G hM(A)^M{A){E). But this contradicts that 
00 e hM(A){A) and hM{A)kM(A){E) n hM(A){A) = 0. Therefore for every 
e > 0 we have 

|f((^)l<e for all V? € /im(A)(^) 

which shows that T G Mqq{A). 

(vii) (vi) Let us consider an arbitrary closed non-empty subset F of 
C and let 

E ■- f-^{F) = e A{M{A)) : f((^) e F], 
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To prove the /ifc-continuity of T : A(M{A)) ^ C it suffices to show that E 
is h/c-closed, namely E = hM(A)kM(A){E). 

We distinguish two cases: Suppose first that 0 G Since T = 0 on 
hM{A){^) have 

A{M{A)) \E={me A{A) : f (m) eC\F}C A(A). 

We know by Theorem 4.18 that A(A) is hk-open in A{M{A)), and since by 
assumption T\A(A) is fiA:-continuous this implies A{M{A)) \ E is hk-open 
in A{M{A)). Thus if 0 G F, i? is /ifc-closed in A{M{A)). 

Consider the remaining case 0 ^ E. Then s := inf{|A| : A G F} > 0. 
By assumption the Helgason-Wang function T\A{A) is /ifc-continuous and 
T|A(A) vanishes at infinity, so the set 

r := {m G A{A) : \ f{m) \ > e} 

is a Gelfand compact hull in A (A). By using the same argument as in 
the proof of the implication (vi)=>(vii), it is possible to find two elements 
V, z G A such that 

p = 1 on r and Tvz = 1 on T. 

Trivially, since F C T, we then have Tvz = 1 on E. This implies that the 
multiplier S := I — Lx(^vz) satisfies both the identities 

S' = 0 on F and S = 1 on hM{A){^)- 
Prom this it follows that 

hM(A)kM(A){E) n hM{A){A) = 0 

and hence hj^(^^^kM{A){E) C ^(^)- Since by assumption F is a hull in A(A), 
the inclusion hM(A)^M{A){E) C A(A) then implies that hfj(^j^'^kM(A){E) = 
E, so F is hfc-closed in A(M(A)). ■ 

Corollary 6.61. Let A be a eommutative semi- simple regular Banaeh 
algebra and suppose that T G Mq[A). Then T is deeomposable on A if 
and only if T G Mqq[A) and this happens if and only ifT has natural loeal 
speetra. 

Proof This is an obvious consequence of the equivalence (ii) => (vii) of 
Theorem 6.60, since on A(A) the Gelfand topology and the fi/c-topology 
coincide. ■ 

The next result is an obvious consequence of Theorem 6.60, once it is 
observed that A C Mqo{A) C Mq{A). 

Corollary 6.62. Let A be a semi-simple eommutative Banaeh algebra. 
Then for eaeh a G A the following statements are equivalent: 

(i) a is hk-eontinuous on A(A); 

(ii) The multiplieation operator La is super- deeomposable on A; 




350 



6. DECOMPOSABILITY 



(iii) The multiplication operator La is decomposable on A; 

(iv) The multiplication operator La has the property (d) on A. ■ 

The last result leads immediately to a very nice characterization of reg- 
ularity for a commutative semi-simple Banach algebra in terms of decom- 
posability of the multiplication operators La- 

Corollary 6.63. Let A be a semi-simple commutative Banach algebra. 
Then the following statements are equivalent: 

(i) A is regular; 

(ii) For each a G A, a is hk-continuous on A(A); 

(iii) For each a E A, La is super-decomposable; 

(iv) For each a & A, La is decomposable. ■ 

Given an arbitrary semi-simple commutative Banach algebra A let us 
consider the following subset of A 

Dec A := {a e A : the multiplication operator La is decomposable}. 

We now show that Dec yf is a closed subalgebra of A. In the sequel we 
shall denote by r(a) the spectral radius of a G A. 

Theorem 6.64. If A is a semi-simple commutative Banach algebra the 
following assertions hold: 

(i) Dec A is a closed subalgebra of A; 

(ii) Let (on) d Abe a sequence and suppose that for some a G A we have 
lim„^oo r{a — an) = 0. Then a e Dec A; 

(iii) If a G Dec A and if J is an arbitrary Banach algebra contained in 
A as an ideal, then the restriction La\J is super-decomposable on J; 

(iv) If a G Dec A and if C d A is a not necessarily commutative semi- 
simple Banach algebra containing A as a subalgebra, then the canonical 
extension Sa ■ C ^ C defined by Sa{x) := ax for all x & C is super- 
decomposable. 

Proof (i) and (ii) easily follows from Corollary 6.62. To prove (iii) let us 
consider an arbitrary open covering {U, V} of C. Let us consider the left 
regular representation L> ■. A ^ L[A) defined by ^(a) := La for all a G A. 
Arguing as in the proof of Theorem 6.47, one can find an element z G A©Ce, 
A © Ce the unization of A, with the following two properties: for each 
X gC\U there exists some element G A © Ce such that (a — Xe)a\z — z, 
and for every /r G C \ V there exists some element 6^ G A © Ce such that 
(a — jie)b^{e — z) — e — z. As in the proof of Theorem 6.47, for the operator 
'P(z) := Lz the following inclusions hold: 



a{La\Lz{J)dU and a{La\{I - Lz){J) dV . 
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Obviously J = Lz{J) + {I — Lz){J), so La\J is decomposable. 

The proof of the assertion (iv) is obtained by using the same argument 
above. ■ 

Theorem 6.65. Every semi-simple eommutative Banaeh algebra A eon- 
tains a greatest regular elosed subalgebra. Moreover, this subalgebra is also 
elosed in the speetral radius norm and is eontained in Dec A. 

Proof Let B denote the union of all regular Banach subalgebras M of A 
and let C denote the closure in the spectral radius norm of the (possibly 
trivial) subalgebra generated by B. We claim that C is regular. By Corollary 
6.63 it suffices to prove that the multiplication operator La\C ■. C ^ C \s 
decomposable for all a € C. 

Given an element a G B we have a G M for some regular subalgebra M 
of A and, since on A(M) the Gelfand topology and the hfc-topology coincide, 
the Gelfand transform a : A(M) ^ C is /ifc-continuous. Let ^ : M — > L(C) 
denote the mapping defined by <P{x) := Lx\C for all x G M. By Theorem 
6.47 Lx\C : C ^ C is decomposable, and by using a similar argument it 
follows that Lx is also decomposable as operator acting on A. Prom that 
we conclude that C is regular and B is contained in Dec A. Moreover, since 
by Theorem 6.64, Dec A is a closed subalgebra with respect to the spectral 
radius norm, we also have C C Dec A, so the proof is complete. ■ 

Let Reg A denote the greatest regular closed subalgebra which is con- 
tained in A. By Theorem 6.65 Reg A is closed in the spectral radius norm 
on A and 

Reg A C Dec A C A. 

R is easy to see that if Dec A is an ideal in A then Reg A = Dec A. Clearly, 
if A is regular by Corollary 6.63, then A = Reg A = Dec A. It is an open 
problem whether the equality Reg A = Dec A hold for any semi-simple com- 
mutative Banach algebra A. 

Let M(j(A) the set defined by 

Md(A) := {T G M(A) : T is decomposable on A}. 

Note that the sums, products, and restrictions of decomposable operators 
may be far from being decomposable. It is also an open problem whether 
the sum and the product of two commuting decomposable operators are 
again decomposable. Anyway, it is possible to show that the set M§{A) of 
all multipliers T G M(A) such that T has the property (6) is a closed full 
commutative subalgebra of L(A). We shall not give the proof of this result, 
which is rather involved and requires some technicalities and concepts which 
have not been introduced in this book. Anyway, the interested reader can 
find this proof in Laursen and Neumann [214, Theorem 4.2.12]. 

Theorem 6.66. Let A be a semi-simple eommutative Banaeh algebra. 
Then we have: 
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(i) M^[A) is a closed full subalgebra of M (A) if A has a bounded ap- 
proximate identity; 

(ii) Reg M{A) C Dec M{A) C Ma{A); 

(iii) Reg Mo{A) C Dec Mo{A) = Ma{A) n Mo{A) C Moo(A); 

(iv) M^{A) n Mq{A) is a closed subalgebra of Mqq[A); 

(iv) Reg Mq{A) = Dec Mq{A) = Ma{A) n Mo{A) = Moo{A) if A is 
regular. 

Proof (i) By Theorem 6.57 M^{A) = Ms{A). The assertions (ii) and (iii) 
are immediate consequences of Theorem 6.47, Theorem 6.51, and Theorem 
6.60, whilst (iv) follows from Theorem 6.60. 

(v) Assume that A is regular. Since A(A) = A((Moo(A)), also the subal- 

gebra M()o{A) is regular and is therefore contained in Reg Mq[A). Obviously 
this implies that the inclusions of (iii) are identities. ■ 

The next corollary improves the result of Theorem 4.25. 

Corollary 6.67. Let A be a semi-simple commutative Banach algebra. 
Then the following statements are equivalent: 

(i) A is regular and A(A) = A(Mq(A)); 

(ii) Mo{A) is regular; 

(iii) A is regular and Mq[A) = Moo(A). 

Proof (i)^(ii) If A is regular and A(A) = A(Mq(A)) then Mq{A) is obvi- 
ously regular. 

(ii) ^ (iii) If Mo{A) is regular then by the inclusions (iii) in Theorem 
6.66 we have Mq{A) = Md{A) fl Mq{A) = Mqq{A). In particular, it follows 
that for each a G A the multiplication operator La G Mq{A) is decomposable 
on A. By Corollary 6.63 we conclude that A is regular. 

(iii) =>(i) From the equality Mq{A) = Moo(A) it follows that A(A) = 
A(Moo(A)) = A(Mo(A)). 

Theorem 6.68. Let A be a semi-simple commutative Banach algebra 
and J a closed ideal of A invariant under every T G M{A). Consider a 
T G M{A) such that T is hk- continuous on A{M{A)). Then the restriction 
S := T\J G M{J) is decomposable and has a natural spectrum. Moreover, 
the spectral maximal spaces of S are given for all closed subsets Ll flC by 

Js{^) = n e J : supp u c 

xfn 

where A{J) is canonically embedded in A(A) and supp u denotes the support 
ofu with respect to the Gelfand topology on A(J). 

Proof Let us consider the homomorphism <P : M{A) L(J) defined 
by d>{R) := i?|J for all R G M{A). Then by Theorem 6.47, since T 
is /ifc-continuous on A{M{A)), the operator <T{T) is decomposable, and 
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hence by Theorem 6.49 has a natural spectrum. Since J is an ideal in 
M{A), by Theorem 4.21 A(J) can be canonically embedded in A{M{A)) 
and A{M{A)) = A(J) n hM{A){J)- For each closed subset C C the inclu- 
sions 

JsmQ f]i\I-T){J)CZs{T) 

have been observed in the proof of part (iii) of Theorem 6.54. To prove the 
sets coincide let U denote an arbitrary open neighborhood of fl and choose 
an open subset F of C such that U U V = C and fl 1^ = 0. Since T is 
hull- kernel continuous on A(M{A)), there exists a multiplier R € M{A) 
such that 

a{S\R{J)) C U and a{S\{I - R){J)) C V 
(see the proof of Theorem 6.47). By spectral maximality this implies 
^(J) C Js(U) and (/ - R)(J) C Js(V). 

Moreover, if u G Zs(fi), from the disjointness of fl and V and the semi- 
simplicity of J we obtain that 

(/ - R){u) e Zsm n Js{V) c Zsm n Zs{V) = {0}. 

Hence u = Ru G Js{U), so Zs{^) C Js{U) and therefore Zs{^) Q 
as desired. ■ 

Note that the last theorem applies, in addition to the trivial case J = A, 
to each ideal J which is the intersection of regular maximal ideals, since by 
Theorem 4.15 each ideal of this type is invariant under every T G M{A). 
Since every closed ideal in a Banach algebra with an approximate identity, 
not necessarily bounded, is obviously invariant under all multipliers. Theo- 
rem 6.68 does apply to arbitrary closed ideals of the group algebra L^{G), 
where G is a locally compact Abelian group. 

In the next theorem we add another equivalence, in terms of natural local 
spectra, to those which have already been established in Theorem 6.60. 

Theorem 6.69. Let A be a semi-simple eommutative Banaeh algebra 
and T G Mq{A). Then T is deeomposable on A if and only ifT has natural 
loeal speetra and T is hk-eontinuous on A(A). 

Proof Suppose that T G Mq{A) is decomposable, or, equivalently, by The- 
orem 6.60 that T is /ifc-continuous on A(M{A)). Then also the restriction 
T|A(A) is /ifc-continuous and T has natural local spectra by Theorem 6.68. 

Conversely, suppose that T has natural local spectra and T|A(A) is hk- 
continuous on A(A). By Theorem 6.54 the assumption on the natural local 
spectra implies that = Zt{LI) for all closed subsets C C. Moreover, 

from part (iii) of Theorem 6.54 we know that T has the property (G), and 
hence by Theorem 2.71 we have a{T\Ax{Ll)) = a{T\Zx{Ll)) C LI. Therefore 
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to prove the decomposability of T it suffices to show that the decomposi- 
tion A = Zt{U) + Zt{V) holds for an arbitrary open covering {U, V} of C. 
Without loss of generality we may assume that 0 G y. 

Now, since V is open there exists an open disc D(0, e) C V. By as- 
sumption T G Mq{A), thus (fix = T\A{A) vanishes at infinity and hence 
T~^{C \ V) is compact in A(A) with respect to the Gelfand topology. 
Now, since T\A is fi/c-continuous on A(A), the two sets A(A) \ T~^[U) 
and A(A) \ T~^{V) are disjoint hulls in A(A). By Theorem 4.22 it then 
follows that there exists an element e G A such that 

e = 0 on A{A)\T~\U) and e = 1 on A(A) \ T“^(y). 

This implies that for every a; G A we have 

supp ex C T~^(U) and supp {x — ex) C T~^{V), 

so that ex G Zt{U) and x — ex & Zt{U). Therefore every x G A admits the 
decomposition 

x = y + z with y ■.= xe ^ Zt{U), z := x — xe G Zt{V), 

so T is decomposable on A. ■ 

It has been already observed that given a closed set C C the two ideals 
Zt{^) and the ideal At{^) generally do not coincide. An example for which 
this situation occurs is provided by a convolution operator T of A = L^[G), 
G a locally compact Abelian group, without a natural spectrum. An example 
of a such operator may be found in Section 4.10 of [214]. Obviously for 
this operator the two ideals Ax(0) and Zt{^) cannot coincide for all closed 
subsets fl of C, otherwise by Theorem 6.54 T would have a natural spectrum. 

We want now show that under rather mild conditions on A, Ax(0) is 
dense in Zx{^)- First we need the following preliminary result on regular 
algebras. 

Lemma 6.70. Let A be a commutative regular semi-simple Banach al- 
gebra and X G A for which supp x is compact in A(A). Then 

arix) = T(supp x) for all T G M{A). 

Moreover, for all closed subsets O C C tee have 

(171) hAiArm = hAiZxm = A(A)\f-i(0). 

Proof Let x G A be such that x has compact support in A(A). Since A is 
regular there exists by Theorem 4.22 an element z G A such that S' = 1 on 
supp X. Let us consider the set: 

J := {a G A : supp a C supp x}. 

Clearly, J is a closed ideal in A which is invariant under all multipliers in 
M{A) and therefore is an ideal in M{A). Moreover, the multiplier S := T\J 
satisfies the inclusion arix) C as{x) C a{S), and if we let u := Tz then 
S = Lu\J, the restriction of to J. Since A is regular, by Corollary 6.63 
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and Theorem 6.64 it follows that S is decomposable on J, being the restric- 
tion of a decomposable multiplication operator on A. Moreover, because J 
semi-simple, see part (i) of Theorem 5.1, from Theorem 6.51 we obtain that 

cr{S) = S{A{J)). From the definition of the ideal J it easily follows that 
A( J) C supp X, where according Theorem 4.21 A( J) is canonically embed- 
ded in A (A) . Putting together all these results and taking into account 
that 'z —1 on supp x we then obtain 

C a{S) C a(supp x) = (T2')(supp x) = T(supp x). 

Since the reverse inclusion T(supp x) C arix) holds for all x G A, we 
conclude that ctt{x) = T(supp x). 

To show that the equality (171) is satisfied, let us consider an arbitrary 
closed set 11 C C. Clearly, from the definition of a hull we have 

fiAiArm D hiZrm D A(A) \ f-\n)). 

To show the opposite inclusion let m ^ A(A) \ Then m lies in the 

interior of and since A(A) is locally compact the regularity of A 

entails that there exists some x & A such that x{m) = 1 and supp x is 
compactly contained in T~^{fl). By the first part of the proof we obtain 

(Tt{x) = T(supp a;) C H, 

and hence x G Ax{i^)- Since m{x) yf 0 it then follows that m ^ hA{Ax{^)), 

and hence the inclusion C A(yl) \ is proved, so the identities 

(171) are satisfied. ■ 

Theorem 6.71. Suppose that A is a commutative semi-simple regular 
Tauberian commutative Banach algebra and has approximate units. If T ^ 
M{A) then 

Zx{^) ~ Ax{^) for all closed sets 12 C C. 

Proof The inclusion Ax{^) Q Zx{^) has been observed in part (i) of 
Theorem 6.54 without any assumption on A. Obviously, since Zx{^) is 
closed then Ax{^) C Zx{^)- 

To show the reverse inclusion let us consider an element x G Zx{^) and 
take e > 0. Since A has approximate units we can find an element u G A 
such that \\x — ux\\ < e. Furthermore, since A is Tauberian there exists an 
element v ^ A such that supp v is compact and ||u — uj| < ^ ^ — 1 |. Clearly 

lx — ua;|| < 2e and vx G Zt( 12). Moreover, vx has compact support, so from 
Lemma 6.70 we obtain 

ax(vx) = T(supp vx) C 12, 

and therefore vx G Ax{it). Since ||x — ux|| < 2e and s is arbitrary we then 
conclude that x G Ax{it) . ■ 
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The next theorem shows that under certain conditions on A the property 
of having natural local spectra is equivalent to the Dunford property (C). 
In particular the next result applies to every convolution operator on 
L^(G), with G a locally compact Abelian group. 

Theorem 6.72. Assume that the eommutative semi-simple Banach al- 
gebra A is regular and Tauberian. If A has an approximate identity and 
T e M{A) then the following conditions are equivalent: 

(i) T has natural local spectra; 

(ii) T has the property (C). 

Furthermore, ifT& M^[A) then the conditions (i) and (ii) are equivalent 
to each one of the conditions (i)-(vii) of Theorem 6.60. 

Proof (i) => (ii) By Theorem 6.71 we know that Zt{^) = Ax{it) for all 
closed 17 C C. Since by assumption T has natural local spectra, by Theorem 
6.54 we also have Ar(f7) = Zt{^), from which we conclude that At{^) is 
closed for every closed 17 C C. 

(ii) ^ (i) By assumption the local spectral subspace Ax(f7) is closed for 
every closed 17 C C, so again by Theorem 6.71 Aj’(17) = Ax{^) = Zx{^). 
From part (ii) of Theorem 6.54 we conclude that T has natural local spectra. 

The last assertion is clear: if T is decomposable then T has the property 
(C), by Theorem 6.19. Conversely, if T G Mq[A) has natural local spectra, 
from the regularity of A it follows that T is /ifc-continuous on A (A) and 
hence, by Theorem 6.69, T is decomposable. ■ 

The next result establishes for a multiplier T G M{A), two formulas 
for the local spectrum and the local spectral subspace of the corresponding 
multiplication operator Lt ■ M{A) M{A). 

Theorem 6.73. Let A be a semi-prime commutative Banach algebra 
and T G M{A). For every closed set 17 C C we have 

(172) crLj-{S) = axiSa) for all S G M{A), 

aeA 

and 

M{A)l^{LI) = {5 G M{A) : 5(A) C At(17)} 
for every closed subset 17 C C. 

Proof It is easy to verify that for an arbitrary multiplier S G M(A), the 
local spectrum of Lx at S contains the set UaeA <^T{Sa) as well as its closure. 

Conversely, suppose that A is an interior point of ria6A/^r(5a). Then, 
for some neighborhood U of X there is for every a G A an analytic function 
fa'.U^A which satisfies the identity 

{p.1 — T)fa{pi) = Sa for all p gU. 

Fix ^ G 77 and define the mapping IF^ : A ^ A by 

Wf_c{a) /a(^) for all a G A. 
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Clearly — Lt)W^ = S. Hence it only remains to show that is a 
multiplier of A and that depends analytically on gU. 

To prove that G M{A) let us consider two arbitrarily given elements 
a,b G A. Let r] := aW^(h) — W^(a)b. Clearly 

(/x/ - T){r]) = aS{b) - S{a)b = 0, 

and hence r/ G ker (fil — T) C Ar({/i}. On the other hand, we have 
c^T{Wf,{a)) = axifaitJ')) = cTriSa) 

and 

CTT{W^{b)) = ctt(/6(/x)) = CFriSb), 

which implies i] G A^iaTiSa) fl (TT{Sb)). Since ^ ^ ariSa) U ariSb) and T 
has the SVEP we conclude that rj = 0, and hence 

aWf^{b) = W^{a)h for all a,b G A, 

so Wf_i G M{A). To show that the operator IT^ depends analytically on 
^ & U fix ^ & U and choose <5 > 0 such that the closed disc D(A, 25) is 
contained in U. Then for each a G H., if we let 

Ma'.= sup \\fa{z)\\, 

zSD(A,2(5) 

by means of a standard application of Cauchy’s formula to the analytic 
function fa we obtain the estimate 

(TTg(g) - W^{a)) ^ (/a(Q - /g(/x) ^ 

for every ^ G C with |C ~ < b. By the uniform boundedness principle 

there exists a constant M > 0 such that ||W^ — fT^|| < M and hence 

|Wj — W^ll < M|^ — ^1 for all ^ G C with |C ~ < <5 

This shows that the function ^ ^ is norm continuous at /i. From 
the classical Morera Theorem we conclude that the function /x — s- IT^ is 
analytic on U. Hence U is contained in the local resolvent of Lt at S, and 
this completes the proof of (172). 

The last assertion follows immediately from the description of the local 
spectra of Lt- ■ 

6. Riesz multipliers 

We wish now to find conditions for which a decomposable operator T 
is a Riesz operator. In order to do this we first need a general result on 
Banach spaces. 

For a given operator T G L{X) on a Banach space X let 
Z{T) ■- {S G L{X) : TS = ST} 




358 



6. DECOMPOSABILITY 



be the commutant of T. Evidently Z{T) is a closed subalgebra of L{X). 
If Lt '■ Z{T) Z{T) is the operator of multiplication by T on Z{T) it is 
easily seen that cr(T) = a{LT)- 

Lemma 6.74. IJTg L{X), where X is a Banaeh spaee, then T is Riesz 
if and only if Lx is Riesz. 

Proof Obviously A 0 is an isolated point of cr{T) if and only if it is 
an isolated point of ct{Lt). In this case the spectral projection P{X,Lt) of 
Lt associated with the spectral set {A} is related to the spectral projection 
P(A,T) of T associated with {A} by the identity 

P{X,Lt){S) = SP{X,T) for all S € Z{T). 

Now, if S' G Z(T) then S commutes with P(X,T), so X = Xi © X2 with 
Xi := P{X,T){X) and X2 := kerP(A,T). Write T = Ti © T2, S = Si © S2 
and P(X,T)S = Si® IV2, where Si G Z(Ti). Therefore 

P(X, Lt)(Z(T)) = {P(X,T)S : S G Z(T)j = {Si © W2 : Si G Z(Ti)j. 

If T is a Riesz operator then 0 yf A is an isolated point of cr(T) and 
dim (Xi) < 00. From this it follows that 

dim (Z(Ti)) < dim L(Xi) < 00, 

so dim P{X, Lt){Z(T)) < 00, and hence by Theorem 3 . 111 , Lt is a Riesz 
operator on Z{T). 

Conversely, let Lt be a Riesz operator on Z[T) and 0 yf A G cr(T). Then 
A is an isolated point of ct{Lt) and 

dim P{X,Lt){Z{T)) = dim (Z(Ti)) < 00. 

Since the algebra generated by Ti is contained in Z{Ti) it must be finite- 
dimensional, so there exists a non-zero polynomial p such that p{Ti) = 0 . 
But a{Ti) = {A}, so {XI — Ti)^ = { 0 } for some fc G N. If ker {XI — Ti) is 
infinite-dimensional then it contains an infinite linearly independent set {xn} 
for which Tix„ = Aa;„ for all n G N. Moreover, there exists 0 yf / G Xi* 
such that T* f = A/. Prom this it easily follows that the infinite linearly 
independent set {/ © a;„} of finite rank-one operators lies in Z{Ti). Hence 
ker {XI — Ti) is finite-dimensional, so ker {XI — Ti)^ = X\ and therefore T 
is a Riesz operator. ■ 

We shall see now that several versions of the multiplication operator Lt 
acting on M{A), Mq{A), and Moo{A) as a Riesz operator are all equivalent. 

Theorem 6.75. Let A be a semi-simple eommutative Banaeh algebra 
and T G M{A). Then the following assertions are eguivalent: 

(i) T is a Riesz operator on A; 

(ii) The multiplieation operator Lt is a Riesz operator on M (H) ; 

(hi) T G Mq{A) and Lt ■ Mq{A) Mq{A) is a Riesz operator; 

(hi) T G Mqq{A) and Lt ■ Mqq{A) Mqq{A) is a Riesz operator. 




6. RIESZ MULTIPLIERS 



359 



Proof (i) (ii) If T G M{A) then M{A) is a closed Lx-invariant subspace 
of Z(T), and since Lt is a Riesz operator on Z{T) its restriction on M(A) 
is still a Riesz operator, by part (hi) of Theorem 3.113. 

Conversely, if Lx is a Riesz operator on M{A), by Theorem 6.31 Lx 
is then super-decomposable on M{A), and by Theorem 6.34 the spectral 
subspace M{A)xj,{Ll) is finite-dimensional for each closed set C C \ {0}. 
Prom the inclusion Ax{fl) C M{A)xj-{Ll) we then deduce that also Ax{Ll) 
is finite-dimensional for each closed set 17 C C \ {0}. Moreover, the super- 
decomposability of Lx on M{A) yields by Theorem 6.51 that T is decom- 
posable operator, from which, again by Theorem 6.34, we conclude that T 
is a Riesz operator on A. 

(i) ^ (iii) Suppose that T is a Riesz operator on A or, equivalently, that 
Lx is a Riesz operator on M{A). Then each A G cr(T) \ {0} is an isolated 
point of the spectrum and the ideal J := {XI — T){A) is finite-codimensional. 
By Theorem 4.38 and Corollary 4.39 

hA{J) = {me A{A) : f (m) = A} = f“^({A}) n A{A) 

is then a finite set. Let 17 be a closed set of C such that 0 ^ 17. Evidently 
17 n cr(T) is a finite set, and we can consider an open subset U of C such 
that 17 n cr{T) = U C\ <j{T). Since T{A{A)) C a{T), by part (ii) of Theorem 
7.79 it then follows that 

f-i(17) n A(A) = f-\u) n A(A), 

from which we conclude that T“^(17) n A(A) is a finite set of isolated points 
in A(A). This shows, in particular, that T G Mq{A). 

R remains to prove that Lx is a Riesz operator on Mq{A). This is a 
consequence of part (iii) of Theorem 3.113, since Lx ’■ Mq{A) Mq{A) is 
the restriction of the Riesz operator Lx acting on M{A). 

(iii) ^ (iv) Since Lx is decomposable on Mq{A), by part (iii) of Theorem 
6.64 the two operators Lx and T are then decomposable on Mqo{A) and A, 
respectively. Moreover, as T G Mq{A), from Theorem 6.60 we conclude that 
TeMooiA). 

(iv) (i) We have A C Moq{A) so part (iii) of Theorem 6.64 entails 

that T is decomposable operator on A. Since Lx is a Riesz operator on 
Mqq{A), from Theorem 6.34 we then obtain that the local spectral subspace 
Moo{I^)lt{^) is finite-dimensional for each closed set 17 C C \ {0}. Prom 
the inclusion Ax{H) Q M{A)xj,{H) we conclude that also Ax{H) is finite- 
dimensional for every closed set 17 C C \ {0}. Since T is a decomposable 
operator this last fact implies, again by Theorem 6.34, that T is a Riesz 
operator. ■ 

Another useful characterization of Riesz multipliers is given by the next 
theorem. 

Theorem 6.76. Let A be a semi-simple eommutative Banaeh algebra 
and let T G M{A). Then T is a Riesz operator on A preeisely when T G 
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Mqq{A), and for each closed subset fl contained inC \ {0} the set T ^(17) n 
A(A) is a finite set of isolated points in A(A). 

Proof Prom Theorem 6.75 we know that if T is a Riesz operator on A then 
T G Mqq{A). Moreover, from the proof of the implication (i) => (iii) we see 
that for each closed subset fl contained in C \ {0} the set n A(A) is 

finite. 

Conversely, suppose that for T G Mqq{A) the set n A(A) is 

finite for every closed subset fl contained in C \ {0}. To show that T is a 
Riesz operator it suffices, by Theorem 6.75, to show that the multiplication 
operator Lt on M{A) is a Riesz operator. Since a{T) C T{A{A)) U {0} for 
each T G Mqq{A), our assumption entails that cr(T) is countable. From the 
equality cr{T) = a{Lx) and from Theorem 6.31 we then obtain that Lx is 
super-decomposable on M{A). 

We show now that the space M{A)xj,{^) is finite-dimensional for every 
closed subset fl contained in C\ {0}. Note first that our assumption implies 
that n A(t 4) is both compact and open in the Gelfand topology of 

A (A). By Theorem 4.22 then we can find an element u G A such that 

u = 1 on n A(A) and ft = 0 on A(A) \ 

Prom Theorem 6.73 we know that if S' G M{A)x^{fl) then S{A) C Ax{^t) Q 
Zx{Ll), so that 

supp Sx C n A(A) for all x & A. 

Prom this we obtain that Sx = uSx, and since A is semi-simple it then 
follows that Sx = uSx = {Su)x for all x G A. Hence S is the multiplica- 
tion operator by Su. From the inclusion A C M{A) we then obtain that 
M{A)xj.{Ll) C Zx{Ll). Finally, since T~^{fl)r\A{A) is finite and the Gelfand 
transform is injective, Zx{Ll) is then finite-dimensional. Therefore the sub- 
space M[A)xj.{Ll) is finite-dimensional for every closed subset Ll contained 
in C \ {0}, and the decomposability of Lx then implies by Theorem 6.34 
that Lx is a Riesz operator on M (A) . ■ 

Let us consider the important case that T G Mq{A) for a semi-simple 
commutative Banach algebra having a discrete maximal regular ideal space. 
We see now that to the equivalent conditions of Theorem 6.60 we can add 
some other significant conditions. 

Theorem 6.77. Let A be a semi-simple Banach algebra for which A{A) 
is discrete. IfT^ Mo{A) then the following assertions are equivalent: 

(i) T is decomposable; 

(ii) T has natural local spectra; 

(iii) T has natural spectrum; 

(iv) a{T) is countable; 

(v) T is a Riesz operator; 
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(vi) Every 0 7 ^ A e cr(T) is a simple pole of R{X,T); 

(vii) T e Moo{A). 

Proof Observe first that the algebra A is regular, since A(A) is discrete, 
so the Gelfand topology and the /ifc-topology coincide on A (A). Therefore 
T is /ifc-continuous and from Theorem 6.69 it follows that the equivalence 
(i) (ii) holds. The equivalence (i) (vii) is clear from Corollary 6.61, 
while the implication (i) ^ (iii) follows from Theorem 6.49. 

To show the implication (iii) => (iv) assume that T has a natural spec- 
trum. Since T G Mq{A), by Theorem 7.79 we have 

a{T) = T(A(A)) = f(A(A) U {0}. 

For every n G N let '■= {m G A(A) : |T(m)| > 1/n}. Clearly is 
compact and countable, hence T(fln) is a countable subset of C. Since 

f(A(A))\{0}= ljf(fl„) 

nSN 

we then conclude that T(A(A)) is countable and hence also the spectrum 
cr(T) is countable. 

Finally, by Theorem 6.49 we have (iv) => (i) so the statements (i)-(iv) 
are equivalent. From Theorem 3.111 we have (v) => (vi) => (iv), whilst 
the implication (vii) => (v) easily follows from Theorem 6.76, since A(A) is 
discrete. ■ 



7. Decomposable convolution operators 

In this section we shall apply the general results established in the pre- 
ceeding sections to convolution operators on group algebras. Consider an 
arbitrary locally compact Abelian group G and let A4(G) denote the mea- 
sure algebra of all complex regular Borel measures. We know that the group 
algebra A := L^{G) is a commutative semi-simple Banach algebra with a 
bounded approximate identity and A{L^{G) = G, G the dual group of G. 
Moreover, the multiplier algebra M{A) may be identified by convolution 
with the semi-simple Banach algebra A4(G). By Theorem 4.32, for every 
p G A4(G) the convolution operator has the SVEP and hence 

a{n) = a{T^) = asu(T).), 

whilst from Theorem 5.88, L^{G) being regular and Tauberian we obtain 

a{p) = O-ap(r^) = ase{Tfj,). 

As was observed after Theorem 5.54, if G is compact, we also have 
o-r(r) = 0 and cTp(T^) = /x(G). 

The ideal Mq{A), if A = L^{G), becomes the ideal Aio{G) of all measures 
p G A4(G) whose Fourier-Stieltjes transforms fi : G ^ C vanish at infinity. 
Again, Mqo{A) is identified with the ideal Aioo{G) of all measures p G A4(G) 
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whose Fourier-Stieltjes transforms ^ : A(Ai{G) C vanish outside G. 
Finally, identifying, via the Radom-Nykodim theorem, L^{G) with the ideal 
A4a(G) of all measures on G which are absolutely continuous with respect 
to the Haar measure on G we have 

L\G) = Ma(G) C Moo(G) C Mo(G) C M(G). 

Compact and Riesz convolution operators are precisely described if the group 
G is compact. In fact, from Corollary 5.62 we have 

is compact /x e A4a(G), 

whilst from Theorem 6.77 

Tfj_ is Riesz ^ e A4oo(G). 

For an arbitrary measure jj, G A4(G) the Browder spectrum ah{Tf^) and the 
Weyl spectrum CTw(7)i) coincide, since has the SVEP. If G is compact and 
^ G Mo(G), to the description of these spectra given in Corollary 5.113 for 
an arbitrary measure, we may add, by virtue of Theorem 6.77, the following 
characterizations 

= ah(Tfj,) = Pi cr(/x + p) 
i^eDec M(G) 

= P{<7(m+ is countable}. 

Specializing the results of Theorem 7.79, Theorem 6.51, and Theorem 
6.68 to the special case : Ai{G) A4(G) we also obtain: 

Theorem 6.78. For every fi G A4(G) the convolution operator on 
Ai{G) is decomposable if and only iffi is hk-continuous on A{Ai{G)). In 
this case, if A = L^{G) the restriction Tfj_\A is also decomposable and 

^M{G){h) = <y{T^) = <T^\L\G)) = W)- 

Moreover, for every closed subset C C the local spectral subspaces ofT^\A 
are given by 

= IJ [(A(5o - m) * L^{G)] = {/ G L^{G) : supp x C 

where do denotes the Dirac measure concentrated at the identity and the 
Fourier transforms are taken with respect to the dual group G. 

Theorem 6.78 provides us an useful tool for giving classes of measures for 
which the corresponding convolution operators is decomposable on A4(G) 
or L^(G). Note that since L^(G) is regular then by Theorem 6.66 A4oo(G) 
is a closed regular algebra of A4{G), and hence, again by Theorem 6.66, the 
following inclusions always hold 

A^oo(G) CReg (M(G)) C Dec(M(G)). 

Suppose now that is a closed subgroup of G. Then Li{H) may be canon- 
ically identified with the space of all measures on G which are concentrated 
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on H and absolutely continuous with respect the Haar measure on H. Prom 
this it follows that Li{H) is a closed regular subalgebra of Ai{G), thus 

Li{H) C Reg (M(G)) C Dec(A^(G)) C Md{M{G)), 

where Md{M-{G)) denotes the set of all decomposable convolutions oper- 
ators. Observe that if i? is a non-trivial subgroup of G then all measures 
in Li{H) are singular with respect to the Haar measure on G. Hence 
Reg (A4(G)) and therefore Dec(A4(G)) may contain singular measures. 
Also the subalgebra A4dis(0) of all discrete measures on G is contained in 
Dec (A4(G)). Indeed, Addis (G) may be canonically identified with the regu- 
lar closed subalgebra Di(Gdisc) of A4(G), where Gdis is G provided with the 
discrete topology. Since Dec(A4(G)) is a subalgebra then 

Moo(G) + Li(ff) + Mdis(G) C Dec (M(G)). 

By Theorem 6.78 we then have: 

Corollary 6.79. For every fx e Moo{G) + Li{F[) + Mdis{G) , the opera- 
torT^ is deeomposable both onA4{G) andL^{G) witha{T^) = a{T^\L^{G)) = 

W)- 

Observe that Corollary 6.79 applies to all measures whose continuous 
part is absolutely continuous. Hence Corollary 6.79 extends classical results 
established by Beurling [67] in the case G = M and of Hartman [155] for 
the circle group G = T. Although Corollary 6.79 identifies some classes of 
measures p G A4(G) for which the corresponding convolution operator is 
decomposable, a full characterization of all these measures is still missing. 
Now we turn to the subalgebra A4o(G). The following result is an immediate 
consequence of Corollary 6.60, Corollary 6.61 and Theorem 6.72. 

Theorem 6.80. Let G be a locally compact Abelian group. For every 
p G Aio(G) the following statements are eguivalent: 

(i) : M(G) M(G) is decomposable; 

(ii) : Ai{G) M-(G) is super- decomposable; 

(hi) : L^{G) L^{G) is decomposable; 

(iv) : L^{G) L^{G) is super-decomposable; 

(v) fi is hk-continuous on A(A4(G)); 

(vi) p. G Adoo(G); 

(vii) : L^{G) L^{G) has local natural spectra; 

(viii) Tfj, : L^{G) L^{G) has the property (h); 

(ix) : L^(G) L^{G) has the property (G). ■ 

If G is compact, by virtue of Theorem 6.77 the list of equivalent condi- 
tions of Theorem 6.80 may be extended as follows: 
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Theorem 6.81. Let G be a eompaet Abelian group. For every p, G 
A4o{G) the eonditions (i)-(ix) are equivalent to eaeh one of the following 
statement: 

(i) p has natural speetrum, i.e., cr{p) = p{G); 

(ii) (j{p) is eountable; 

(hi) is a Riesz operator; 

(iv) Every 0 7 ^ A G o"(T^) is a simple pole of R{\,T^). ■ 

We know that if the group G is discrete then the algebra L^{G) has 
an identity. In this case the measure algebra A4(G) may be identified with 
L^{G), so that all convolution operators are decomposable by Corollary 
6 . 63 . By Theorem 6.49 then has natural spectrum whenever G is dis- 
crete. 

From Theorem 6.81 we see that for every measure p G A4o(G) with 
natural spectrum the corresponding convolution operator is decompos- 
able. For non-compact groups this is no longer true in general. In fact, a 
non-discrete locally compact Abelian group G is not compact if and only 
if there exists a measure p G A4o{G) having a natural spectrum without 
natural local spectra, see Theorem 4 . 11.9 of [214]. Other examples of non- 
decomposable convolution operators T^, with p G A4o(G), are provided by 
non-zero measures p G A4o(G), G a locally compact Abelian group, such 
that /r" is singular with respect to the Haar measure for all n G N, see 
Theorem 4 . 11.12 of Laursen and Neumann [214]. 

7.1. Comments. The concept of spectral maximal space has been ex- 
plicitly introduced for the first time by Foia§ in [120]. The work of Foia§ has 
some ideas and results in common with those of the article [70] of Bishop. 
The spectral maximal space was introduced in order to obtain spectral de- 
compositions for a bounded operator in a Banach space, with respect to 
subsets of the spectrum. This led to a class of operators which have suffi- 
ciently many spectral maximal spaces: the decomposable operators. Hence 
the original definition of decomposable operator, given by Foia§ in [120], 
involved the concept of spectral maximal space, and this is, for instance, the 
approach to this theory in the books by Colojoara and Foia§ [83] and by 
Erdelyi and Lange [105]. That the notion of decomposable operators can 
be given, in easier way, in terms of closed invariant subspaces was clarified 
in 1979 by Albrecht [38]. This is also the approach to this theory of the 
modern text of Laursen and Neumann [214], see also the monograph by 
Vasilescu [309]. Other equivalent conditions for the decomposability may 
be found in Jafarian and Vasilescu [173], Radjabalipour [269], Lange [195], 
Lange and Wang [196]. The decomposability of an operator may be also 
characterized by means of the concept of spectral capacity, see for instance 
Theorem 1 . 2.23 of Laursen and Neumann [214]. 

All the second section of our book is modeled after Albrecht [38]. The 
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property {(3), which was introduced by Bishop [ 70 ], plays a remarkable role 
in local spectral theory. The fact that the decomposability of an operator 
T G L{X), X a Banach space, is the conjuction of the weaker conditions 
(/3) and (6) has been observed in Albrecht et al. [ 41 ]. That the properties 
{/3) and (6) are the dual of each other has been proved by Albrecht, and 
Eschmeier [ 42 ]. The remarkable characterization of property (/3) is that 
T G L{X) has the property (/3) if and only if the restriction of T to every 
closed invariant subspace is decomposable, as well as the dual result that the 
property (5) characterizes the quotients of decomposable operators by closed 
invariant subspaces, is owed to Albrecht and Eschmeier [ 42 ]. It should be 
noted that recently Eschmeier [ 111 ] has proved that if T G L{X) satisfies 
the SVEP then T has the property (/3) on the Fredholm resolvent pf(T). 
Here T is said to have the property (/3) on an open set U if the mapping 
defined as in (159) is injective with closed range for each open subset V. 
The proof of this result uses tools from the theory of analytic sheaves. 

The class of super-decomposable operators was introduced by Laursen 
and Neumann in [ 209 ], from which almost all the material of the third sec- 
tion is taken. Further elements of the theory of super-decomposable opera- 
tors may be found in Albrecht et al. [ 41 ], Erdely and Wang [ 106 ], Radulescu 
and Vasilescu [ 270 ]. That an operator T G L{X) is super-decomposable if 
and only if T is decomposable and L{X) is normal with respect to T was 
proved by Apostol [ 47 ]. Theorem 6.33 is owed to Eschmeier [ 109 ]. 

The local spectral characterization of Riesz operators established in The- 
orem 6.34 is taken from Aiena and Laursen [ 28 ] while the remaining part 
of the section on decomposable right shift operators is modeled after T. L. 
Miller, V. G. Miller, and Neumann [ 238 ]. 

Theorem 6.47 is owed to Neumann [ 243 ]. The problem of decomposabil- 
ity for a multiplier has been first considered by Colojoara and Foia§ in [ 83 ]. 
For a general locally compact Abelian group they considered the multiplica- 
tion operator given by a fixed element of a regular semi-simple commutative 
Banach algebra of which the group algebra L^{G) is an example. They 
showed that any such multiplication operator is decomposable. Colojoara 
and Foia§ also posed the problem of describing all the measures p G A4(G) 
for which the corresponding convolution operator is decomposable. 

In 1982 Albrecht [ 36 ] and Eschemeier [ 109 ] independently showed that 
if G is non-discrete there always exists a non decomposable convolution op- 
erator. Moreover, they showed that the convolution operator corresponding 
to any measure on G whose continuous part is absolutely continuous with 
respect to the Haar measure on G is decomposable on L^(G). Some other 
results in this direction have been proved by Laursen and Neumann [ 210 ], 
but untill now a measure-theoretic characterization of decomposable convo- 
lution operators on group algebras is still missing. 

The part concerning the Iifc-topology on A (A) contains standard mate- 
rial from Banach algebra theory, except for Theorem 6.47 which is taken 
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from Neumann [243]. The part concerning the property (S) in the frame- 
work of multiplier theory is modeled after Laursen and Neumann [211], 
but some ideas, in particular those concerning the result of Theorem 6 . 49 , 
traced back to Albrecht [40] and Eschmeier [109]. The investigation of 
Zafran [330] of the spectra of the multipliers of convolution operators on 
LP{G) dates back to 1973 . He considered the problem of characterizing those 
measures /r G A4(G), G a locally compact Abelian group, which induce con- 
volution operators on L^{G) having a natural spectrum. He also found 
an example of a measure fj, G Ai(G) which has a non-natural spectrum. 

All the material of the section concerning the relationships between the 
decomposability of a multiplier T G M (A) , the h/c-continuity of its Gelfand 
transform on A(A) and A(M(A)), and the property of having a natural 
spectrum, is entirely based on the paper of Laursen and Neumann[206]. 

That every multiplication operator on a regular semi-simple commuta- 
tive Banach algebra is decomposable was first noted by Colojoara and Foia§ 
in [83]. Later it was observed by Frunza [118] that the decomposability 
of all multiplication operators characterizes the regularity of a semi-simple 
commutative Banach algebra. To Neumann [243] is owed the improvement 
of these results, given here in Corollary 6 . 62 , which showed that the de- 
composability of a multiplication operator La '■ A ^ A, a (E A, on an 
arbitrary semi-simple commutative Banach algebra A is equivalent to the 
/ifc-continuity of the Gelfand transform a : A(A) — > C. In this paper there 
are also proved the related results contained in Corollary 6 . 63 , Theorem 
6 . 64 . The existence of a greatest regular subalgebra was discovered by Al- 
brecht [38] in the semi-simple case. The proof here given in Theorem 6.65 
is that given in Neumann [243]. 

The concept of local natural spectra was introduced by Eschmeier, Laursen, 
and Neumann [112]. In this paper one can find all the material developed 
in the section of multipliers with natural local spectra, except for Theorem 
6.68, which was proved in Laursen and Neumann [210]. The result on the 
section of Riesz multipliers are modeled after Aiena [5] , Aiena and Laursen 
[28], Laursen and Neumann [209] and Eschmeier, Laursen, and Neumann 
[112]. The characterization of Riesz multipliers given in Theorem 6.76 was 
established by Neumann [246]. 

The last section concerning the decomposability of a convolution op- 
erator is taken from Laursen and Neumann [210] and extends results of 
Albrecht [40], Laursen and Neumann [209]. The characterization of Riesz 
convolution operators given in Theorem 6.81 was first obtained in Aiena [5]. 
All these results are strongly influenced by the work of Zafran [330] which 
introduced the concept of natural spectrum for convolution operators. 




CHAPTER 7 



Perturbation classes of operators 



In this chapter we concentrate our attention on some perturbation classes 
of operators which occur in Fredholm theory. In this theory we find two fun- 
damentally different classes of operators: semi-groups, such as the class of 
Fredholm operators, the classes of upper and lower semi- Fredholm operators, 
and ideals of operators, such as the classes of finite-dimensional, compact 
operators. 

A perturbation class associated with one of these semi-groups is a class 
of operators T for which the sum of T with an operator of the semi-group is 
still an element of the semi-group. A paradigm of a perturbation class is, for 
instance, the class of all compact operators: on adding a compact operator 
to a Fredholm operator we obtain a Fredholm operator. For this reason 
the perturbation classes of operators are often called classes of admissible 
perturbations. In the first section of this chapter we shall see that the class 
of inessential operators is the class of all admissible perturbations, since it 
is the biggest perturbation class of the semi-group of all Fredholm opera- 
tors, as well as the semi-groups of left Atkinson or right Atkinson operators. 
These results will be established in the general framework of operators act- 
ing between two different Banach spaces. Moreover, we shall see that the 
class of inessential operators I{X, Y) presents also an elegant duality theory. 
In fact every operator T G I{X,Y) may be characterized either in terms of 
nullity a or, alternatively, in terms of the deficiency (3. 

In the second section we shall introduce two classes of operators 17+ (A) 
and I7_(A) which are in a sense the dual of each other, and we shall see 
that the ideal I{X) is the uniquely determined maximal ideal of 17+ (A) 
operators, or, dually, of I7_(A) operators. Moreover, every Riesz operator 
belongs to each of the classes 17+ (A) and I7_(A), and the Riesz operators 
are precisely f7+(A) operators, dually I7_(A) operators, for which the spec- 
trum is finite or a sequence with 0 as unique cluster point. 

The third section addresses the study of two important classes of op- 
erators, the class SS{X,Y) of all strictly singular operators and the class 
CS{X, Y) of all strictly cosingular operators. Both these classes of oper- 
ators are contained in I{X,Y). If the sets d>+(A, A) and d>_(A, A) are 
non-empty these two classes are contained, respectively, in the perturba- 
tion class Pd>+(A, A) of upper semi- Fredholm and in the perturbation class 
P<I>_(A, A) of lower semi- Fredholm operators. For many classical Banach 
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spaces these inclusions are actually equalities, but we shall also give a re- 
cent example of Gonzalez [131] which shows that these inclusions are, in 
general, proper. This counterexample, which solves an old open problem in 
operator theory, is constructed by considering the Fredholm theory of a very 
special class of Banach spaces: the class of indecomposable Banach spaces. 
An indecomposable Banach space is a Banach space which cannot be split 
into the direct sum of two infinite-dimensional closed subspaces. The exis- 
tence of infinite-dimensional indecomposable Banach spaces has been a long 
standing open problem and was raised by Banach in the early 1930s. This 
problem has been positively solved by Gowers and Maurey, who constructed 
in [137] an example of reflexive hereditarily indecomposable Banach space. 
We also give several examples of Banach spaces X and Y for which the 
equalities SS{X,Y) = F$+(X,T) and SC{X,Y) = P$_(A,y) hold. 

The fourth section is devoted to the improjective operators Imp(A, y) 
between Banach spaces. This class of operators contains I{X,Y) for all 
Banach spaces, and it has been for several years an open problem whether 
the two classes coincide. We shall give the recent counter example given by 
Aiena and Gonzalez [21], which shows that if Z is an indecomposable Banach 
space Z which is neither hereditarily indecomposable nor quotient heredi- 
tarily indecomposable, then I{Z) is properly contained in Imp(Z). Again 
Gowers and Maurey [137] provide an example of a such Banach space. We 
also see that for the most classical Banach spaces the improjective operators 
coincide with the inessential operators, giving in such a way for these space 
an intrinsic characterization of inessential operators. In the last section we 
shall briefly discuss two notions of incomparability of Banach spaces which 
originate from the class of all inessential and improjective operators. In 
particular, from the theory of indecomposable Banach spaces we shall see 
disprove that these two notions of incomparability do not coincide. 

1. Inessential operators between Banach spaces 

In Chapter 5 we have defined the inessential ideal I{X) (or Riesz ideal) 
of operators on a complex Banach space X, as 

I{X) ■- 7r“i(rad {L{X)/F{X)). 

where tt : L(X) L{X) / F(X) denotes the canonical quotient mapping. 

By the Atkinson characterization of Fredholm operators, T G L{X) is a 
Fredholm operator if and only if T is invertible modulo the ideal F{X) of all 
finite-dimensional operators, or, equivalently, modulo the ideal K(X) of all 
compact operators, see Section 5 of Chapter 5. From the characterization 
(133) of the radical of an algebra we then obtain 

(173) I(X) = {T e L{X) : I - ST e <i>{X) for all S e L{X)} 

^ {Te L{X) :I-TSe $(A) for all S e L{X)}. 

Taking in (173) S = XI, with A yf 0, we obtain that XI — T G d’(A) for 
all A yf 0, so every inessential operator is a Riesz operator. 
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Note that by the results of Section 5 of Chapter 5 the set of Fredholm 
operators '^{X) coincides with the class of all operators T G L[X) invertible 
modulo every ideal of operators J{X) such that F{X) C J{X) C I{X). 

Recall that if X and Y are Banach spaces the class of upper semi- 
Fredholm operators is defined by 

$+(X, Y) := {T e L{X, Y) : a{T) ■- dim her T < oo, T{X) closed}, 
whilst the class of lower semi- Fredholm operators is defined as 

$-(X,y) := {TeL{X,Y) : /3{T) := codim T{X) < oo}. 

Observe that in the case X = Y the class d*(^) is non-empty since the iden- 
tity trivially is a Fredholm operator. This is a substantial difference from 
the case in which X and Y are different. In fact, if T G ^{X,Y) for some 
infinite-dimensional Banach spaces X and Y then there exist two subspaces 
M and N such that X = her T®M and Y = T{X) © N, with M and T{X) 
closed infinite-dimensional subspaces of X and Y , respectively. The restric- 
tion of T to M clearly has a bounded inverse, so the existence of a Fredholm 
operator from X into a different Banach space Y implies the existence of 
isomorphisms between some closed infinite-dimensional subspaces of X and 
Y . For this reason, for certain Banach spaces X, Y no bounded Fredholm 
operator from X to T exists, i.e., $(X, Y) = 0. In this chapter we shall give 
several examples of pairs of Banach spaces X, Y for which d>(X, Y) = 0. 

Throughout this chapter, given a closed subspace M of X we shall denote 
by Jm the canonical embedding of M into X, whilst the canonical quotient 
map of X onto X/M will be denoted by Qm- The identity operator on a 
Banach space X will be denoted by Ix- 

The study of the following two classes of operators was initiated by 
Atkinson [51]. 

Definition 7.1. If X and Y are Banach spaces then T G T(X, Y) is said 
to be left Atkinson if there exists S G L{Y,X) such that Ix — ST G K{X). 
The operator T G L{X, Y) is said to be right Atkinson if there exists S G 
L(Y,X) such that ly — TS G K{X). The class of left Atkinson operators 
and right Atkinson operators will be denoted by <I'i(X, X) and ^r{X,Y), 
respectively. 

Note that in the definitions above the ideal of compact operators may 
be replaced by the ideal of finite-dimensional operators. The concept of 
relatively regular operators introduced in Chapter 5 may be easily extended 
to operators acting between different Banach spaces. Given T G L{X, Y), T 
is said to be relatively regularif there exists S G L{Y, X) such that TST = T. 

Theorem 7.2. If T G L{X,Y) the following assertions hold: 

(i) T is relatively regular if and only if ker T is complemented in X and 
T{X) is complemented in Y; 

(ii) If for some U G L(Y,X) the operator TUT — T is relatively regular 
then T is relatively regular. 
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Proof (i) In the proof of Theorem 3.88 it is shown that if T = TST then 
TS is a projection of Y onto T{X), whilst Ix — ST projects X onto kerT. 
Conversely, suppose that X = kerT © M and Y = T{X) © N. Let Tq be 
the restriction of T to M. Clearly Tq is a bijective map of M onto T{X). 
Since T(X) is a Banach space it follows that Tq~^ is continuous, by the open 
mapping theorem. Let Q be the (bounded) projection of Y onto T[X). It 
is easily seen that S := Tq~^Q satisfies TST = T. 

(ii) Suppose that R satisfies the equality 

{TUT - T)R{TUT -T)= TUT - T. 

Then, rearranging this equality, we obtain 

T = TUT -T{UT - I)R{TU - I)T 

= T{U - UTRTU + RTU + UTR - R)T, 

so T is relatively regular. ■ 

Theorem 7.3. Let X, Y, and Z be Banaeh spaees and T e L(X,Y). 
Then the following assertions hold: 

(i) T e d>i(X, y) if and only ifT e $+(X, T) and kerT is complemented 
in X; 

(ii) T e <I>r(X, y) if and only if T e <I'_(X, y) and T{X) is comple- 
mented in Y; 

(hi) IfT € <I'i(X, y) and S € ^\{Y,Z) then ST e ^\{X,Z). Analogously, 
ifTe $r(X,b") and S e $r(b",^) then ST e MX,Z). The sets $i(X) and 
d>r(X) are semi-groups in L{X); 

(iv) Suppose that T e L{X,Y), S e L{Y,Z) and ST e ^\{X,Z). Then 
S e d>i(y, y). Analogously, suppose that T e L{X,Y), S e L{Y,Z) and 
ST e ^r{X, Z). Then T e $r(b", Z); 

(v) $(x,y) = $i(x,y)n$r(x,y). 

Proof The proof of the assertions (i), (ii), (hi), (iv) is an useful exercise, 
see Problems IV. 13 of Lay and Taylor [217], or Caradus, Pfaffenberger, and 
Yood [76, Theorem 4.3.2 and Theorem 4.3.3]. The equality (v) is clear, since 
all finite-dimensional subspaces and all closed finite-codimensional subspaces 
are complemented. ■ 

The characterization (173) of inessential operators acting on a single 
Banach space X suggests how to extend the concept of inessential operators 
to operators acting between different spaces. 

Definition 7.4. A bounded operator T e L{X,Y), where X and Y are 
Banach spaces, is said to be an inessential operator if Ix ~ ST e d’(X) for 
all S e L(Y,X), where Ix is the identity operator on X. The class of all 
inessential operators is denoted by I{X,Y). 
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Theorem 7.5. I{X,Y) is a closed subspace of L{X,Y) which contains 
K{X,Y). Moreover, if T e I(X,Y), Ri e L{Y,Z), and R2 e L{W,X), 
where X, Y and W are Banach spaces, then R1TR2 G I{W, Z). 

Proof To show that I{X, Y) is a subspace of L{X, Y) let 7i, T2 G I{X, Y). 
Then, given S G L{Y,X), we have Ix — ST\ G $(X) and hence by the 
Atkinson characterization of Fredholm operators Ix — STi is invertible in 
L{X) modulo K{X). Therefore there exist operators Ui G L{X) and Ki G 
K(X) such that U\{Ix — ST\) = Ix — K\. Prom the definition of inessential 
operators we also have Ix ~ U1ST2 G $(A), so there are U2 G L[X) and 
K2 G K{X) such that U2{Ix ~ U1ST2) = Ix ~ K2. Then 

U2Ui[Ix - S{Ti + T2)] = U2{Ix -Ki- U1ST2) = Ix-K2- U2K1. 

Since K2 + U2K1 G K{X) this shows that Ix — S{T\ + T2) G d*(A") for all 
S G LiY, X). Thus Ti + r2 G I{X, Y) and hence I{X, Y) is a linear subspace 
of L{X,Y). 

The property of I{X, Y) being closed is a simple consequence of Y) 
being an open subset of L{X,Y). Moreover, K(X,Y) C I(X,Y), since if 
T G K{X, Y) then ST G K{X) for every S G L{Y, X), and hence Ix ~ ST G 
$(A). 

To show the last assertion suppose that T G L{X,Y), Ri G L{Y,Z) 
and i?2 G L{W,X). We need to prove that Iw ~ SR1TR2 G <f>(VF) for all 
S G L{Z,W). Given S G L{Z,W), as above, there exist U G L(X) and 
K G K{X) with U{Ix - R2SR1T) = Ix-K. Define 

Uo ■■= Iw + SR1TUR2 and Kq := SR1TKR2. 

Then Kq G K{W) and 

Uo{Iw - SR1TR2) = Iw- SR1TR2 + SRiTU{Ix - R2 SRiT)R 2 
= Iw- SR1TR2 + SRiT{Ix - K)R2 
= Iw-SRiTKR2 = Iw-Ko. 

Therefore Iw — SR1TR2 G d>(bF) for all S G L{Z,W). This shows that 
RiTR 2 eI{W,Z). 

For every operator T G L[X, Y) define by ( 3 {T) the codimension of the 
closure of T{X). Clearly f 3 {T) < /3(T), and if / 3 {T) is finite then fI{T) = ( 3 {T) 
since T{X) is closed by Corollary 1.15. 



Lemma 7.6. IfTG L{X,Y) and S G L(Y,X) then the following equal- 
ities hold: 

(i) a{Ix - ST) = a{lY - TS); 

(ii) P{Ix - ST) = (3{Iy - TS); 

(hi) ^{Ix-ST)=P{Iy-TS). 
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Proof Obviously T(ker(/x — 5T)) C ker(/y — TS”) and the induced operator 
T : ker(/x — ST) ker(/y — TS) is invertible, with inverse induced by S. 
This proves (i). There is also the inclusion 

T{Ix-ST){X) C {Iy-TS){Y) 

and the induced operator 

t : X/{Ix - ST){X) ^ Y/{Iy - TS){Y) 

is invertible with inverse induced by S. This proves (ii), and the same 
argument, replacing ranges by their closure, proves (iii). The last assertion 
is obvious. ■ 

Corollary 7.7. T e I{X,Y) if and only if Iy ~ TS e $(y) for all 
SeL{Y,X). 

Corollary 7.8. IfT* e I{Y*,X*) then T e I{X,Y). 

Proof Suppose that T ^ I{X,Y). Then by definition there exists an 
operator S e L{Y, X) such that Ix ~ ST ^ <b(X, Y). By duality this implies 
that Ix* - T*S* i $(X*) and hence T* (f I(Y*,X*), by Corollary 7.7. ■ 

The next result will be needed later. 

Corollary 7.9. L{X,Y) = I{X,Y) if and only if L{Y,X) = I{Y,X). , 

In the sequel we describe the inessential operators in some concrete case. 
The description of inessential operators in these cases requires quite a bit 
of knowledge of the structure of some concrete Banach spaces. However, we 
shall appropriately refer these results. 

Example 7.10. If X is reflexive and Y has the Dunford-Pettis prop- 
erty then I(X,Y) = L{X,Y). Recall that an operator T G L(X,Y) is said 
to be completely continuous if T transforms relatively weakly compact sets 
into relatively compact sets, whilst T is said weakly compact if transforms 
bounded sets into relatively weakly compact sets. Note that if X or P is 
reflexive then every T G L(X,Y) is weakly compact, see Goldberg [129, 
III. 3.3]. 

A Banach space X has the Dunford-Pettis property if any weakly com- 
pact operator T from X into another Banach spaces Y is completely con- 
tinuous. Examples of Banach space having the Dunford-Pettis property are 
the C{K) spaces, spaces, the space of all bounded analytic functions on 
the unit disc and some Sobolev spaces, see for instance Diestel [88] 

and Bourgain [74]. 

To see that I{X,Y) = L(X,Y) observe first that every T G L(X,Y) is 
weakly compact since X is reflexive, and every operator in L{Y,X is com- 
pletely continuous. Given T G L{X,Y) then ST is compact for every 
S G L{Y, X), hence / - 5T G $(X). 
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Example 7.11. I{X,Y) = L{X,Y) if X has the reciprocal Dunford- 
Pettis property and Y has the Schur property. Recall that X is said to 
have the reciprocal Dunford-Pettis property if every completely continuous 
operator from X into any Banach spaces is weakly compact, whilst Y has 
the Schur property if the identity ly is completely continuous. Examples 
of Banach spaces with this property are any C{K) space, see Grothendieck 
[142], as well as Banach spaces containing copies of see Emmanuele 
[107]. The proof of the equality I{X, Y) = L{X, Y) is analogous to that of 
the previous example. 

Example 7.12. I{X,Y) = L{X,Y) if X contains no copies of and 

Y = £°° , or a C{K), with K cr-Stonian. In fact, given a non- weakly 

compact operator U e L{C{K),X), K a a-Stonian set (note that is a 
C{K) of this class), there exists a subspace M of C{K) isomorphic to so 
the restriction U\M is an isomorphism, see Rosenthal [281], and the same 
happens for non-compact operators defined in , see Bourgain [73]. In our 
case each T G L{Y, X) is then weakly compact. Moreover, since C{K) spaces 
and have the Dunford-Pettis property T is completely continuous. 

Thus for any S G L{X, Y) the product ST is completely continuous and 
weakly compact. From this we obtain that {ST)‘^ is compact and hence a 
Riesz operator. Prom part (ii) of Theorem 3.113 we then infer that ST is a 
Riesz operator so that ly — ST G d’(E). Hence T is inessential. 

Example 7.13. I{X,Y) = L{X,Y) if X contains no copies of cq and 

Y = C{K). This may be proved as in the previous example, since any C{K) 
space has the Dunford-Pettis property, and every non-compact operator 
defined in Y is an isomorphism in some subspace isomorphic to cq, see 
Diestel and Uhl [89]. 

Example 7.14. I{X,Y) = L(X,Y) if X contains no complemented 
copies of Co and Y = C{K), or X contains no complemented copies of 
and Y = Note first that any copy of cq in Y is complemented. 

To show the first case, take S G L{X,Y) and T G L(Y,X). If ST is not 
weakly compact, then it is an isomorphism in a subspace M isomorphic to 
Co and T{M) is a complemented subspace isomorphic to co in X. 

Assume now that X contains no complemented copies of £^. Then X* 
contains no copies of see Lindenstrauss and Tzafriri [221, 2.e.8], so 
for every T G L{X,Y) we have T* : T°°(/x) ^ X* is weakly compact, 
see Rosenthal [281]. Then for every S G L(Y,X) it follows, arguing as in 
the Example 7.12, that (S*T*)^ is compact, from which we conclude that 
ly* — S*T* is a Fredholm operator. Therefore also ly — TS G d’(U), and 
consequently T is inessential. 

Example 7.15. I{X,Y) = L{X,Y) whenever X or Y are £^, with 
1 < p < oo, or Co, and X, Y are different. In fact, for 1 < p < q < oo every 
operator from or cq, into £^ is compact, see Lindenstrauss and Tzafriri 
[221, 2.C.3]. The case p = oo is covered by Example 7.12. 
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In the sequel we shall need the following important perturbative char- 
acterization of semi- Fredholm operators. 

Theorem 7.16. Let T e L{X,Y) be a bounded operator on a Banach 
space X, Y. Then the following assertions hold: 

(i) T e d>+(X, y) if and only if a(T — K) < oo for all compact operators 
KeK{X,Y); 

(ii) T e d>_(X, y) if and only if /3{T — K) < oo for all compact operators 
K e K{X, Y). 

Proof (i) Since d>+(X, y) is stable under compact perturbations, we have 
only to show that if a(T — K) < oo for all compact operators K G K(X, Y) 
then Te $+(X, Y). 

Suppose that T ^ y). Then T does not have a bounded inverse, 

so there exists x\ ^ X with ||a;i|| = 1, such that ||Ta;i|| < By the Hahn 

Banach theorem we can find an element fi G X* such that ||/i|| = 1 and 
fi{xi) — 1. Let us consider a bi-orthogonal system {xk} and {fk} such that 

||xfc|| = 1, ||Ta;fc|| < and ||/a;|| < 2^“^ for all fc = 1, 2, . . . n — 1. 

Since the restriction of T to the closed subspace N := HfcLi ker fk does not 
admit a bounded inverse, there is an element G iV such that ||x„|| = 1 
and llTxfcll < 2^“^". Let g G X* be such that g{xn) = 1 and || 5 || = 1. Define 
fn G X* by the assignment: 

n— 1 

fn ■■= 9 -'^g{Xk)fk- 
k=l 

Then fn{xk) = 5nk for k = 1,2, ... ,n and ||/„j| < 2"“^. By means of an 
inductive argument we can construct two sequences (xk) C X and (fk) C X* 
such that 

lixfcll = 1, ||/fc||<2'=“\ fk{xj) = 6kj, and ||Ta;fc|| < 2^“^^. 

Define G L{X, Y) by 

n 

Kn{x) := fk{x)Txk for all n G N. 

Clearly is a finite-dimensional operator for every n, and for n > m the 
following estimate holds: 

n 

k=m+l 

so ||iL„ — Kjn\\ — > 0 as m, n — > oo. If we define 

OO 

Kx ■- Yfk{x)Txk 

k=l 
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then Kn ^ K in the operator norm, so K is compact. Moreover, Kx = Tx 
for any x = Xk and this is also true for any linear combination of the elements 
Xfc. Since these elements are linearly independent we then conclude that 
a{T — K) = oo. Hence the equivalence (i) is proved. 

(ii) Also here one direction of the equivalence is immediate: suppose that 
T e $_(A,y) and a: e K{X,Y). By duality we then have T e <i>+{Y*,X*) 
and K* € K{Y*,X*). Prom this we obtain that T* - K* e <i>+{Y*,X*), 
and therefore, again by duality, T — K ^ Y). 

Suppose that T ^ d>-(A, Y). Then either T{X) is closed and (3{T) = oo 
or T{X) is not closed. In the first case taking K = Owe obtain fi{T—K) = oo 
and we are finished. So assume that T(X) is not closed. 

Let (a„) be a sequence of integers defined inductively by 

/ n-l \ 

oi := 2, a„ := 2 [ 1 + j , for n = 2, 3, . . . 

V k=i J 

We prove now that there exists a sequence (yk) in Y and a sequence (fk) 
in Y* such that, for all A: G N, we have 

(174) ||yfc||<afc, ||/fc|| = 1, \\T*{fk)\\<^^, and fj{yk) = ^jk- 

We proceed by induction. Since T{X) is not closed, also T*{X*) is not 
closed, by Theorem 1.15. Hence there exists fi G Y* such that ||/i|| = 1 

and ||T*/i|| < -, and there exists yi G H such that ||yi|| < 2 and fi{yi) = 1. 

Suppose that there exist yi,y 2 , ■ ■ ■ , yn-i in y and fi, f 2 , - ■ ■ fn-i in Y* 
such that (174) hold for every j = 2, . . . ,n — 1. Let /„ G Y* be such 

fn{yk) = 0 for A: = l,...,n- 1, ||/„|| = 1, \\T*fn\\< 7 o^- 

z dfi 

There exists also y &Y such that fn{y) = 1 and ||j/|| < 2. Define 

n—1 

Vn ■■= y ~^fk{y)yk- 

fc=i 

Then 

( n-l \ / n-l 

1 + X1 ) < 2 I 1 + 

k=l / \ k=l 

by the induction hypothesis. Furthermore, from the choice of the elements 
yn and /„ we see that fn{yn) = 1 while fn{yk) = 0 for all A: = 1, 2, ... , n. 
Finally, fk{yn) = fk{y) ~ fk{y) = 0 for all k = 1,2, ... ,n, so yn has the 
desired properties. 

By induction then there exist the two sequences sequence {yk) in Y and 
a sequence {fk) in Y* which satisfy (174). We now define 

n 

KnX :='^{T*fk){x)yk forn G N. 
k=i 
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For n > m we obtain 

" / " 1 \ II II 

\\KnX - Kmx\\ < ||r*/fc||||a;||||yfc|| < I XI ^ 

m+1 Vm+1 / 

and this implies that the finite-dimensional operator iF„ converges to the 
compact operator K e K{X,Y) defined by 

OO 

Kx := E(r‘ fk){x)yk- 

k=l 

For each x G X and each k we have fk{Kx) = T* fk{x) = fk{Tx), so each 
of the fk annihilates (T — K){X). Since the fk are linearly independent we 
then conclude that /3(T — K) = oo. ■ 

Next we show that the class of inessential operators I{X,Y) presents a 
perfect symmetry with respect to the defects a and (3. We prove first that 
the inessentiall operators may be characterized only by the nullity a{T). 

Theorem 7.17. For a bounded operator T e L[X,Y , where X and Y 
are Banaeh spaees, the following assertions are equivalent: 

(i) T is inessential; 

(iii) a{Ix — ST) < oo for all S € L{Y,X); 

(iii) a{lY — TS) < oo for all S e L{Y,X). 

Proof The implication (i) => (ii) is obvious by Corollary 7.7, whilst the 
equivalence of (ii) and (iii) follows from Lemma 7.6. We prove the implica- 
tion (ii) => (i). 

Assume that the assertion (ii) holds. We claim that Ix — ST G <f>+(A) 
for all S G L(Y, X). Suppose that this is not true. Then there is an operator 
Si G L{Y,X) such that Ix — S\T ^ <f'+(A). By part (i) of Theorem 7.16 
there is then a compact operator K G L[X) such that a{Ix — S\T—K) = oo. 
Let M ■= her [Ix — S\T — K) and denote by Jm the embedding map from 
M into X. From [Ix — S\T)\M = K\M it follows that 

(175) KJm = [Ix-SiT)Jm- 

But Ix — K d*(A), so by the Atkinson characterization of Fredholm 
operators the exists U G L[X) and a finite-dimensional operator P G L[X) 
such that 

(176) U[Ix -K) = Ix-P 
Multiplying the left side of (175) by U we obtain 

UKJm = U[Ix - SiT)Jm = UJm ~ USiTJm, 

which yields 



USiTJm = UJm ~ UKJm = U[Ix ~ K)Jm- 
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Prom the equality (176) we obtain US\TJm = {Ix ~ P)Jm and hence 

{Ix - USiT)Jm = PJm. 

Note that PJm is a finite-dimensional operator, so a{PJM) = oo. Clearly, 

a{Ix - USiT) < a{Ix ~ USiT)Jm = a{PJM) = oo, 

and this contradicts our hypothesis. Therefore our claim is proved. 

In particular, XI — ST e d>+(X) for all non-zero A e C, so ST is a 
Riesz operator by Theorem 3.111, and this implies that Ix — ST G d*(^). 
Therefore T is inessential. ■ 

We show now that dually I{X,Y) may be characterized only by means 
of the deficiencies (3{T) and /3{T). 

Theorem 7.18. For a bounded operator T G L{X,Y, where X and Y 
are Banaeh spaees, the following assertions are equivalent: 

(i) T is inessential; 

(ii) P{Ix — ST) < 00 for all S G L{Y,X); 

(hi) P{Iy — TS) <00 for all S G L(Y,X). 

Proof (i) ^ (ii) Since p{Ix ~ ST) < (3{Ix - ST), if T G I{X,Y) then 
(3{Ix — ST) < 00 . The implication (ii) => (hi) is clear from Lemma 7.6. 

To prove the implication (hi) => (i) suppose that (3{Iy ~ TS) < oo for 
all S G L{Y,X). We show that Iy - TS e $-(T) for all S G L{Y,X). 
Suppose that this is not true. Then there exists an operator Si G L{Y, X) 
such that (Iy — TS\) <b_(T). By part (ii) of Theorem 7.16 there is then 
a compact operator K G L{Y) such that (3{Iy ~ TS\ — K) — oo. Let 
N := {Iy — TSi — K)(Y) and denote by Qw the canonical quotient map 
from Y onto Y/N. Then 

(177) QnK = Qn{Iy -TSi), 

and since Iy — K ei d*(T) by the Atkinson characterization of Fredholm 
operators there exists some U G L{Y) and a finite-dimensional operator 
P G L{Y) such that 

(178) {Iy - K)U = Iy - P. 

Multiplying the right hand side of (177) by U we obtain 

QnKU = Qn{Iy - TSi)U = QnU - QnTSiU, 

which implies 

QnTSiU = QnU - QnKU = Qn{Iy ~ K)U. 

From the equality (178) we have QnTS\U = Qn{Iy ~ P), and consequently 

Qn{Iy - TSiU) = QnP 

The operator QnP is finite-dimensional operator, so its range is closed, and 
therefore 



Qn{Iy - TSiU){Y) = Qn{Iy ~ TSiU){Y). 
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Now, 

codim {Iy -TSiU){Y) > codim Qn{Iy~ TSiU){Y) 

= codim Qn{Iy ~ TSiU){Y) 

= codim (QNP){y) = oo, 

and hence /3(/y — TSiU) = oo, contradicting our hyphotesis. Therefore 
Iy-TS e $-(V) for all 5* e L{Y,X). In particular, XI - TS e $_(T) for 
all non-zero A G C, so TS is a Riesz operator by Theorem 3.111, and this 
implies that Iy — ST G d*(T). Therefore T is inessential by Corollary 7.7. ■ 

Corollary 7.19. For T G L{X,Y), where X and Y are Banaeh spaees, 
the following statements are equivalent: 

(i) T is inessential; 

(ii) (3{Ix — ST) < 00 for all S G L{Y, X); 

(iii) P{Iy — TS)<oo for all S G L(Y,X). 

Proof (i) (ii) If T G I{X, Y) then j3{Ix - ST) < oo for all S' G L{Y, X). 
Conversely, if /3(/x ~ ST) < oo for all S G L(Y,X), from /3{Ix — ST) < 
(3{Ix — ST) and Theorem 7.18 we deduce that T G I{X, Y). 

The equivalence (i) (iii) is obvious by Lemma 7.7. ■ 

We now see that the inessential operators may be characterized as per- 
turbation classes. In the sequel, given two Banach spaces X and Y, by 
S(X, Y) we shall denote any of the semi-groups <b(W, Y), $+(W, Y), d>_(X, Y), 
$i(X,y) or MX,Y). 

Definition 7.20. If Y,(X,Y) 7 ^ 0 the perturbation class PY,(X,Y) is 
the set defined by 

PY{X, Y) := {T G L{X, Y):T + S(X, Y) C S(X, Y)}. 

Note that PY,{X) := PY,[X,X) is always defined since I G S(^) := 
Y{X,X). 

Theorem 7.21. Given two Banaeh spaees X, Y for whieh Y{X,Y) ^ 
0 , the following assertions hold: 

(i) PY{X,Y) is a elosed linear subspaee of L{X,Y); 

(ii) If T e PTj(X,Y), then both TS and UT belong to PY{X,Y) for 
every S G L{X) and U G L{Y); 

(iii) PY{X) is a elosed two-sided ideal of L{X). 

Proof We show the assertions (i), (ii) and (iii) in the case S(X, T) = 
<1>(X, y). The proof in the other cases is similar. 

(i) Clearly P^{X,Y) is a linear subspace of L{X,Y). To show that 
P^{X,Y) is closed assume that T„ G P^{X,Y) converges to T G L{X,Y). 
Given S G ^{X,Y) there exists e > 0 so that S -\- K ^ d>(X, y) for all 
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\\K\\ < e, see part (d) of Remark 1.54. Now, writing T+5' = T„+(T— T„)+S' 
we see that T + S e $(X, Y). Therefore T e Y). 

(ii) Let T e P^{X, Y) and U e L{Y). Assume first that U is invertible. 
For every S G d>(X, T) it then follows that 

S+UT = U{U~^S + T) e Y). 

Consequently UT G P^{X,Y). The general case that U is not invertible 
may be reduced to the previous case, since every operator U is the sum of 
two invertible operators U = XIx + {U — XIx), with 0 yf A G p{U). A similar 
argument shows that TS G P^{X,Y) for every S G L{X). 

(iii) Clear. ■ 

We now characterize the inessential operators as the perturbation class 
of Fredholm operators in the case of operators acting on a single Banach 
space. 

Theorem 7.22. For every Banach space X we have 
I{X) = P^{X) = P$i(A) = F’$r(X). 

Proof We only prove that I{X) C P^[X). Let T G I{X) and S be 
any operator in d>(A). We show that T + S G d’(A). Since S G d’(W) 
there are by Theorem 1.53 some operators U G L(X) and K G K(X) such 
that SU = I + K. Since T G I{X) it then follows that I + UT G d’(W) 
and hence also S{I + UT) G 4>(A), so the residual class S{I+UT) := 
S{I+UT) + K{X) is invertible in the quotient algebra L(A)/A'(A), by the 
Atkinson characterization of Fredholm operators. 

On the other hand, since KT G K{X) then 

S{f+UT) = S + SUf = S+ (/ +~A)T = S + f ^ = ^Tt, 

and hence S' + T is invertible. Therefore S + T G d*(X), and hence since S 
is arbitrary, T G 4>(X). 

To show the opposite implication suppose that T G P<b(A), namely 
T + $(X) C $(A). We show first that I - ST e $(X) for all S G d>(A). 

If S G d*(A) there exists U G L(X) and K G K{X) such that SU = 
I — K. Since U G d*(A), see part (c) of Remark 1.54, from the assumption 
we infer that U — T G d*(A), and hence also 

S{U -T) = SU - ST = I - K - ST e $(A). 

Now, adding K to I — K — ST we conclude that I — ST G 4>(A), as claimed. 
To conclude the proof let W G T(X) be arbitrary. Write W = XI+(W—XI), 
with 0 yf A G p(T) then 

I-WT = I-{XI+{W- XI))T ^ -XT + (/ - {XI - W)T) 

and, since XI — W G d*(A), by the first part of the proof we obtain that 
I-{XI-W)T G $(X), so I-WT G -AT+$(A) C $(A), which completes 
the proof. ■ 




380 



7. PERTURBATION CLASSES OF OPERATORS 



We now extend the result of Theorem 7.22 to inessential operators acting 
between different Banach spaces. 

Theorem 7.23. Let S(X, T) denote one of the semi-groups d>(X, T), 
and^r{X,Y). IfY{X,Y)^0 then PY{X,Y) = I{X,Y). 

Proof Also here we prove only the equality P^{X,Y) = I{X,Y). The 
other cases are analogous. 

Let S' e $(X,y) and T e I{X,Y). Take U e L{Y,X) and K{X,Y) 
such that US = I — K. Note that U e $(y, X) by part (c) of Remark 1.54. 
Then US e 4>(A), and since UT e I{X) from Theorem 7.22 we obtain 
U{T S) = UT + US e d’(X). Prom this it follows, again by part (c) of 
Remark 1.54, that T + S e d>(X, T). 

For the inverse inclusion assume that T € L{X,Y) and T ^ I(X,Y). 
Then there exists S e L(Y,X) such that Ix — ST ^ 4>(A). Taking any 
operator V e $(X,F) we have V(Ix - ST) = V - VST ^ $(X,y), see 
part (c) of Remark 1.54, so VST ^ PY{X,Y). This implies by part (ii) of 
Theorem 7.21 that T ^ PY,{X,Y), which concludes the proof. ■ 

Also in the characterization of I{X,Y) established in Theorem 7.22 we 
may only consider one of the two defects a or (3. 

Theorem 7.24. If 4'(A, y) ^ 0, for every T e L{X,Y) the following 
assertions are equivalent: 

(i) T is inessential; 

(ii) a{T + S) < 00 for all S e $(A, Y); 

(hi) /3{T + S) < 00 for all S e 4’(A, Y); 

(iv) /3{T + S) < 00 for all S e 4’(A, Y) . 

Proof (i) (ii) Let T e I{X,Y) and suppose that S e L{X,Y) is any 
Fredholm operator. By Theorem 7.22 it follows that T + S e <b(A', Y) and 
therefore a{T + S) < oo. Conversely, suppose that a{T + S') < oo for each 
S e 4>(A, y). Since K(X,Y) C I(X,Y) then, always by Theorem 7.22, 

^(S- AT) e $(X,y) for all A e AT(A, y) andA/O. 

A 

Therefore 

( C \ 

T+ ^ j ^ a(AT + S- A) < 00 for all A e A(A, y). 

By Theorem 7.16 it follows that AT — S e 4>+(A, y) for all A e C. In 
particular, this is true for any |A| < 1. Now, if (3{T + S) were infinite we 
would have ind (T+ S) = — oo, and using the stability of the index, see part 
(d) of Remark 1.54, we would have ind (AT + S) = — oo for each | A| < 1 and 
hence /3(S) = oo, contradicting the assumption that S e ^[X,Y). 

Therefore /3(T + S) < oo, and consequently T + S e 4)(A, y). By 
Theorem 7.22 we then conclude that T e I{X,Y). 

(i) (hi) We use an argument dual to that used in the proof of the 
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equivalence (i) (ii). Let T e I{X,Y) and S e ^{X,Y). By Theorem 7.22 

it follows that (3{T + S) = /3{T + S) < oo. 

Conversely, suppose that /3(T +5') < oo for each S e Y). As above, 
from the inclusion K(X,Y) C I(X,Y) we obtain for all A yf 0 that 

p(t 

From Theorem 7.16 it follows that AT — S' € $_(X, T) for all A e C. In 
particular, this is true for any |A| < 1. Now, if a{T + S) were infinite, 
we would have ind (T + S) = oo, and from the stability of the index we 
would have ind (AT + S) = oo for each |A| < 1, and hence a{S) = oo, 
contradicting the assumption that S € d>(X, T). Therefore a{T + S) < oo, 
and consequently T + S € d*(Ar, Y). By Theorem 7.22 we then deduce that 
TeI{X,Y). 

Clearly (i) => (iv) follows from Theorem 7.23, whilst the implication (iv) 
^ (hi) is obvious; so the proof is complete. ■ 

We now establish a result which will be needed later. 



+ 



S-K 



= P{XT + S-K) <oo for all K e K{X,Y). 



Theorem 7.25. Given two Banach spaces X and Y, the following as- 
sertions are equivalent: 

(i) L{X,Y) = I{X,Y); 

(ii) Given an operator T € L[X x Y), defined by 



T := 



A B \ 
C D ) ' 



where A e L(X), D € L{Y), B € L{Y,X), and C € L{X,Y), then T e 
<b(X X Y) if and only if A,D are Fredholm. 



Proof (i) => (ii) Suppose that L{X,Y) = I{X,Y). Then by Corollary 7.9, 
L{X,Y) = I{X,Y), so both C and B are inessential. Obviously this implies 
that 

o) = (o o) + (" 

Let A and D be Fredholm. If 



K := 



A 0 A 
0 T> y ’ 



then obviously K e d>(X x Y), and hence by Theorem 7.23 T = S -\- K e 
$(X X Y). 

Conversely, if T € d>(A x T) is Fredholm and S' € /(X x T) is defined 
as above, then K := T — S G d>(X x Y), from which we obtain that A and 
D are Fredholm. 

(ii) => (i) Suppose that K € L(X,Y) is not inessential. Then also 
^ € L[X, Y) is not inessential, so from Theorem 
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7.23 there exists an operator ^ ^ J e $(X x Y) such that 

{ctK 

so the assertion (i) fails. ■ 



Remark 7.26. It is clear, from the proof of Theorem 7.25, that if L[X, Y) = 



/(X, Y) and T := 



A B 
C D 



€ ^(X X Y) then ind T = ind A + ind D. 



2. 17+ and I7_ operators 



Let us consider the following two classes of operators on a Banach space 
X introduced by Aiena in [4] : 



I7+(X) := jre L(X) : 
and 

I7_(X) := (tg L(X) : 



T\M is an (into) isomorphism for no 
infinite-dimensional, invariant subspace M of T 



QmT is surjective for no 

infinite-codimensional, invariant subspace M of T 



Observe that if M is a closed T-invariant subspace of a Banach space X and 
X := X + M is any element in the quotient space X/M, then the induced 
canonical map : X/M ^ X/M, defined by 



T^x := Tx for every x e X, 



has the same range of the composition map QmT. 



Theorem 7.27. If T is a bounded operator on a Banaeh spaee X then 
the following implieations hold: 

(i) IfT* € I7_(X*) then T e 0+(X); 

(ii) IfT* e 0+(X*) then T e I7_(X). 

Proof (i) Suppose that T ^ I7+(X). We show that T* ^ I7_(X*). By 
hypothesis there exists an infinite-dimensional closed T-invariant subspace 
M of X such that T\M is injective and(T|M)“^ is continuous. 

Let M-*- be the annihilator of M. Clearly, M-*- is closed and from the 
inclusion T(M) C M it follows that T*{M-^) C M-*-. Moreover, the continu- 
ity of (T|M)“^ implies that the operator (T\M)* : X* M* is surjective, 
see Lemma 1.30. Now, if / G X* then the restriction f\M G M* and there 
exists by surjectivity an element g G X* such that {T\M)*g = f\M, or, 
equivalently, g{T\M) = f\M. Hence, / — gT G M*, so 

f-gT + T*ge M* + T*{X*), 

from which we conclude that X* = M-*- -|- T* (X* ) . This last equality obvi- 
oulsy implies that Qm*T* is surjective. 

To show that T* ^ f7_(X*) it suffices to prove that codim M* = oo. 
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Let (xn) be a sequence linearly independent elements of M. Denote by 
J : X ^ X** the canonical isomorphim. It is easily seen that 

OO 

M* C Pi ker(Jx„), 

n—1 

so the elements Jxi, Jx 2 , ■ ■ ■ being linearly independent, Af-*- is infinite- 
codimensional. 

(ii) Assume that T ^ D_(A). We show that T* ^ D_|_(A*). By as- 
sumption there exists an infinite-codimensional closed T-invariant subspace 
MCA such that QmT is surjective. Therefore X = M + T(X) and 
T*{M-^) C M-*-. We show that T*|M-*- : M-*- ^ X* is injective and has a 
bounded inverse. 

Let us consider the canonical quotient map : XjM X/M . Prom 
assumption is surjective and hence its dual {T^y ■. (A/M)* ^ (A/M)* 
is injective and has continuous inverse. Define J : (A/M)* ^ M-*- by 

■■= fix) for all /€ (A/M)*, x e X. 

Clearly J is an isomorphism of (A/M)* onto M-*-. If x G A and (j) & 
then 

(T*</)(x) = (t^iTx) = J-\4>){fx) = J-\(y{T^x) 

= {T^riJ-\cj>))x = {{j{T^r{j-^){mx), 

from which we obtain T*|M-*- = J{T^)* J~^ . Prom this it follows that 
T*|M-*- is injective and has bounded inverse. To show that T* ^ D+(A*) we 
need to prove that M-*- has infinite dimension. Prom codim M = dim A/M 
we obtain that 

dim M“*“ = dim J((A/M)*) = dim(A/M)* = oo, 
so the proof is complete. ■ 

Theorem 7.28. The class of all Riesz operator R{X) is contained in 
D+(A)nD_(A) . 

Proof We show first that R{X) C D+(A). Suppose that T ^ D+(A). 
Then there exists a closed infinite-dimensional T-invariant subspace M of 
A such that the T|M admits a bounded inverse. Trivially, a{T\M) = 0 and 
T(M) is closed, so T|M e d>+(M). 

Let us suppose that T € R{X). By Theorem 3.113, part (hi), the restric- 
tion T|M is still a Riesz operator so, by part (g) of Remark 1.54 0 cannot 
belong to the Predholm resolvent pf{T\M). Hence /3{T\M) = oo. Prom this 
it follows that ind T|M = — oo and the stability of the index implies that 
XI M — T|M has index — oo in some annulus 0 < |A| < e. This is impossible 
since T|M is a Riesz operator. Therefore R{X) C D+(A). 

We show now that R(X) C D_(A). We use an argument dual to that 
given in the first part of the proof. 
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Suppose that there is a Riesz operator T which does not belong to 
fl-{X). Then there exists a closed infinite-codimensional T-invariant sub- 
space M of X such that the composition map QmT : X X/M is 
surjective. Therefore the induced map on XjM is onto and hence 

Now, by Theorem 3.115, is a Riesz operator, and since X/M is 
infinite-dimensional the Fredholm resolvent P{{Tm) cannot coincide with 
the whole complex field. Consequently a{T^) = oo, so indT^ = oo and 
the stability of the index yields that XI^ — has index oo in some an- 
nulus 0 < |A| < e. This contradicts the fact that is a Riesz operator. 
Therefore R{X) C fl_(X). ■ 

Example 7.29. The inclusion R{X) C 11+ (X) and R{X) C fl_[X) are 
generally proper. In fact, a well known result of Read [277] establishes that 
there exists a bounded operator T on which does not admit a non-trivial 
closed T-invariant subspace. The spectrum cr(T) of this operator is the 
whole closed unit disc and hence T ^ R{i^), whereas, obviously, T e H+(£^). 
Moreover, since this operator T is not surjective we also have T G 

Another interesting example which shows that the inclusion R{X) C 
11+ (X) is strict, is provided by a convolution operator on L^(G), where 
G := T is the circle group. To see this assume that p, G A4(G) satisfies the 
following two properties: 

(a) /i” is singular for each n G N. 

(b) lim„^oo pin) = 0, where p is the Fourier-Stieltjes transform of p. 

Note that a such measure does exist. In fact, there exists a closed 

independent set T C T which is the support of a positive measure p such 
that lim„^oo P-{n) = 0, see Kahane and Salem [179, p. 106] and the n-fold 
sum E + E + ■ ■ ■ + E has measure 0, [179, p. 103]. Therefore /i” is singular 
for each n G N. 

If we suppose that ^ is a probability measure we have for each / G L^{G) 

IIm” + /II = IIm 1 + ll/ll >IIm"II = i, 

so the class p := p + L^{G) is not quasi- nilpotent in the quotient algebra 
A4{G)/L^{G). Now, from Theorem 5.98 we know that for any measure 
u G M(G) the operator XI — is a Fredholm operator on L^(G) if and 
only if A G p(u) . Therefore T^, is a Riesz operator precisely when u is quasi- 
nilpotent in A4(G)/L^(G). Hence our operator is not a Riesz operator. 

We show now that T^ G H+(T^(G)). Suppose that there is a closed 
invariant infinite-dimensional subspace M of L^{G) such that the restriction 
T^\M is invertible. Then there exists a sequence {uk) Q G Z and a 
sequence (fk) in M such that ^ 0, as fc ^ oo, and fk{nk) ^ 0. 

Let U be the inverse of T^|M. For each p G N we have 

{UPfk){nk) = p{nk)~^fk{nk), 
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hence 

mnk)\~^\fk{nk)\ < ||C^ini/fc||- 
It follows that for fixed k and for each p 

[ \?{nk)\ ■ \\U\\ ]~P < WfkW ■ \fk{nk)\~^, 

from which we obtain \p{nk)\ • \\U\\ > 1, and hence ||f7|| > {\p{nk)\)~^ ■ Since 
this is true for each k and by assumption p.{nk) = converges to 0, we obtain 
a contradiction. Thus dim M < oo. 

We now characterize the Riesz operators among the classes 17+ (X) and 
I7_(X). 

Theorem 7.30. For every operator T G L[X) on a Banach space X , 
the following statements are equivalent: 

{i)TeR{X); 

(ii) T G I7+(X) and cr{T) is a finite set or a sequence which converges 
to 0; 

(hi) T G I7_(X) and cr{T) is a finite set or a sequence which converges 
to 0. 

Proof (i) (ii) The spectrum of a Riesz operator is finite or a sequence 
which clusters at 0 so the implication (i) ^ (ii) is clear from Theorem 7.28. 

Conversely, suppose that there exists an operator T G L[X) such that 
the condition (ii) is satisfied. Let A be any spectral point different from 0 
and denote by P\ the spectral projection associated with the spectral set 
{A}. By Theorem 3.111 to prove that T G R{X) it suffices to show that P\ 
is a finite-dimensional operator. If we let M\ := P\{X), from the functional 
calculus we know that M\ is a closed T-invariant subspace. Furthermore, 
we have cr(T|M;,) = {A}, so that 0 ^ a{T\M\) and hence T|Ma is invertible. 
Since T G 17+(X) this implies that M\ = P\{X) is finite-dimensional, as 
desired. 

(i) (hi) The implication (i) => (hi) is clear, again by Theorem 7.28. 
Conversely, suppose that there exists an operator T G L{X) such that the 
condition (iii) is satisfied. Let A be any spectral point different from 0 
and, as above, let P\ be the spectral projection associated with the spec- 
tral set {A}. Again, by Theorem 3.111, to prove that T G R{X) it suffices 
to show that P\ is a finite-dimensional operator. If we let M\ := P\{X) 
and N\ := (/ — P\){X), then M\ and N\ are both T-invariant closed sub- 
spaces. Furthermore, from the functional calculus we have X = M\ © N\, 
a{T\Mx) = {A} and a{T\Nx) = a{T) \ {A}. We claim that Qn^T ■ X 
X/N\ is surjective. 

To see this observe first that for every x G X/N\ there is z G X such 
that Q]k/^z = X. From the decomposition X = M\ © N\ we know that there 
exist u G M\ and v G N\ such that z = u + v, and consequently, 

X = Qn\Z = Qn\U. 
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Since 0 ^ {A} = a{T\M\), the operator T\M\ : M\ M\ is bijective, so 
there exists w G M\ such that u = {T\M\)w — Tw. Prom this it follows 
that 

X = QnxU = {QnxT)w, 

i.e, Qnx'^ is surjective. Since, by assumption, T G f7_(X) it follows that 
codim N\ < oo, and hence dim M\ < oo. This show that P\ is a finite- 
dimensional operator, so the proof is complete. ■ 

The class of Riesz operators may be also characterized as the set of 
operators for which the sum with a compact operator is an operator, 

as well as an fl-(X) operator. 

Theorem 7.31. If T G L{^) is an operator on a Banach space X, the 
following statements are equivalent: 

(i) T is Riesz; 

(ii) For every compact operator K e K{X) we have T + K ^ 

(hi) For every compact operator K G K{X) we have T + K G 

Proof (i) (ii) If T G R{X) then T -|- iP G R{X) by (iv) of Theorem 
3.112, and hence T + K G 11+ (X) by Theorem 7.28. 

Conversely, if T is not a Riesz operator there exists by Theorem 3.111 
some A yl 0 such that XI — T ^ <1>+(X). Thus from part (i) of Theorem 7.16 
we may find a compact operator K G L{X) such that a{XI — T+K) = oo. If 
M := ker(AI — T + K) then M is infinite-dimensional and (T -|- K)x = —Xx 
for each x G M. Therefore T + K ^ H+(X). 

(i) (hi) If T G R{X) then T + K e R{X) by (iv) of Theorem 3.112, 
and hence T + K ^ fl-(X) by Theorem 7.28. 

Conversely, if T is not a Riesz operator there exists by Theorem 3.111 
some A yl 0 such that XI — T ^ <1>_(X). From part (ii) of Theorem 7.16 there 
exists a compact operator K G L{X) such that f3{XI — T — K) = oo. Let 
M := (XI — T — K){X). Then M is infinite-codimensional. Denote by x 
any residual class of X/M and define (T + K)^ : X/M — > X/M as follows: 

(T + K)^x := (T + K)x where x/x. 

We show that (T + K)^ is surjective. If x G X we have (XI — T — K)x G M, 

and consequently (XI — T — K)x = 0. Therefore x = (T -|- X)'“(A“^x) 
for all X G X. Since the operator (T -|- K)^ has the same range as the 
composition operator Qm(T -\~ K), so, M being infinite-codimensional we 
conclude that T + K ^ 11_(X). ■ 

The class of all inessential operators I(X) is contained in each one of 
the two classes D+(X) and D_(X), since I(X) C R(X). We see now that 
the structure of ideal of I(X) characterizes this class in D+(X) and D_(X). 

Theorem 7.32. For every Banach space X I(X) is the uniquely deter- 
mined maximal ideal offl+(X) operators. Each ideal o/D+(X) operators is 
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contained in I{X). Analogously, I{X) is the uniquely determined maximal 
ideal of fl-{X) operators. Each ideal of fl-{X) operators is contained in 
I{X). 

Proof Let G be any ideal of operators. Furthermore, let T be 

a fixed element of G and S any bounded operator on X. Then ST G G, 
ker(/ — ST) is a closed subspace invariant under ST, and the restriction 
of ST to ker(/ — ST) coincides with the restriction of / to ker(/ — ST). 
Therefore ST\ ker(/ — ST) has a bounded inverse. Prom the definition of 
operators ker(/ — ST) is finite-dimensional, and hence by Theorem 
7.17 T G I{X). Hence any ideal of operators is contained in I{X). 

On the other hand, I{X) is itself an ideal of 0+(X) operators, so I{X) is 
the uniquely determined maximal ideal of 0+(X) operators. 

To show that I{X) is the uniquely determined maximal ideal of 0_(X) 
operators, let us consider any ideal G of 0_(X) operators. If T G G and S 
is any bounded operator on X then TS G G. Let M := (/ — TS){X). Then 

[{TS{I - TS)]{X) = [(/ - TS)TS]{X) C (/ - TS){X). 

Prom this it follows that M is invariant under TS. Let us consider the in- 
duced quotient map (TS)^ : X/M X/M. The map (TS)^ is surjective; 

in fact, if a; G X then from (I — TS)x G M we obtain that x = {TS)x. Prom 
the definition of fl-(X) operators it follows that 

P{I — TS) = codim I — TS){X) < oo, 

and thus by Theorem 7.18 T G I{X). Since I{X) is itself an ideal of 
operators we conclude that I{X) is the uniquely determined maximal ideal 
of ri-{X) operators. ■ 

The following useful result characterizes the inessential operators acting 
between different Banach space by means of the two classes and 

Theorem 7.33. // T G L{X,Y), where X and Y are Banach spaces, 
then the following assertions are equivalent: 

(i) T is inessential; 

(ii) ST G n+{X) for all S G L{Y,X); 

(i) TS G 11- (P) for all S G L{Y,X). 

Proof (i) (ii) Let T G I{X,Y) and S G L{Y,X). Then for each A yf 0 
XI X - ST e $(X), and hence ST G R{X) C H+(X). 

Conversely, let us suppose that T ^ I{X,Y). Then by Theorem 7.17 
there exists an operator S G L(Y,X) such that a{Ix — ST) = oo. Let 
M := ker(/x — ST). Clearly ST\M = Ix\AI, and since M is infinite- 
dimensional we conclude that ST ^ 11_|_(X), and the proof of the equivalence 
(i) (ii) is complete. 

(i) (hi) Let T G I{X,Y) and S G L{Y,X). Then by Corollary 7.7 for 
each A yf 0 we have Xly — TS G d*(P), and hence TS G R{X) C H_(P). 
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Conversely, let us suppose that T ^ I{X,Y). Then by Theorem 7.18 
there exists an operator S e L{Y,X) such that /3(/y — TS) = oo. Let 
M := (/ — TS){Y). The induced quotient operator (TS)^ : Y/M — > Y/M 
is surjective. In fact, for each y G Y we have {ly — TS)y G M and hence 
(TS)^y = {TS)y. Since M is infinite-codimensional and (TS)^ has the 
same range of QmTS it then follows that TS ^ ri-{Y). ■ 



3. Strictly singular and strictly cosingular operators 

In this section we shall introduce two other important classes of operators 
in perturbation theory. 

Definition 7.34. Given two Banach spaces X and Y, an operator T G 
L{X,Y) is said to be strictly singular if no restriction TJm of T to an 
infinite- dimensional closed subspace M of X is an isomorphism. 

The operator T G L{X,Y) is said to be strictly cosingular if there is no 
infinite-codimensional closed subspace N of Y such that QmT is surjective. 

We denote by SS{X, Y) and SC{X, Y) the classes of all strictly singular 
operators and strictly cosingular operators, respectively. 

For the detailed study of the basic properties of the two classes SS{X, Y) 
and SC{X,Y) we refer the reader to Pietsch [262], Section 1.9 and Section 
1.10 (these operators are also called Kato operators and Pelczyhski opera- 
tors, respectively). We are interested in studyng the relationships between 
strictly singular and strictly cosingular operators and semi-Fredholm oper- 
ators. 

We remark, however, that SS{X,Y) and SC{X,Y) are closed linear 
subspaces of L{X,Y). Furthermore, if T G L{X,Y), S G SS{X,Y) (respec- 
tively, S G SC{X,Y) and U G L{Y,Z)) then U ST G SS{X,Y) (respec- 
tively, UST G SC{X,Y)). Therefore SS{X) := SS{X,X) and SC{X) := 
SC{X,X) are closed ideals of L{X). That SS{X) and SC{X) are closed 
ideals in L{X) may be shown by means of the measure of non-strict singu- 
larity defined by 

/rs(T):=sup inf \\QnT\\, 

]\f NCM 

where the sup is taken over all infinite-dimensional closed subspaces N, M 
of X, see for instance Schechter [288], and, analogously, by means of the 
measure of non-strict co singularity, defined by 

Hc{T) :=sup inf |lT]iV|l, 

NDM 

see Gonzalez and Martinon [136]. Obviously 

SS{X) C n+{X) and SC{X) C 0_(X), 

and hence by Theorem 7.32 SS{X) C I{X) and SC{X) C I{X). 

In the next theorems we shall give a more precise localization of the two 
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classes SS{X,Y) and SC{X,Y) with respect to the other subspaces. We 
first need a preliminary result on compact operators. 

Theorem 7.35. If X and Y are Banach spaces and K e L{X, Y) is a 
compact operator having closed range then K is finite-dimensional. 

Proof Suppose first that K is compact and bounded below, namely K has 
closed range and is injective. Let (y„) be a bounded sequence of T{X) and 
let (xn) be a sequence of X for which Kxn = Vn for all n e N. Since K 
is bounded below there exists a <5 > 0 such that ||j/„j| = ||i^a;„|| > <5||a;„|| 
for all n G N, so (xn) is bounded. The compactness of K then implies that 
there exists a subsequence (x„j.) of (x„) such that Kxn^, = yuk converges 
as k ^ 00 . Hence every bounded sequence of T{X) contains a convergent 
subsequence and by a basic result of functional analysis this implies that 
T{X) is finite-dimensional. 

Assume now the more general case that T G K(X,Y) has closed range. 
If To : X ^ T(X) is defined by Tqx := Tx for all x G X, then Tq is a compact 
operator from X onto T{X). Therefore the dual Tq* : T{X)* X* is a 
compact operator by the classical Schauder theorem, see [159, Proposition 
42.2]. Moreover, Tq is onto, so Tq* is bounded below by Lemma 1.30. The 
first part of the proof then gives that Tq* is finite-dimensional, and hence 
T(X)* is finite-dimensional because it is isomorphic to the range of Tq*. 
From this it follows that also T{X) is finite-dimensional. ■ 

Theorem 7.36. If X and Y are Banach spaces then 
K{x,Y) c s'5'(A,y)n5'C(x,y). 

Proof Suppose that T ^ SS(X,Y) and T G K{X,Y). Then there exists 
a closed infinite-dimensional subspace M of X such that TJm admits a 
bounded inverse. Since TJm is compact and has closed range T{M), it 
follows that T{M) is finite-dimensional by Theorem 7.35, and hence also M 
is finite-dimensional, a contradiction. This shows the inclusion K(X,Y) C 
SS{X,Y). 

Analogously, suppose that T ^ and T G K(X,Y). Then there exists 
a closed infinite-codimensional subspace X of X such that QnT is onto 
Y/N. But T G K[X,Y) so QnT is compact, and since its range is closed 
then, again by Theorem 7.35, Y/N is finite-dimensional. Thus N is finite- 
codimensional, a contradiction. Hence K{X,Y) C SS{X,Y). ■ 

We give in the sequel some examples of strictly singular and strictly 
cosingular operators. For some other example we refer to Goldberg [129]. 

Example 7.37. Let p, o' G N be such that 1 < p,q < oo and p q. 
Then SS{£p,£i) = SC{£p,£i) = L{£p,£^). In fact, let T G T(F,£«) be 
such that T ^ SS{£p,£'^). Then there exists a closed infinite-dimensional 
subspace M of £p such that TjM has a bounded inverse. Therefore M is 
isomorphic to a subspace of £p, hence by a theorem owed to Banach [55, 
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Theorem 1, p.l94] l'^ is isomorphic to a closed subspace of M and hence 
to a subspace of P‘, contradicting [55, Theorem 7, p.205]. This shows the 
equality SS{(.'p,P) = L{P‘,P). The equality SC{(p,P) = will 

follow from Theorem 7.51. 

Example 7.38. If X is a Banach space which does not contain an 
infinite-dimensional reflexive subspace and T is a reflexive Banach space, 
then SS(X,Y) = L{X,Y) and SS{Y,X) = L{Y,X). In fact, if T e 
L{X,Y) \ SS{X,Y) then X contains a closed infinite-dimensional subspace 
M which is isomorphic to a closed subspace of Y. Thus M is reflexive, and 
this is impossible. A similar reasoning shows that SS{Y,X) = L{Y,X). 
Note that this result proves that 

= L{l\f) and SS{e‘^,e^) = 

and these sets coincide with and respectively, by The- 

orem 7.49. 

Example 7.39. A strictly singular operator can have a non-separable 
range, see Goldberg and Thorp [128, p. 335], in contrast to the well known 
result that every compact operator has separable range. Hence the inclusion 
K(X,Y) C SS{X,Y) in general is proper. Another example of a non- 
compact strictly singular operator is provided by identity map J injecting 
P into P. In fact, J is strictly singular, as noted in Example 7.38. Also the 
embedding from into cq is an example of a non-compact strictly singular 
operator, see Lacey Withley [194]. An example of non-compact strictly 
singular integral operators from L^[0, 1] into L^[0, 1], 1 < p < oo, are given 
in Goldberg [129, Example III. 3. 10 and Example III. 3. 12]. 

Example 7.40. The canonical embedding i : cq ^ is strictly cosin- 
gular and non-compact. This easily follows once it is observed that every 
separable quotient of £°° is reflexive and any reflexive quotient is finite- 
dimensional, see Lindenstrauss and Tzafriri [221]. Note that since cq* is 
complemented in that i* is not strictly singular. 

Example 7.41. If X and Y are Hilbert spaces then 

K{X,Y) = SS{X,Y) = SC{X,Y) = I{X,Y). 

The equality SS{X, Y) = SC{X, Y) = I{X, Y) is a consequence of the next 
Theorem 7.51, whilst for the equality K{X,Y) = S{X,Y), see Kato [182]. 
A classical result of Calkin [75] demonstrates that for X := the set K{X) 
is the unique closed ideal of L(X). An extension of this result was given by 
Gohberg, Markus and Fel’dman [127], who obtained the same conclusion 
for X = £^, with 1 < p < cx) and X := cq, see also Herman [158] or the 
monograph [76, Section 5.4]. 

Example 7.42. Let T : L^[0, 1] ^ L^[0, 1] denote the natural inclusion. 
We show that T is strictly cosingular and but not strictly singular. Suppose 
that X is a closed subspace of L^[0, 1] such that QnT is surjective. Then 
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Qn is a surjection onto a reflexive space and hence is weakly compact. 

Now, since L^[0, 1] has the Dunford-Pettis property it follows that Qn 
is completely continuous and hence QnT is compact. From this it follows 
that the quotient L^[0, l]/iV is finite-dimensional, from which we conclude 
that T is strictly cosingular. To see that T is not strictly singular it is 
enough to observe that the restriction of T to the subspace generated by the 
Rademacher functions is an isomorphism, see Beauzamy [64, Proposition 
VI. 1.1]. 

Example 7.43. Given two Banach spaces X and Y let Z ■.= X ®Y 
be canonically normed by ||(a;,y)|| := max {||a;||,j|j/||}. If T e L[X,Y) let 
L ■. Z ^ Z he defined by L{x,y) := {0,Tx). Then L is the composition 
mapping UTW, where W is the natural map from Z to X and U is the 
natural map from Y to Z. Therefore L is strictly singular (respectively, 
strictly cosingular, compact) if and only if T is strictly singular (respectively, 
strictly cosingular, compact). Note that this result can be used to obtain 
from the previous examples endomorphisms which show that the inclusion 
K{Z) C SS{Z)) and K{Z) C SC{Z)) are, in general, proper. 

Theorem 7.44. If X and Y are Banach spaces then 
SS{X, Y) U SC{X, Y) C /(X, Y ) . 

Proof If T e SS{X,Y), for any S e L(Y,X) we have ST e SS{X,Y) C 
17+(X), so by Theorem 7.33 T G L(X,Y). The inclusion SC{X,Y) C 
I{X, Y) follows in a similar way from Theorem 7.33. ■ 

Suppose now that 4>+(X, V) ^ 0 and let us consider the perturbation 
class : 

P$+(X, V) := {T e L(X, Y)-.T + <h+{X, Y) C (b+(X, V)}, 

and, analogously, if 4>_(X, V) ^ 0 let 

P$_(X,y) := {T e L{X,Y) : T + ^-{X,Y) C 4>_(X,y)}. 

Note that K{X,Y) C P$+(X,y) and K{X,Y) C P4>_(X,y), see Remark 
1.54, part (f). 

Lemma 7.45. If X and Y are infinite- dimensional Banach spaces and 
T G L{X, Y) then the following implications hold: 

T G $+(X, Y)=>T(f SS{X, y), T G $-(X, y) => T ^ SC{X, Y). 

Proof If T G 4>+(X, y) then X = kerT © M for some closed subspace 
M of X, and Tq : M ^ T{X), defined by Tqx := Tx for all x G M, 
is an isomorphism between infinite-dimensional closed subspaces. Hence 
TiSS{X,Y). 

Analogously, if T G 4>_(X, y) then Y = T{X) © N for some infinite- 
codimensional closed subspace N. Evidently Y/N = Qn(X) ~ QnT{X), so 
T^SC{X,Y). 
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Theorem 7.46. If X and Y are Banach spaces and 4>+(X, T) ^ 0 then 

(179) SS{X,Y) C P<i>+{X,Y) C I{X,Y). 

Analogously, if ^-{X,Y) ^ 0 then 

(180) SC{X, Y) C P$_(X, Y) C I{X, Y). 

Proof To show the first inclusion of (179) assume that 4>+(X, T) ^ 0 
and suppose that T e SS{X,Y) and S € 4>+(X, T). We need to show 
that T + S e <i)+(X, y). Suppose that T + S ^ 4>+(X, y). By part (i) 
of Theorem 7.16 there exists a compact operator K € K(X,Y) such that 
a{T + S — K) = 00 . Set M := ker(T + S — K). Then M is a closed 
infinite-dimensional subspace and TJm = {K — S)Jm- If t7 ■= K — S then 
U e d'+(X, y) because S e 4>+(X, y) and K is compact. Hence TJm = 
UJm G ‘h+(iI7, y), and from Lemma 7.45 we obtain that TS ^ SS{M,Y). 
Prom this it follows that T ^ SS{X,Y), a contradiction. Therefore the 
inclusion SS{X,Y) C P4>_|_(X, y) is proved. 

To show the second inclusion of (179) assume that T G L(X,Y) and 
T I{X,Y). By Theorem 7.17 there exists an operator S G L{Y,X) such 
that Ix—ST ^ 4'+(X). On the other hand, for every operator U G 4*+(-^, Y) 
we have U{Ix — ST) = U — U ST ^ 4>+(X, y), otherwise we would have 
Ix — ST G 4>+(X, y), see part (c) of Remark 1.54. But U G 4>+(X, y) so 
U ST P4>+(X, y), and hence by part (ii) of Theorem 7.21 we conclude 

that T P4>_|_(X, y), and this shows the second inclusion of (179). 

To show the first inclusion of (180) assume that 4>_(X, y) ^ 0 and 
suppose that T G SC{X,Y) and S G 4>_(X, y). We need to show that 
T + S e ^-{X,Y). Suppose that T + S ^ ^-{X,Y). By Theorem 7.16, 
part (ii), there exists a compact operator K G K(X,Y) such that 

M := {T + S-K){X) 

is a closed infinite-codimensional subspace of Y. Denote by x the residual 
class a; -|- M in X/M. Since {T + S — K)x G M it follows that Qm{T + 
S — K)x = 0 for all x G X. Therefore QmT = Qm{K — S). Clearly, if 
U ■- K-S then U G $_(X,y), and therefore QmU G $_(X,y/M). By 
Lemma 7.45 we infer that QmT = QmU ^ SC{X,Y/M) and this implies 
that 6'C(X,y). 

To show the second inclusion of (180) assume that T G L{X,Y) and 
T I{X, Y). By Theorem 7.18 there exists S G L[Y, X) such that ly — TS ^ 
4'_(y). For every operator U G 4>_(y, X) it follows that 

U{Iy -TS) = U- UTS $-(y, X). 

But U G $-(y,X), so UTS P$-(y,X), and hence T ©_(X,y), so 
also the second inclusion in (180) is proved. ■ 

We show next that if someone of the two Banach spaces X or y possesses 
many complemented subspaces, in the sense of the following definitions, the 
inclusions of Theorem 7.46 actually are equalities. 
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Definition 7.47. A Banach space X is said to be subprojective if every 
closed infinite-dimensional subspace of X contains an infinite- dimensional 
subspace which is complemented in X. 

The spaee X is said to be superprojective if every closed infinite- codimensional 
subspaee of X is contained in an infinite- codimensional subspace which is 
complemented in X. 

Theorem 7.48. Let X be a Banach space. Then the following assertions 
hold: 

(i) If X is subprojective and N is an infinite- codimensional reflexive 
subspace of X* then there exists an infinite- codimensional complemented 
subspaee of X* which contains N; 

(ii) If X is superprojective and N is an infinite- dimensional reflexive 
subspaee of X* then there exists an infinite- dimensional complemented sub- 
spaee of X* contained in N . 

Proof (i) Note that dim -^N = cod = oo. By the subprojectivity of 

X there exists an infinite-dimensional subspace M which is complemented 
in X and is contained in -^N. Then X* = M-^®W and D D N, 

and cod Af-*- = dim {X* /M-^) = dim M* = oo. 

(ii) Note that cod -^N = dim (X/-^N)* = dim = oo. By the 

superprojectivity of X there exists an infinite-codimensional complemented 
subspace M which contains in -^N. Then M-^ is complemented in X* , 

M-*- C (■'■fV)-*- = N, and dim — dim (X/M)* = oo. ■ 

Corollary 7.49. Let X be a reflexive Banach space. Then X is sub- 
projective (respectively, superprojeetive) if and only if X* is superprojective 
(respectively, subprojeetive) . 

Example 7.50. We list some examples of subprojective and superpro- 
jective Banach spaces. Further examples may be found in Whitley [328], 
Pelczyhski [259], Aiena and Gonzalez [18]. 

(a) Evidently every Hilbert space is both subprojective and superprojec- 
tive. The spaces with 1 < p < oo, and cq are subprojective, see Whitley 
[328, Theorem 3.2 ]. Corollary 7.49 shows that all spaces with 1 < p < oo 
are also superprojective. 

(b) The spaces A^[0, 1], with 2 < p < oo, are subprojective and LP[0, 1], 
with 1 < p < 2 are not subprojective, see Whitley [328, Theorem 3.4 ]. 
Corollary 7.49 shows that all spaces T^[0, 1] with 1 < p < 2 are subprojective 
and are not superprojective for 2 < p < oo. 

(c) The spaces L^[0, 1] and C[0, 1] are neither subprojective nor super- 
projective, see Whitley [328, Corollary 3.6]. 

Theorem 7.51. Let X,Y be Banach spaces. The following statements 
hold: 

(i)J IfY is subprojective then SS{X,Y) = P^^{X,Y) = I{X,Y); 
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(ii) If X is superprojective then SC{X,Y) = P^-{X,Y) = I{X,Y). 

Proof (i) Let T G L[X,Y), T ^ SS{X,Y). Then there exists an infinite- 
dimensional closed subspace M of X such that the restriction T Jm is bounded 
below. Since Y is subprojective we can assume that the subspace T{M) is 
complemented in Y, namely Y = T{M) © N. Then X = M © T~^{N) and 
defining A e L(Y,X) equal to T~^ in T{M) and equal to 0 in X it easily 
follows that AT is a projection of X onto M . Therefore ker(/x — AT) = 
(AT){X) = M is infinite-dimensional, so we have Ix ~ AT ^ d>(X) and 
consequently T ^ /(X, Y). 

(ii) Let T G L(X, Y), T ^ SC{X, Y). Then there exists a closed infinite- 
codimensional subspace X of X such that QxT is surjective. Note that 
T“^(X) is infinite-codimensional because Y/N is isomorphic to X/T~^{N). 
So since X is subprojective we can assume that T~^[N) is complemented 
in X. Clearly kerT c T“^(X), and hence if X = M © T“^(X) then 
T(M)nX = {0}. Moreover, Y = T(X) + X implies Y = T{M) + X, 
from which it follows that T{M) is closed, see Theorem 1.14. Therefore 
the topological direct sum Y = T{M) © X is satisfied. Now, if we define 
A G L(Y, X) as in part (i) we then easily obtain that T ^ I{X,Y). ■ 

The following examples show that the property for an operator of being 
strictly singular or strictly cosingular is not preserved under conjugation. 

Example 7.52. Let T G be onto. Note that such a map does 

exist. In fact, by a well known result of Banach and Mazur [56, p. 2], given 
any separable Banach space X there exists a continuous linear operator 
which maps onto X. From Example 7.38 we know that T G SS{£^,I‘^) 
whilst its dual T* has a bounded inverse and hence is not strictly singular. 

To see that the dual of a strictly cosingular operator may be not strictly 
cosingular, let us consider the natural inclusion T of L^[0, 1] into L°°[0, 1]. 
We have already proved in Example 7.42 that T is strictly cosingular and 
not strictly singular. On the other hand, T* cannot be strictly cosingular 
because this would imply, as we show now in the next Theorem 7.53, that 
T is strictly singular. 

Theorem 7.53. If X and Y are Banaeh spaees and T* G SS{Y* ,X*), 
then T G SC{X,Y). Analogously, ifT* G SC{Y*,X*) then T G SS{X,Y). 

Proof The proof is analogous to that of Theorem 7.27. ■ 

We complement the result of Theorem 7.53 by mentioning a result estab- 
lished by Pelczyhski [260], which shows that T* is strictly singular whenever 
T G L(X, Y) is strictly cosingular and weakly compact. It is an open prob- 
lem if T* is strictly cosingular whenever T G L(X, Y) is strictly singular and 
weakly compact, or, equivalently, if T is strictly singular and Y is reflexive. 

Theorem 7.54. Let X andY be Banaeh spaees andT G L{X,Y). Then 
the following statements hold: 
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(i) IfT* e SS{Y*,X*) and Y is subprojective then T e SS{X,Y); 

(ii) IJTg SS(Y,X), where X is reflexive and X* is subprojective, then 
T* e SS{Y*,X*). 



Proof (i) Suppose that T ^ SS{X,Y). Then there is an infinite-dimensional 
closed subspace M of X such that T\M has a bounded inverse. Since Y is 
subprojective we can find a closed infinite-dimensional subspace N of T{M) 
and a bounded projection P of Y onto N. Note that N = T(W), where W 
is a closed infinite-dimensional subspace of M. Since P maps Y onto N its 
dual P* is an injective continuous map of N* onto an infinite-dimensional 
subspace Z ofY*. We prove that T*\Z has a bounded inverse and is there- 
fore not strictly singular. For any f G Z we have 



rj-]^ ^ 



sup 



\{T*f){x)\\ 

Ikll 



> 



sup 

o^xew 



\f{Tx) 

llxll 



Since T\M has a bounded inverse there is iF > 0 such that ||Txj| > i^||a;|| 
for all a; e IT C M. Moreover, since / e P*{N*) there is 5 e N* such that 
P*g = f. Combining this information, we deduce that 



T*f\\ > 



sup 

O^yeN 



K\\{P*9)y 

II2/II 



K\\g{Py) 

— n — 

\\y\\ 



K\\g 



Finally, from ||P*|||| 5 || > \\P*g\\ = ||/|| we obtain ||T*/|| > (it'/||P*||)||/||. 
This shows that T* has a bounded inverse on the subspace Z of T * , so that 
T* ^ SS{Y*,X*). 

(ii) Note that T** = JyTJx~^, where Jx and Jy are the canonical 
embeddings of, respectively, X onto X** and Y into Y**. Then if T is 
strictly singular so is T** , and by part (i) also T* is strictly singular. ■ 



Corollary 7.55. If X is a Hilbert space and ifT^ SS{X,Y) then also 
T* is strictly singular. IfY is a Hilbert space and ifT* e SS{Y* , X*), then 
T is strictly singular. ■ 



Observe that every separable Banach space is isomorphic to a subspace of 
C[0, 1]. So the hypothesis of the following result implies that <1>+(X, Y) 7 ^ 0 . 

Theorem 7.56. Suppose that X is separable and Y contains a comple- 
mented subspace isomorphic to C[0, 1]. Then P<b+(X, Y) = SS{X, Y). 

Proof Since (^[0, 1] is isomorphic to (^[0, 1] x C[0, 1] there are closed sub- 
spaces W and Z of Y such that W is isomorphic to Y, Z is isomorphic to 
C[0, 1] and Y = W ® Z. Let r > 0 be such that ||a -|- b\\ > r max{||a||, j|5||} 
for every a G IT and b G Z, and let U G L(Y) be an isomorphism with range 
equal to IT. 

Suppose that K G L{X,Y) is not strictly singular. Let K\ := UK E 
L{X,Y). Without loss of generality we assume that ||iFi|| = 1. Then 
there exist an infinite-dimensional subspace M of X and c > 0 such that 
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> c\\m\\ for every m G M. 



We denote d := 



min{ 



- -} 
3’ 3^ 



Since X 



is separable there exists an isomorphism V from X/M into Y with range 
contained in Z. We define S G L{X,Y) by S := VQm- Without loss of 
generality we assume that IIS’xH > ||QMa:|| for every x G X. 

Let us see that the operator S + Ki is an isomorphism into. Indeed, let 
X G X be a vector of norm-one. If ||Qm3;|| > d then 



[(S' -I- Xi)x|| > rllfell > rd. 



Otherwise IIQm^^II < d, and we can choose m ^ M such that ||x — m|| < d, 
hence ||m|| > 2/3. Thus 



[(S' -I- Xi)x|| > r||Xix|| > r(||Xirn|| — ||x — m||) > r(3d(2/3) — d) = rd. 



Thus Ki ^ P<I>+(X, y) because S + K\ is upper semi-Predholm, but S 
is not. Hence K ^ P<I'+(X, X) by part (ii) of Theorem 7.21. ■ 

It is an interesting question to see if it is possible in Theorem 7.56 to 
remove the requirement for C(0, 1) to be complemented. 



Observe that every separable Banach space is isomorphic to a quotient 
of . So the hypothesis of the following result implies that d>_(X, Y) ^ 0. 

Theorem 7.57. Suppose that X contains a complemented subspace iso- 
morphic to and Y is separable. Then 

P$_(X;y) = SC{X,Y). 

Proof Since is isomorphic to x there are closed subspaces W and Z 
of X such that W is isomorphic to X, Z is isomorphic to and X = W®Z. 
Let U G L(X) be an operator which is an isomorphism from W onto X, 
with kernel equal to Z. Suppose that K G L{X, Y) is not strictly cosingular. 
Then there exists a closed infinite-codimensional subspace M of X such that 
the operator QmK is surjective; that is, M + R{K) = X. We consider the 
operator K\ -.= KU G L{X,Y). 

Since X is separable there exists an operator S G L{X, X) with kernel 
equal to W and range equal to M. Clearly S Ki is surjective, but S 
is not a lower semi- Fredholm operator. Thus K\ ^ P<I>_(X, X). Hence 
K ^ P<I'_(X, X), by part (ii) of Theorem 7.21. ■ 

Also here an interesting question is that if it is possible in Theorem 7.57 
to remove the requirement for to be complemented. 

It has been for a long time an open problem whether or not SS{X, X) = 
Pd>+(X, X) and SC{X,Y) = P<I>_(X, X) for all Banach spaces X, X. Next 
we show a very recent result of Gonzalez [131] which gives an example of 
a Banach space for which these equalities do not hold. First we need a 
preliminary work. 
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Lemma 7.58. Suppose that T e L{X) has range T{X) not elosed. Then 
for eaeh e > 0 there exists an infinite- dimensional elosed subspaee M of X 
sueh that ||T|M|| < e. 

Proof Suppose that T{X) is not closed. We now observe that if M is 
a closed finite-codimensional subspace of X then T\M does not have a 
bounded inverse. In fact, if we assume that T\M has a bounded inverse, 
then T{M) is certainly closed. Since X = M®N , with N finite-dimensional, 
then T{X) = T{M) -\-T{N) with T{M) closed and T(N) finite-dimensional. 
Hence T{X) is closed and this is a contradiction. 

Now, since T does not have a bounded inverse there exists an x\ G X 
such that llxill = 1 and llrxiH < By the Hahn-Banach theorem there 
exists some /i e X* such that ||/i|| = 1 and /i(a;i) = ||xi|| = 1. Since 
ker fi has codimension 1 in X we can find an X 2 € ker /i such that ||x 2 || = 1 
and ||T'a; 2 || < e/2fi. Again, there exists /2 G X* such that H/ 2 II = 1 and 
f 2 {x 2 ) = || 2 : 2 || = 1- Since ker/inker /2 has finite codimension in X there 
exists an X 3 G X such that ||a; 3 || = 1 and ||T'a; 3 j| < e/3^. Repeating this 
process we can construct a two sequences (xk) C X and (fk) C X* such 
that 

(181) \\xk\\ ^ WfkW ^ fk{xk) ^ \\Txk\\<e/i'‘ for all fc G N, 

and 

(182) fi{xk) = 0 for i < fc. 

The elements Xk are linearly independent, hence if M denotes the subspace 
spanned by these elements M is infinite-dimensional. We show now that 
T\M and hence also T\M has norm less than e. Let us consider x := 
S Prom (181) and (182) we have 

n 

\fi{x)\^ fiC^y^iXi) 

i=l 

We show by induction that 

(183) |Afc| < 2'=“^||a;||, A:=l,...,n. 

For k = 1 this inequality has been observed above. Suppose that (183) is 
true for k < j < n. Then from (181) and (182) we obtain 

j 

fj+l{x) = ^ ^ifj-i-l{Xi) + Aj+l. 

Using the induction hypothesis we the obtain 

|Aj+i| < \fj+i{x)\+^\Xi\\fj+i{xi)\ 

i—1 
3 

< ||a;|| -F^2*“i||a;|| < 2^||a;l|. 
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Thus (183) follows by induction. Moreover, for every x G M we have 

n n 

||Tx|| < |Ai|||Txi|| < ^2*“ie3*||a;i| = ^||a;||. 

Since this is true for every x G M we then conclude that ||T|M|| < e/2 < e 
and hence ||r|M|| < e, as desired. ■ 

Definition 7.59. A Banach space X is said to be decomposable if it 
contains a pair of infinite- dimensional closed subspaces M and N, such that 
X = M ® N . Otherwise X is said to be indecomposable. A Banach space 
X is said to be hereditarily indecomposable if every closed subspace of X 
is indecomposable, i.e., there no exist infinite-dimensional closed subspaees 
M and N for which M (1 N = {0} and M -\- N is closed. Dually, a Banach 
space X is said to be quotient hereditarily indecomposable if every quotient 
of X is indecomposable. 

Finite-dimensional Banach spaces are trivial examples of indecompos- 
able spaces. Note that the existence of infinite-dimensional indecomposable 
Banach spaces has been a long standing open problem and has been posi- 
tively solved by Gowers and Maurey [137] and [138], who construct an ex- 
ample of a reflexive hereditarily indecomposable Banach space Xgm- Thus 
the dual space Xqj^ is quotient hereditarily indecomposable. Moreover, 
Gowers and Maurey constructed in [138] a whole family of other indecom- 
posable Banach spaces, amongst them we shall find some Banach spaces 
useful in order to construct our counterexamples. 

Roughly speaking one can say that indecomposable Banach spaces are 
Banach spaces with small spaces of operators. In fact, it is shown in [137] 
that if X is hereditarily indecomposable then L[X) — {C/x} © SS{X), 
whilst if X is quotient hereditarily indecomposable, then L{X) = {C/x} © 
SC{X). The Gowers Maurey construction is rather technical and requires 
some techniques of analysis combined with involved combinatorial argu- 
ments. We do not describe this space (a beautiful discussion of it may 
be found in Bollobas [71]), but in the sequel we shall point out some of 
the properties of these spaces, from the point of view of Fredholm theory, 
needed for the construction of our counterexamples. 

Theorem 7.60. Let X be a Banach space. Then we have: 

i L{X,Y) = d'+(X, y) U SS{X,Y) for all Banach spaces Y if and only 
if X is hereditarily indecomposable; 

(ii) L{Y, X) = $_ (y, X) U SC{Y, X) for all Banach spaces Y if and only 
if Y is quotient hereditarily indecomposable. 

Proof (i) Suppose that there exists an operator T G L[X, Y) for which 
T (f^+{X,Y)\JSS{X,Y). We may assume |lr|l = 1. Since T ^ 5'S'(X, y) T 
is not invertible on infinite-dimensional closed subspaces of X, so there exist 
e > 0 and a closed infinite-dimensional subspace M such that ||ru|j >e||a;|j 
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for all u G M. On the other hand, since T ^ y) there exists by 

Lemma 7.58 a closed infinite-dimensional subspace N of X such that HTuH < 
e/2||u|| for all v G N. Let u (E M and v G N such that ||u|| = ||u|| = 1. Then 

|w + f II > \\Tu + Tv\\ > ||ru|| — ||Tu|| > e/2. 

Therefore the operator S : M x N ^ X, defined by S{u, v) := u + v for all 
u EE M and v EE N , has a continuous inverse and consequently M -\- N \s a. 
direct sum. Hence the closed subspace M © TV is not decomposable, so X is 
not hereditarily indecomposable. 

Conversely, assume that not all the closed subspaces of X are inde- 
composable. Then we can find two closed infinite-dimensional subspaces 
M and of X such that M \J N = {0} and M + TV is closed. Prom 
this it follows that the quotient map Qn G L{X,X/N) does not belong to 
SS{X, Y) U Y), since Qn is an isomorphism on M and N is infinite- 

dimensional. 

(ii) Assume that T G L{Y,X) but T ^ $_(y, X) U SC{Y, X). Since T is 
not strictly cosingular there exists an infinite-codimensional closed subspace 
M of X such that QmT is onto. By the open mapping theorem there exists 
a (5 > 0 such that 6Dx/m ^ QmT(Dy), where D^/m and Dy denote the 
closed unit ball in X/M and Y, respectively. Therefore ||T*/|| > <5||/|| for 
every / G M-^. On the other hand, since T ^ X) there exists an 

infinite codimensional closed subspace X of X such that ||Qiv2^2:|| < <5/2||a;|| 
for every x EE Y. Therefore ||r*|| < 5/2||/|| for every / G N-^. We have 
= {0} and M-*- + X-*- is closed. Then X = M + X and M n X is 
infinite-codimensional in M and X. This shows that the quotient 

x/(Mnx) = M/(Mnx) © x/(Mnx) 

is decomposable, and hence X is not quotient hereditarily indecomposable. 

Conversely, if not all the quotient subspaces of X are indecomposable, 
then we can find two closed infinite-codimensional subspaces M and X of X 
such that MnX = U, M + N = X and both the quotients M/U and N /U 
are infinite-dimensional, hence X/U = M/U © N/U is not indecomposable. 
Then the injection Jm G L(M, X) does not belong to SC{M, X)U<1>_(M, X), 
because M + N = X and both M and X are infinite-codimensional. ■ 

Corollary 7.61. Suppose that X is hereditarily indeeomposable, Y is 
any Banach space and <1>+(X, y) 0. Then P<b+(X, y) = SS{X,Y). 
Analogously, i/d>_(X, y) 0 then P^-{X,Y) = SC{X,Y). 

Proof For the first equality, by Theorem 7.46 we need only to show that 
P$+ (X, y ) C SS{X, Y) . Suppose that there is T G P$+ (X, y ) \ SS{X, Y) . 
By Theorem 7.60 then T G d*+(X, Y) and hence 0 = T — T G <b+(X), which 
is impossible. Therefore P<1'+(X, y) = SS{X,Y). 

The equality P<b_(X, y) = SC{X,Y) by using a similar argument. ■ 
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Theorem 7.62. If X is a hereditarily indeeomposable spaee then for 
every Banaeh spaee Y T) is a eonneeted subset of L{X,Y). In par- 

tieular, the index is eonstant on <&+(X, T). 

Proof Let Tq and T\ be in <E>+(X, T). For every A G [0,1], consider the 
operators T\ := ATi + (1 — A)Tq. We consider two cases. 

First case: Suppose that T\ e $+(X, T) for all A G [0, 1]. Then clearly 
To and T\ belong to the same connected component of $+(X, Y). 

Second case: Suppose that T\ ^ <1>+(X, T) for some p, G (0,1). By 
part (i) then T G SS{X, Y) and we can write pT\ = (p — 1)Tq + T^. Since 
d>+(X, Y) is stable under strictly singular perturbations, by Theorem 7.46 it 
follows that (^— l)To+Ar^ G $+(W, Y) for all A G (0, 1). Hence (/x— 1 )Tq and 
pTi belong to the same connected component of d>+(X, T). But L{X,Y) is 
a complex Banach space, so for any operator S G d*+(X, Y) and A yf 0, both 
S and XS belong to the same connected component of 4>+(X, Y). Therefore 
again Tq and T\ belong to the same connected component of Y). 

The last assertion is clear, the continuity of the index implies that the 
index is constant on connected components, see Goldberg [129, 7. V.1.6 
Theorem] . ■ 

Corollary 7.63. If X is hereditarily indeeomposable and T G d>±(X) 
then indT = 0. 

Proof The index of the identity Ix is 0. ■ 

Corollary 7.64. If X is hereditarily indeeomposable and T G L{X) 
then cTf(T) is a singleton. 

Proof Since F{X) C SS{X) C I{X), as it was observed in the beginning 
of this chapter T G 4*(X) precisely when T is invertible in L{X) modulo 
SS{X). We know also that crf(T) is non-empty, so there exists some A G C 
such that XIx — T is not Fredholm. By Theorem 7.60 and by the continuity 
of the index we obtain that XIx — T is not semi- Fredholm. Hence XIx — T G 
SS{X) and (Tf(r) = {A}. 

We can now establish Gonzalez’s result. 

Theorem 7.65. Let X be a reflexive hereditarily indeeomposable Banaeh 
spaee and Y be a elosed subspaee of X sueh that dim Y = codim Y = oo. If 
Z :=XxY then P^+{Z) SS{Z) and P$_(Z) + SC{Z). 

Proof We show first that L{X, Y) = SS{X, Y). By Theorem 7.60 it suffices 
to prove that 4>+(X, T) = 0. 

Suppose that there exists T G 4>+(X, T). If Jy denotes the canonical 
embedding of Y then JyT G 4>+(X) and ind T = — oo, which is impossible 
by Gorollary 7.63. Therefore L{X,Y) = SS{X,Y), and from the inclusion 
SS{X,Y) C I{X,Y) C L{X,Y) we then conclude that L{X,Y) = I{X,Y). 
Note that by Gorollary 7.9 we also have L(Y,X) = I(Y,X). 
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We now prove that <E>+(Z) = ^{Z). Clearly we have only to show that 
$+(Z) C ^(Z). To see this inclusion set T € L[Z) as 



T ■- 



A B \ 
CD)' 



where A e L(X), D € L{Y), B e L(Y,X) and C e L{X,Y). Since 
L{X, Y) = I{X, Y), by Theorem 7.25 we have that 



Uf(T) = CTf(A) U ct{{D). 



Thus contains at most two points by Corollary 7.64. This also shows 

that if T is not Fredholm then there exists <5 > 0 such that \Iz — T G d*(Z) 
for all 0 < |A| < 5. By the continuity of the index then T ^ <f>+(Z). Hence 
$+(Z) = $(Z). 

Prom the last equality and Theorem 7.22 we obtain that 



= P$(Z) = I{Z), 



so the operator 

-(S t). 

provides an example of an operator S G P<f>+(Z) which does not belong to 
SS{Z). This shows that P$+(Z) ^ SS{Z). 

To see that P<f'_(Z) SC{Z) observe that S G P^-{Z) because Z is 
reflexive, and an operator T G d>+(Z) if and only if T G d>_(Z). However, 
S is not strictly singular since Jy is surjective. ■ 



4. Improjective operators 

The characterizations of inessential operators T given in the previous 
sections are given in terms of the properties of the product of T by a large 
class of operators, or also as the perturbation class of Fredholm operators. 
It is a problem of a certain interest to find an intrinsic characterization of 
inessential operators, for instance in terms of their action on certain sub- 
spaces. A characterization of this type is, for instance, obtained in the cases 
/(X, Y) = SS{X, Y) or /(X, Y) = SC(X, Y). 

In this section we shall see that for many classic Banach spaces the 
class of the inessential operators coincide with a class of operators, the im- 
projective operators, which are defined by means of their action on certain 
complemented subspaces. In order to see that, we first define an interesting 
class of operators introduced by Tarafdar [305] and [306]. 

Definition 7.66. An operator T G L{X,Y) is said to be improjective 
if there exists no infinite- dimensional elosed subspaee M of X sueh that the 
restrietion TJm is an isomorphism and T{M) is a eomplemented subspace 
of Y. The set of all improjeetive operators from X into Y will be denoted 
by Imp(X, y) and we set Imp(X) := Imp(X, X). 
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Trivially, the identity on an infinite-dimensional Banach space X and 
any isomorphism between infinite-dimensional Banach spaces are examples 
of operators which are not improjective. Moreover, the restriction T|M of 
an improjective operator T G Imp(X, M) to a closed infinite-dimensional 
subspace M of X is also improjective. 

The next result will be useful for studying the improjective operators 
and their relationships with other classes of operators. 

Lemma 7.67. Let X and Y be Banaeh spaees and T G L{X,Y). Then 
the following assertions hold: 

(i) If M is a elosed subspaee of X sueh that TJm is an isomorphism, 
T{M) is eomplemented in Y, and N is a elosed eomplement ofT{M), then 
M is eomplemented in X and T~^{N) is a elosed eomplement of M; 

(ii) If N is a elosed subspaee ofY sueh that QnT is surjeetive, T~^{N) 
is eomplemented in X, and M is a elosed eomplement of T~^{N), then N 
is eomplemented in Y and T{M) is a elosed eomplement of N. 

Proof (i) If iV is a closed complement of T(M) in Y and TJ^ is an isomor- 
phism then T“^(iV)nM = {0}, both T~^{N) and M are closed subspaces 
and X = Hence the result is a direct consequence of the closed 

graph theorem. 

If M is a closed complement of T~^{N) in X, since kerT is contained 
in we have T[M)C\N = {0}. Moreover, since QnT is surjective we 

obtain that T{M) ® N = T{X) + N = Y, and it follows from Theorem 1.14 
that T{M) is closed; hence N is complemented in Y. ■ 

The class Imp(X, Y) admits the following dual characterization in terms 
of quotient maps. 

Theorem 7.68. An operator T G L[X, Y) is improjeetive if and only if 
there is no infinite- eodimensional elosed subspaee N of Y sueh that QnT is 
surjeetive and T~^{N) is a eomplemented subspaee of X. 

Proof Assume that T G L{X, Y) is improjective and let X be a closed 
subspace of Y such that QnT is surjective and T~^{N) is a complemented 
subspace of X. By Lemma 7.67 if M is a closed complement of T~^[N) 
then T{M) is a closed complement of N. Since the restriction of T to M is 
an isomorphism and T is improjective it then follows that T{M) is finite- 
dimensional; hence N is finite-codimensional. 

Conversely, assume that T is not improjective and take an infinite- 
dimensional closed subspace M of X such that TJm is an isomorphism 
and T{M) is complemented in Y. Given a closed complement N of T{M) 
we have that N is infinite-codimensional and QnT is surjective. Hence by 
Lemma 7.67 we conclude that M is a closed complement of T~^[N). ■ 

Theorem 7.69. For every pair of Banaeh spaees X and Y we have 
I{X,Y) C Imp(X,T). 
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Proof If T G L{X,Y) is not improjective then there exists an infinite- 
dimensional closed subspace M of X such that the restriction TJm is an 
isomorphism and T{M) is a complemented subspace of Y. By Lemma 7.67 
we have that M is also complemented in X and 

X = M ®T~^{N) and Y = T{M)® N, 

where N and T~^{N) are closed subspaces of Y and X, respectively. So we 
can define an operator S G L{Y, X) by 

if yeT{M), 

^ \ 0 ifyeN. 

We have that ker(/x — ST) = M; hence by Theorem 7.17 the operator T is 
not inessential. ■ 

Theorem 7.70. Let A G L{Y,Z), T G lmp{X,Y) and B G L(W,X). 
Then TB G Imp(W,y) and AT G lmp(X,Z). 

Proof Assume first that AT is not improjective. Then we can find an 
infinite-dimensional closed subspace M of X such that ATJm is an iso- 
morphism and AT{M) is complemented in Z. Note that TJm is also an 
isomorphism; hence T{M) is closed. Since AJrp(^M) is an isomorphism it 
follows from Lemma 7.67 that T{M) is complemented in Y. Hence T is not 
improjective. 

In the case in which TB is not improjective Theorem 7.68 allows us to 
select an infinite-codimensional closed subspace N of T such that QnTB is 
surjective and (T B)~^ (N) is a complemented subspace of W. Denoting M := 
T~^{N) we have that M is an infinite- codimensional closed subspace of X 
such that QmB is surjective and B~^{M) is complemented. It follows from 
Lemma 7.67 that M is complemented in X. Moreover QnT is surjective; 
hence it follows from Theorem 7.68 that T is not improjective. ■ 

To determine the structure of the set Imp(A, T) we now introduce the 
following concept, that will be useful in our discussions. 

Let C denotes the class of all bounded operator acting between Banach 
spaces, and let T denote the class of all operators with finite-dimensional 
range acting between Banach spaces. Given a subclass A of £, the subsets 

A{X,Y) ■-AnL{X,Y), 

are called the eomponents of A. Moreover, we set A{X) ~ A{X,X). 

Definition 7.71. A subelass A of L is said to be a quasi-operator ideal 
if it satisfies the following two eonditions: 

(a) C A; 

(b) A G L(Y,Z), K G A{X,Y), B g L{W,X) =» AKB G A{W,Z). 

A quasi-operator ideal is an operator ideal (in the sense of Pietsch [263]) 
if and only if A{X, Y) is a subspace of L[X, Y) for every pair X, Y of Banach 
spaces. It is easily seen the the closure of a quasi-operator ideal, defined as 




404 



7. PERTURBATION CLASSES OF OPERATORS 



the union of all closures of components, is a quasi-operator ideal. Evidently, 
I, SS, SC, K are operator ideals, while Imp is a quasi-operator ideal by 
Theorem 7.70. 

Theorem 7.72. The class of all improjective operators Imp is the largest 
quasi- operator ideal A for which Ix ^ -^i^) for every infinite- dimensional 
Banach space X. 

Proof As observed before. Imp is a quasi-operator ideal and Ix ^ Imp(A). 

To complete the proof, let Aa denote the family of all quasi-operator 
ideals for which Ix ^ A{X). Note that this family is non-empty since Imp 
belongs to it. Let Aq := [JAa- Clearly Ao is a quasi-operator ideal which 
contains every quasi-operator ideal for which Ix 4- every infinite- 

dimensional Banach space X. 

We show that Ao = Imp. To see this it suffices to prove that Ao C 
Imp. Suppose that there exist two Banach spaces X, Y and an opera- 
tor T G Aq{X,Y) such that T ^ Imp(X, E). Then there exists a closed 
infinite-dimensional subspaces M of X such that T\M has a bounded in- 
verse and T(M) is complemented in Y. The equality T\M = TJm yields 
that T\M € Ao{M,Y), since Aq is a quasi-operator ideal. 

Now, let Q denote the projection of Y onto T{M). Clearly, S := 
QTJm G Ao{M,T{M) is an isomorphism. From this it follows that Im = 
S~^S G Ao{M), and since M is infinite-dimensional we obtain a contradic- 
tion. Therefore T G Imp(X, E). ■ 

Corollary 7.73. Imp(A, E) is a closed subset of L{X,Y). 

Proof Imp is a closed quasi-operator ideal, by maximality. ■ 

We now investigate the cases where Imp(X, E) = I{X,Y). The next 
result shows a symmetry of this equality. 

Theorem 7.74. Let X, Y be Banach spaces. Then I{X, Y) = Imp(X, E) 
if and only if I(Y, X) = Imp(E, X) . 

Proof Suppose that I{X,Y) = Imp(X, E) and let T G Imp(E, X). We 
have only to show that T G /(E, X). 

Given S G L{X, E), by Theorem 7.70 we have that STS G Imp(X, E) = 
I{X,Y)- hence {TSf G /(E,X). Therefore 

Ix - {TSf = {Ix + TS){Ix - TS) G $(X), 

and hence ker(/x— TS') C ker(/x — (TS)^) is finite dimensional. By Theorem 
7.17 we conclude that T is inessential. ■ 

The following Lemma will be the key to characterize the inessential 
operators amongst the improjective operators. 

Lemma 7.75. For every T G L{X,Y) and S G L{Y,X) the following 
statements hold: 
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(i) If the subspace M := ker(/x — ST) is complemented in X with closed 
complement U then both subspaces T{M) and S~^{U) are complemented in 
Y. In fact, we have Y = T{ M)®S-^{U); 

(ii) If the subspace N := {ly — TS){Y) is complemented in Y with closed 
complement V then both subspaces T~^[N) and S{V) are complemented in 
X. In fact, we have X = S{V) ®T~^{N). 

Proof (i) Let P denote the projection from X onto M along U\ thus 
P{X) = M and ker(P) = U. Since {Ix - 5T)P = 0 we have that P = STP. 
Therefore on defining Q := TPS we have 

q2 ^ tP{STP)S = TP^S = Q-, 

i.e., Q is a projection in Y. From the equality P = STP we easily obtain 
that ker(T)nP(X) = {0}; thus 

ker(Q) = ker(PS') = S-^{U). 

Moreover, P = STP implies that ST{M) = M; hence S~^{U)riT{M) = 
{0}. On the other hand, from Q = TPS it follows that Q(Y) C T(M); thus 
we conclude that Q(Y) = T{M). 

(ii) Let us denote by Q the projection from Y onto V along X. Then 
we have Q(Ir — TS) = 0; hence Q = QTS. Therefore, as in the previous 
part, P ~ SQT defines a projection in X. 

From Q = QTS we obtain that ker(S')nQ(i^) = {0}; thus 

ker(P) = ker(QT) = T~\N). 

Moreover, Q = QTS implies that (TS)~^{N) = iV; hence S{V)nT~^{N) = 
{0}. On the other hand, from P = SQT, it follows that P{X) c <S'(F); thus 
we conclude that P{X) = S{V). ■ 

We now establish several characterizations of the inessential operators 
among the improjective operators in terms of the complement ability of some 
subspaces. 

Theorem 7.76. For an operator T G L{X,Y) the following assertions 
are equivalent: 

(i) T is inessential; 

(ii) T € Imp(X, y) and ker{Ix — ST) is complemented for every S G 
L{Y,X); 

(hi) T G Imp(X, y) and ker{Iy — TS) is complemented for every S G 
L{Y,X); 

(iv) T G Imp(X, y) and {Ix — ST){X) is complemented for every S G 
L{Y,X); 

(v) T G Imp(X, y) and {ly — TS){Y) is complemented for every S G 
L{Y,X). 
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Proof First we show that (i) implies the other assertions. 

Assume that T is inessential. By Theorem 7.69 T is improjective. 
Moreover, by Theorem 7.17, for every S G L(Y,X) ker(/x — ST) and 
ker(/y — TS) are finite-dimensional, and {Ix — ST){X) and (ly — TS){Y) 
are finite-codimensional; hence all of them are complemented. 

(ii) ^ (i) Assume that T e Imp(A, y) and M := ker(/x — ST) is 
complemented. We have that T is an isomorphism on M, and by Lemma 7.75 
T{M) is complemented. Hence M is finite-dimensional. We have seen that 
(ii) implies that ker(/x — ST) is finite- dimensional for every S G L(Y,X). 
By Theorem 7.17 we conclude that T is inessential. 

(hi) => (i) Assume that T G lmp(A, H) and N := ker(/y — TS) is 
complemented. We have that S is an isomorphism on N (so that S{N) is 
closed), T is an isomorphism on S{N) and T{S{N)) = N is complemented. 
Hence N is finite-dimensional. We have seen that the condition (iii) implies 
that ker(/y — TS) is finite-dimensional for every S G L{Y,X). By Theorem 
7.17, we may conclude that T G I{X, Y). 

(iv) (i) Assume that T G lmp(A, H) and M := {Ix — ST)(X) is 
complemented. Since Qm{Ix ~ ST) = 0 we have that QmST = Qm', in 
particular {ST){X) +M = X. Then T{X) + S~^{M) = Y; i.e., Qs~^m)T 
is surjective. Moreover, we have that 

T-^S~^{M) = (5T)-i(M) =-L ((5T)*(M-L)) 

= (T*S'*(ker-^(/x* - T* S*)^ 

= (ker(/x- - T*S*)) = M 

is complemented. Prom Theorem 7.68 it then follows that S~^{M) is finite- 
codimensional; hence M = T~^ S~^{M) is also finite-codimensional. There- 
fore (iv) implies that {Ix ~ ST){X) is finite-codimensional for every S G 
L{Y,X). Again, by Theorem 7.18 we conclude that T G I{X,Y). 

(v) => (i) Assume that T G lmp(A, Y) and N := {ly — TS){Y) is com- 

plemented. Since Qx{Iy—TS) = 0 we have that QnTS = Qn- In particular 
QxT is surjective, and by Lemma 7.75 T~^{N) is complemented. Applying 
Theorem 7.68 we conclude that N is finite-codimensional. Therefore (v) im- 
plies that {ly — TS){Y) is finite-codimensional for every S G L{Y,X), and 
hence by Theorem 7.18 we conclude that T G I{X, Y). ■ 

To give some sufficient conditions for the equality I{X, Y) = lmp(X, Y), 
we consider the two classes of operators 11+ and introduced in Section 
2 of this chapter. 

Theorem 7.77. Let A be a quasi- operator ideal and let Y be a Banaeh 
spaee. 

(i) If AiY) C H+(y), then A{Y,Z) C I{Y,Z) holds for every Banaeh 
space Z; 
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(ii) If A(Y) C then A(X,Y) C I[X,Y) holds for every Banaeh 

spaee X. 

Proof (i) Suppose that there exists T e A(Y, Z)\I{Y, Z). By Theorem 7.17 
we can find S G L[Z, Y) so that M := ker [ly — ST) is infinite-dimensional. 
However, since ST G A{Y) C f2_|_(y) and ST coincides with the identity on 
M it follows that M is finite-dimensional; a contradiction. 

(ii) Suppose that there exists T G A(X,Y) \ I{X,Y). By Theorem 
7.18 we can find S G L(Y,X) such that N := (ly — TS){Y) is infinite- 
codimensional. However, since TS G A{Y) C Q,_{Y), N is an invariant 
subspace of TS” and QnTS is surjective, we also obtain that N is finite- 
codimensional; a contradiction. ■ 

In the case A = Imp, we obtain further characterizations of pairs X,Y 
satisfying I{X,Y) = lmp(X, H). 

Corollary 7.78. For a Banaeh spaee X the following statements are 
equivalent: 

(i) I{X) = Imp(X); 

(ii) Imp(X) C H+(X); 

(in) Imp(X) C H_(X); 

(iv) Imp(X) C R{X); 

(v) I{X,Y) = lmp(X, y) for every Banaeh spaee Y. 

Proof The implications (i) => (ii) and (i) => (iii) are obvious since by The- 
orem 7.32 we have I{X) C f7_|_(X)nl7_(X). 

The implication (ii) => (v) follows from Theorem 7.77, once it is ob- 
served that I{X,Y) C lmp(X, y), whilst the implication (iii) => (v) follows 
from Theorem 7.77, the inclusion I{Y,X) C Imp(y, X) and the equivalence 
/(y, X) = lmp(y, X) if and only if /(X, Y) = lmp(X, Y) are proved in The- 
orem 7.74. 

The implication (v) => (i) is trivial. Therefore (i), (ii), (iii), (v) are 
equivalent. Finally, (iv) => (ii) by Theorem 7.28, whilst from (i) we obtain 
that Imp(X) = I{X) C R{X), so (i) =4> (iv). 



Theorem 7.79. Let X be an infinite- dimensional eomplex Banaeh spaee 
and let T G Imp(X). Then we have: 

(i) 0 G a(T); 

(ii) If a T cr{T) is a speetral set and 0 ^ a then the speetral projeetion 
assoeiated to a has finite-dimensional range. 

Proof (i) The assertion is evident, since an invertible operator in an infinite- 
dimensional space cannot be improjective. 
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(ii) Let P denote the spectral projection associated with a. Then taking 
M := P{X) we have that T{M) = M, and the restriction TJm is an isomor- 
phism. Since T G Imp(X) we then conclude that M is finite-dimensional 
subspace of X. ■ 

Next we show tha, for complex Banach spaces the equality I{X) = 
Imp(X) can be formulated in terms of the spectral properties of improjective 
operators. 

Theorem 7.80. Let X be a eomplex Banaeh space. Then Imp(X) = 
I{X) if and only if for every T G Imp(X), the spectrum cr{T) is either a 
finite set or a sequence which clusters at 0. 

Proof The direct implication follows from the fact that each inessential 
operator T G I{X)) is a Riesz operator, so by Theorem 3.111 the spectrum 
cr(T) is either a finite set or a sequence which clusters at 0. 

For the converse, let us fix an operator T G Imp(X). For every S G L[X) 
we have that ST G I{X). Now, by the hypothesis and Theorem 7.79 we 
obtain that either Ix — ST is bijective or 1 is an isolated point in cr(ST) 
and the spectral projection associated to the spectral set {1} has finite- 
dimensional range. In any case ker(/x — ST) is finite-dimensional, and 
applying Theorem 7.17 we conclude that T is inessential. ■ 

The next result shows that if one of the spaces is subprojective or su- 
perprojective, all the improjective operators are inessential. 

Theorem 7.81. Assume that one of the spaces X,Y is subprojective or 
superprojective . Then we have lmp(X, T) = I{X,Y). 

Proof Assume first that Y is superprojective. If T G L{X, Y) is not inessen- 
tial then we can find an operator S G L{Y, X) such that M := (ly — TS){Y) 
is infinite-codimensional in Y. We take an infinite-codimensional comple- 
mented subspace N of T containing M, and we select a projection P with 
kernel kerP = N. We have that P{Y) is infinite-dimensional. Moreover, 
since P{Iy — TS) = 0 we obtain that PTS restricted to P{Y) coincides with 
the identity operator. Then PTS is not improjective, and by Theorem 7.70 
T is not improjective. 

Now we consider the case in which X is subprojective. If T G L{X,Y) 
is not inessential then we can find an operator S G L{Y, X) such that 
M := ker(/x — ST) is infinite-dimensional in X. We take an infinite- 
dimensional complemented subspace X of X contained in M. Since ST 
restricted to the subspace N coincides with the identity we have that T(N) 
is closed, the restriction SJt(^x) is an isomorphism, and S{T{N)) is comple- 
mented. Hence by Lemma 7.67 the subspace T{N) is complemented. Since 
TJn is an isomorphism we conclude that T is not improjective. 

For the remaining cases it is enough to apply Theorem 7.74 and the 
previously proved cases. ■ 
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Corollary 7.82. Suppose that X and Y are Banach spaces. Then the 
following assertions hold: 

(i) IfY is subprojective then I{X,Y) = SS{X,Y); 

(ii) If X is superprojective thenlmp{X,Y) = SC{X,Y). 

Proof Combine Theorem 7.81 with Theorem 7.51. ■ 

The following examples show that we cannot change the order of the 
spaces X, Y in Theorem 7.82. To be precise, in part (i) if X is subprojective 
then lmp(X, y) = SS{X,Y) is not true in general, and analogously in part 
(ii) if Y is superprojective, then lmp(X, T) = SC{X,Y) is in general not 
true. 

Example 7.83. (a) The space is subprojective, so by Theorem 7.81 
and taking into account what was established in Example 7.12, we obtain 

= lmp(£2,£“) = /(£2,£“); 

On the other hand, we also have ^ SS{f‘,P^) because contains 

a closed subspace isomorphic to see Beauzamy [64, Theorem IV. 11. 2] . 

Another example may be derived from the natural inclusion of T^[0, 1] in 
L^[0, 1] being not strictly singular, as observed in Example 7.42. However, 
see Example 7.14, we have 

L(l2[0, 1], l 1[0, 1]) = lmp(L2[0, 1],L^[0, 1]) = I{L^[0, 1],L% 1]). 



(b) The space is superprojective and, as already seen, every operator 
T G is strictly singular. Therefore we have 

L{i\f) = lmp(f\^2) ^ 

However, L{£^,£'^) ^ because has a quotient isomorphic to f', 

see Beauzamy [64, Theorem IV.H.l]. 

In order to see that the inessential operators and the improjective op- 
erators coincide for many other classical Banach spaces, we introduce the 
following two concepts of S'-system and (7-system. 

Definition 7.84. A class M of closed infinite- dimensional subspaces 
of Y is said to be a 5'-system of Y with respect to a Banach space X if 
T G L{X,Y) is strictly singular if and only if for every subspace M of X 
with T{M) ^ M we have that TJm is not an isomorphism. 

A S- system Af is said to be complemented if every element of Af is 
complemented in Y . Note that by Lemma 7.67 ifT{M) is complemented in 
Y then M is complemented in X . 

Example 7.85. In the sequel we shall give several examples of S- 
systems between concrete examples of Banach spaces. 
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(a) If y is a subprojective Banach space and X an arbitrary Banach 
space then the class 

Af := {N : N is ail infinite-dimensional complemented subspace of y} 
is a S'-system of Y with respect to X, by Theorem 7.81. 

(b) Let y be an arbitrary separable Banach space and X := C{K), K 
compact. As has been shown by Pelczyhski [260] T G L{X,Y) is strictly 
singular if and only if there are no embeddings J\ : Co ^ X and J2 ■ Cq ^ Y 
such that TJi = J 2 - From Theorem 8.3 of Przeworska and Rolewicz [266] 
we then conclude that 

Af := {N : N a subspace of Y isomorphic to Co} 

is a complemented S'- system of Y with respect to X. 

In the case that K is cr-Stonian a similar characterization of strictly 
singular operators shows that the subspaces of Y isomorphic to form a 
complemented S-system of Y with respect to X. 

(c) If y is a £^-space, see Lindenstrauss and Tzafriri [220] for defini- 
tions, with 2 < p < 00 , then the class 

Af := {N : N a subspace of Y isomorphic to ^ or to 

forms a complemented S-system of Y with respect to every Banach space 
X. This is a consequence of the property that for 2 < p < 00 , L^[0, 1] is 
subprojective and every T^-space is complemented in some U’^pf). 

(d) If y := and X has the Dunford-Pettis property then 

Af := {N : N a complemented subspace of Y isomorphic to £ 1 } 

is a complemented S'-system of Y with respect to X. Indeed, see Pelczyhski 
[260], T G i(X, y) is strictly singular if and only if there are no embeddings 
J\ ■. f \ ^ X and J 2 '■ fi ^ Y such that TJ\ = J 2 - 

Theorem 7.86. Let X and Y be two Banaeh spaees. Then Y has 
a eomplemented S-system with respeet to X if and only */Imp(X, y) = 
S'5'(x,y). 

Proof Suppose T ^ SS{X,Y) and Y admits a complemented S'-system 
with respect to X. Then there exists a subspace M for which T{M) is 
complemented in Y and TJm is not an isomorphism. Hence T ^ Imp(A, Y). 

Conversely, if Imp(X, y) = SS{X,Y) then the class Ai of all infinite- 
dimensional complemented subspaces of y is a complemented 5'-system of 
y with respect to A. ■ 

Corollary 7.87. Suppose that one of the two Banaeh spaees X and Y 
admits a eomplemented S-system with respeet to the other. Then 

imp(x,y) = /(x,y). 

In partieular, this equality holds whenever X and Y are the Banaeh spaees 
in parts (a), (b), (c), and (d) of Example 7.85. 
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Proof If Y has a complemented 5'-system with respect to X then Imp(X, Y) 
= I{X, Y) = SS{X, Y). If X has a complemented S'-system with respect to 
Y then Imp(y, X) = I(Y,X) = SS{X,Y) and therefore, from Proposition 
7.74, Imp(X,y) = /(X,y) 

Definition 7.88. A class M of closed infinite- codimensional subspaces 
of X is said to be a C-system of X with respeet to Y ifT e L{X, Y) is strictly 
cosingular if and only if for every subspaee M of Y with ^ M we 

have that QmT is not surjeetive. 

A C-system Af is said to be complemented if every element of Af is 
complemented in X. Note that ifT~^{M) is complemented in X then M is 
complemented in Y by Lemma 7.67. 

Example 7.89. In the sequel we shall give several examples of C- 
systems between some Banach spaces. 

(e) If X is a superprojective Banach space and Y an arbitrary Banach 
space then the class 

Af := {N : N is a complemented subspace of X} 
is a C-system of X with respect to Y by Theorem 7.81. 

(f) Let Y be an arbitrary separable Banach space which has the Dunford- 
Pettis property and X := C{K), K compact. Then the class 

Af := {N : N a subspace of C{K) such that C{K)/N is isomorphic to cq} 

is a complemented C-system of X with respect to Y. 

In the case in which K is cr-Stonian and X is a (not necessarily separable) 
Banach space which has the Dunford-Pettis property the subspaces X of X 
such that C{K)/N is isomorphic to form a complemented C-system of 
X with respect to Y. 

Indeed, every separable non-reflexive quotient of C{K) has a quotient 
isomorphic to cq. The case K a-Stonian a similar. 

(g) If X is a £p-space, 1 < p < 2, the class 

Af := {N : N a subspace of such that X/N is isomorphic to or to 

forms a complemented C-system of X with respect to every Banach space 
Y. This can be obtained by duality from (c) of Example 7.85. 

(h) If Y := and X is arbitrary then 

Af := {N : N a subspace of X such that X/N is isomorphic to fi} 

is a complemented C-system of X with respect to Y. 

This is a consequence of every non-reflexive subspace of Lf{pi) containing 
a complemented copy of tfi, see Wojtaszczyk [329, p.l44]. 

Theorem 7.90. Let X and Y be two Banach spaces. Then X has 
a complemented C-system with respect to Y if and only i/Imp(X, X) = 
5C(X, X). 
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Proof If T ^ SC{X,Y) and X admits a complemented C-system with 
respect to Y, there exists a subspace M of Y for which T~^{M) is com- 
plemented in X and QmT is not surjective. Hence by Theorem 7.68 T ^ 
Imp(X, Y). 

Conversely, if Imp(p(X, H) = SC{X,Y) then the class Ai of all sub- 
spaces M of Y for which T~^[M) is complemented in X is a complemented 
(7-system of X with respect to Y. ■ 

Corollary 7.91. Suppose that one of the spaees X and Y admits a 
complemented C -system with respect to the other. Then 

lmp{X,Y) = I{X,Y). 

In particular, this equality holds whenever X and Y are the Banach spaces 
in parts (e), (f), (g, and (h) of Example 7.89 

Proof If X has a complemented (7-system with respect to Y then Imp(X, Y) 
= I{X, Y) = SC{X, Y). If Y has a complemented (7-system with respect to 
X then Imp(y, X) = I(Y,X) = SC{X,Y), and therefore from Proposition 
7.74 Imp(X,X) = /(X,X). 

Let us see some cases in which the components of Imp coincide with 
those of the biggest proper operator ideal. 

Theorem 7.92. Let A be a proper operator ideal. Suppose that one of 
the spaces X and Y admits a S -system or a C -system with respect to the 
other. Then 

A{X,Y) C Imp(X,y) = I{X,Y). 

Proof Clearly A C Imp since Imp is the largest proper quasi-ideal. There- 
fore from Corollary 7.87 or Corollary 7.91 we have A{X, Y) C Imp(X, Y) = 
I{X,Y). 

Corollary 7.93. If X and Y are two Banach spaces and T e L{X,Y), 
then the following statements hold: 

(i) IfY admits a S-system with respect to X then T* e SS(Y* , X*) => 

TeSs{x,Y); 

(ii) If X admits a C-system with respect to Y then T* e SC{Y* ,X*) => 
TeSC{X,Y). 

Remark 7.94. Note that the property of having a certain Banach space 
a S'-system, as well as a C-system with respect to another Banach space is 
not symmetric. For instance, since is subprojective has an S'-system 
with respect to whilst does not admit any S'-system with respect to 
Indeed, 

= Imp(f2,£“) = 

see Example 7.15, whereas ^ SS{(P‘,(.°^) since contains a copy 

of . Analogously the superprojective space admits a C-system with 
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respect to whilst does not admit a (7-system with respect to . In- 
deed, £(£“,£2) = Imp(£“,^ 2 ) £(£“,£2) ^ since has 

a quotient isomorphic to 



We wish to show now that the class of inessential operators is in general 
strictly smaller than the class of improjective operators. As in the per- 
turbation theory of Section 3, we solve this question in the framework of 
indecomposable Banach spaces. Note that by Corollary 7.78 for a Banach 
space X we have I{X) ^ Imp(X) if and only if /(X, Y) ^ Imp(X, Y) for all 
Banach spaces Y . We have the following characterization of indecomposable 
spaces in terms of improjective operators. 

Theorem 7.95. For a Banach space Y, the following statements are 
equivalent: 

(i) Y is indecomposable; 

(ii) L{Y, Z) = Z) U Imp(F, Z) for every Banach space Z; 

(hi) L{X, Y) = <E>r(X, Y) U Imp(X, Y) for every Banach space X; 

(iv) £(V) = $(y) U Imp(y). 

Proof (i) ^ (ii) Assume that Y is indecomposable. If £ G L{Y, Z) is 
not improjective then there exists an infinite-dimensional subspace M of Y 
such that TJm is an isomorphism and T{M) is complemented. By Lemma 
7.67 M is also complemented; hence M is finite-codimensional since Y is 
indecomposable. 

Now, it is clear that ker T is finite-dimensional and T{X) is the direct 
sum of T{M) and a finite-dimensional subspace, hence T{X) is comple- 
mented. Thus T G ^\{Y,Z) by Theorem 7.3, part (ii). 

(i) (hi) Assume that Y is indecomposable. If T G L{X, Y) is not 
improjective then by Theorem 7.68 and Lemma 7.67 there exists an infinite- 
codimensional complemented subspace X of T such that QnT is surjective 
and T~^{N) is also complemented in X. Since Y is indecomposable N is 
finite-dimensional. Therefore T{X) is finite-codimensional, hence closed, 
and T~^[N) is the direct sum of kerT and a finite-dimensional subspace. 
This argument shows that ker T is complemented. Thus T G d*r(X, Y) by 
part (i) of Theorem 7.3. 

(ii) ^ (iv) Assume that T G L(T) \Imp(T). Then T G $i(T) and T{X) 
is infinite-dimensional. Now we can select an operator S G L(Y) so that ST 
is a projection with ker ST = ker T and Y = ker S ©T(X). It is easy to see 
that the restriction SJx(x) is an isomorphism and S{T{X)) = (ST){X) is 
complemented. Then S ^ Imp(T); hence S G d>i(y). In particular, ker S is 
finite-dimensional. Therefore T{X) is finite-codimensional; thus T G d*(T). 

(hi) (iv) Assume that T G L(Y) \ Imp(T). Then T G d*r(T) and 
ker T is infinite-codimensional. Now we can select an operator S G L(Y) 
so that TS is a projection with {TS)(Y) = T{X) and Y = ker T © S{Y)). 
Also here we have that QkerTS is surjective and S“^(ker T) = ker TS is 
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complemented. Then S ^ Imp(y); hence S G $r(y). Now, since we have 
ker Tn5'(T) = {0} it follows that ker T is finite-dimensional; thus T e d*(T). 

(iv) => (i) Suppose that Y is decomposable. Then we can find a projec- 
tion P G L{Y) such that both the subspaces ker P and P{Y) are infinite- 
dimensional; therefore P ^ U Imp(y). ■ 

Theorem 7.96. Let X be a Banach space. Assume that either X is 
hereditarily indecomposable or quotient hereditarily indecomposable. Then 
L{X) = $(X) U/(X). 

Proof Since strictly singular operators and strictly cosingular operators 
are inessential, by Theorem 7.60 we have 

L{X) = $+(X) U $-(X) U I{X). 

Assume that there exists T G L{X) \ I{X). Then X is infinite-dimensional, 
T G U d>_(X) and T has index not finite. It easily follows from 

Remark 1.54, part (d), that the set of all semi- Fredholm operators <I>+(X) U 
with index equal to a fixed value is open. Therefore since XI x —T is 
invertible for |A| > ||T|| we can find real numbers /r, u such that p < 0 < n 
and the operators filx — T and nix ~ T are not in <I'+(X) U d>_(X), and 
consequently they belong to I{X). Since I{X) is a subspace of L{X) we 
conclude that (/i — n) I x G I{X)] hence X is finite-dimensional, and so we 
obtain a contradiction. ■ 

Theorem 7.97. Let X be Banach space. Assume that L{X) = d>(X) U 
I{X). Then Imp(X, T) = I{X,Y) for every Banach space Y. 

Proof The result is clear if I{X,Y) = L(X,Y). So we assume that there 
exists T G L{X, Y) \ I{X, Y), and we show that T ^ Imp(X, Y). 

We take S G L{Y, X) such that ker (lx — ST) is infinite dimensional. 
Since Ix — ST is not Fredholm then by the hypothesis it is inessential; 
hence ST = Ix — {Ix ~ ST) is Fredholm. In particular, T G 4>i(X, Y), so by 
Theorem 7.3 we have X = ker T®M, the restriction TJm is an isomorphism, 
and T{M) = T{X) is complemented; hence T is not improjective. ■ 

Theorem 7.97, Corollary 7.96, and Proposition 7.97 suggest that if we 
want to find improjective operators which are not inessential, we should look 
for an indecomposable Banach space which is not hereditarily subspace and 
quotient indecomposable. Again, Gowers and Maurey ([138]) provide the 
required example. 

Theorem 7.98. ([138]) There exists an indecomposable Banach space 
Z which is neither hereditarily indecomposable nor quotient hereditarily in- 
decomposable. This space has a Schauder basis and the associated right shift 
S is an isometry on Z. ■ 

We can show Aiena and Gonzalez’s counter example ([21]). 
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Theorem 7.99. There exists a complex Banach space Z with the fol- 
lowing properties: 

a) I{Z) 7 ^ Imp(Z); 

b) There exists T e Imp(Z) which is not Riesz; 

c) Imp(Z) is not a subspace of L{Z). 

Proof We consider the space Z mentioned in Theorem 7.98. This space 
has a Schauder basis and the associated right shift S is an isometry on Z. 
Moreover, Z is indecomposable, so L{Z) = <f>(Z)Ulmp(Z) by Theorem 7.95. 

Let A e C be a complex number. Clearly, for | A| > 1 the operator XIz—S 
is invertible; in particular, it is a Fredholm operator with ind {XI z — 5') = 0. 
Moreover, for | A| < 1 the operator XI z — S' is Fredholm with ind [XI z — S) = 
— 1. Therefore by the continuity of the index of Fredholm operators, see 
Remark 1.54, for |A| = 1 the operator XI z — S is not Fredholm; hence for 
|A| = 1 the operator XIz — S belongs to Imp(Z) but it is not Riesz. In 
particular, Iz — S G Imp(Z) \ I{Z). 

On the other hand, we have 

{Iz - S) - {-Iz -S) = 21 z i Imp(Z), 
since Z is infinite-dimensional. Hence Imp(Z) is not a subspace of L{Z). ■ 

Theorem 7.99 answers in the negative some questions of Tarafdar [305, 
306]. In particular, Imp(X, T) is not, in general, a linear subspace of 
L[X, Y), the class Imp of all improjective operators between Banach spaces 
is not an operator ideal. 

5. Incomparability between Banach spaces 

An important field in which operator ideals find a natural application is 
that of the incomparability of Banach spaces. There are several notions of 
incomparability; for an excellent survey we refer to Gonzalez and Martinon 
[135]. Roughly speaking, two Banach spaces X and Y are incomparable if 
there is no isomorphism between certain infinite-dimensional subspaces. 

Definition 7.100. Given two Banach spaces X and Y are said pro- 
jection incomparable, or also totally dissimilar, if no infinite-dimensional 
complemented subspace of X is isomorphic to a complemented subspace of 
Y. 



The next result shows that the notion of incomparabilty defined above 
may be given in terms of improjective operators. 

Theorem 7.101. Two Banach spaces X and Y are projection incom- 
parable precisely when L{X,Y) = Imp(X, T). 

Proof Suppose first that X,Y are projection incomparable and suppose 
that there exists T € L[X, Y) which is not improjective. Then there exists 
an infinite-dimensional closed subspace M oi X such that the restriction 
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T\M is an isomorphism and T{M) is complemented. Prom this it follows 
by part (i) of Lemma 7.67 that also M is complemented in X, so we have a 
contradiction. 

Conversely, it is easy to see that if X and Y are not projection incom- 
parable then there exists a bounded operator T G L{X,Y) which is not im- 
projective. Indeed, assume that M is an infinite-dimensional complemented 
subspace of X isomorphic to a complemented subspace N of Y . If S' is the 
isomorphism of M onto N, P a projection of X onto M, and Jm the injec- 
tion of M into X, then T := JmSP G L(X,Y) and T ^ Imp(X, X), since 
the restriction T\M is an isomorphism of M onto N, which is complemented 
in Y . m 

Definition 7.102. Given two Banach spaces X and Y are said to he 
essentially incomparable if L{X,Y) = I{X,Y). 

Prom the inclusion I{X, Y) C Imp(X, Y) we immediately obtain: 

X, Xessentially incomparable => X, X projection incomparable. 

Moreover, since the existence of T G d>(X, X) implies that kerT has an 
infinite-dimensional complement M isomorphic to T{X) we also have: 

X, Xprojection incomparable => d>(X, X) = 0. 

The last implication, in general, cannot be reversed. In fact, if X = LP[0, I] 
and X = L'^[0, 1], with 1 < p < q < oo, then <I'(X, X) = 0, whereas 
I{X,Y) ^ L{X,Y), since both L^[0, 1] and L'^[0, 1] have a complemented 
subspace M isomorphic to M the subspace spanned by the Rademacher 
functions, see Lindenstrauss and Tzafriri [220]. 

Of course, all the examples in which L(X, X) = /(X, X), given in Section 
2, provide pairs of Banach spaces which are essentially incomparable. Anal- 
ogously, all the examples of Banach spaces for which L(X, X) = Imp(X, X) 
provide examples of projection incomparable Banach spaces. The next result 
is an obvious consequence of Theorem 7.81. 

Theorem 7.103. Suppose that X orY is a subprojective Banach space. 
Then X and X are projection incomparable precisely when X and X are 
essentially incomparable. Analogously, if X or Y is superprojective then X 
and X are projection incomparable if and only if X and X are essentially 
incomparable. ■ 

We show now that the two kind of incomparability are not the same. 
In fact, the example given in Theorem 7.99 also allows us to show that 
the inequality I{Z,Y) ^ L{Z,Y) does not imply that Z has an infinite- 
dimensional complemented subspace isomorphic to a complemented sub- 
space of X. Moreover, we see also that Imp(Z, X) being a subspace of 
L{Z,Y) does not imply I{Z,Y) = Imp(X, X). 
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Theorem 7.104. There exist a pair of Banaeh spaees Z,Y for whieh 
we have 

I{Z,Y)^lmp{Z,Y)=L{Z,Y). 

Proof Let Z be the Banach space considered in the proof of Theorem 7.99. 
We consider the operator T = Iz — S G L{Z). Again from Remark 1.54 
we obtain that T ^ 4>_(Z). Therefore, by part (ii) of Theorem 7.16 we can 
find a compact operator K G L[Z) such that the closure of (T — K){Z) 
is infinite-codimensional in Z. We take Y = {T — K)[Z) and consider the 
operator U G L{Z, Y) defined by 

Uz := Tz — Kz for all z & Z. 

Clearly U is not inessential, because T — K = inessential 

either. Moreover, every infinite-dimensional complemented subspace of Z 
is isomorphic to Z, see [138, Theorem 13], but Z is not isomorphic to any 
of its infinite- codimensional closed subspaces [138, Theorem 16]. Hence 
lmp{Z,Y) = L{Z,Y). 

One may ask whether an improjective operator T on a complex Banach 
space X has its spectrum a(T) as either a finite set or a sequence which 
clusters at 0. Again, assuming that for T G Imp(A) the spectrum is either 
a finite set or a sequence which clusters at 0, one may ask whether T is 
inessential. The following examples allow us to give a negative answer to 
these questions. 

Example 7.105. The operator T = Iz — S G L[Z) in the proof of 
Theorem 7.99 is improjective, but it is not Riesz. Moreover, taking Y = 
R{T — K) as in the proof of Theorem 7.104 and A-.YzZ^YzZ defined 
by 

A{y, z) := {Tz, 0) for all j/ G T, 2 ; G Z, 

we have that A is improjective and its spectrum is the set {0}. Therefore A 
is Riesz, but clearly A is not inessential. 

Observe that if all the improjective operators in a complex Banach space 
are Riesz, then they are also inessential. 

The last result provides some infomation about the structural properties 
of products of essentially incomparable Banach spaces. 

Theorem 7.106. Suppose that X and Y are essentially ineomparable 
Banaeh spaees. For every eomplemented subspaee M of X x Y there exists 
a bijeetive isomorphism U G L{X x Y) and eomplemented subspaees Xq of 
X and Yq of Y sueh that U{M) = Xq x Iq- 

Proof We may only consider the case of complex Banach spaces, since the 
real case can be reduced to the complex case by using the complexifications 
of the spaces involved. Also we shall assume that M is infinite-dimensional 
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and infinite-codimensional in X x y. Otherwise the result is immediate. 
Suppose that P G L{X x y) is a projection onto M , and write 



P = 



A B \ 
C D ) ’ 



with A e L(X), D e L{Y), B e L{Y,X) and C e L{X,Y). 
defined as 

' 0 B 



The operator 



S' := 



C 0 



is inessential, since by assumption B and C are inessential. By Theorem 
7.25, the operator 

A 0 



Q = 



0 B 



has the same Fredholm spectrum , namely XI — P is Fredholm if and only 
if XI — Q is Fredholm. In particular, the spectrum of Q is countable, has 
at most 0 or 1 as cluster points, and for all A G cr(Q) with 0 yf A yf 1 the 
corresponding spectral projection is finite-dimensional. Let us denote by F 
the boundary of a rectangle which does not meet cr{Q), with 1 in the interior 
and 0 in the exterior of the rectangle. Let 



P := 






Clearly, P\ is a projection that commutes with Q and 



P = 



0 



0 

Di 



where A\ is a projection in X and D\ is a projection in Y . Moreover, as is 
easy to see. 

Moreover, for every A G F we have (A/ — P) — {XI — Q) & I {X x Y), and 
from the equality 

{XI - F)-1 - {XI - g)-i = {XI - Q)-1 {{XI -Q)- {XI - P)) {XI - P)-1 

we see that {XI — P)~^ — {XI — Q)~^ belongs to I{X x Y). From this it 
follows that P\ — P G I{X X y), since I{X,Y) is closed and is an operator 
ideal by Theorem 7.5. 

Now define V ~ I — P + Pi. Then F is a Fredholm operator having 
index 0. Furthermore V{M) = P\{M) C Pi{X). Since / — Pi -|- P is also 
Fredholm and 



{I-Pi + P){X xY)Q{I- Pi){X X y) -h P{X X y) = ker Pi -h M, 

we then infer that the sum ker Pi -|- M is a subspace of finite-codimension 
in Pi(X X y). Therefore F is a Fredholm operator of index 0, which maps 
the subspace M into a subspace of finite codimension of P\{X x Y). Now 
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we can find a subspace Mi of finite-codimension in M such that V iso- 
morphically maps M\ into X\ x Y\ for some subspaces X\ C Ai[X) and 
Y\ C DiiY). Note that either X\ has infinite codimension in X, or Y\ has 
infinite-codimension in Y . We may assume the first possibility since the 
second case will follow in an analogous way. 

Let iV be a complement of M\ in M. Let us consider a finite-dimensional 
operator L defined m X xY with kernel ker L = M\ © ker P and mapping 
N into a subspace of X disjoint from Xi. Clearly, V + L is a Fredholm 
operator having index 0 and ker(C + L) D M = {0}. Now we can find an- 
other finite-dimensional operator K such that M is contained in ker K and 
U ~V + L + Kis bijective. Setting Xq := Xi © L{X x Y) and Yq := Yi, 
we have clearly that U maps isomorphically M onto Xq x Lq, so the proof 
is complete. ■ 

Let now consider an integer n G N, and for any Banach space X set 

$n(^) := {T e $(X) : indT = n}. 

If we consider an operator T G d*(X), by the Atkinson characterization of 
Fredholm operators there exists A G L{X), K\,K 2 G K[X) such that 

AT = Ix-Ki and TA = Ix~K 2 . 

From the index theorem we have indA = — ind T. Moreover, since for any 
T G d*(X) we also have G d*(X) for all A; G N, we obtain indT^ = k indT. 
From this it follows that if <I>n(X) is non-empty <l>nk(-^) is also non-empty. 
However, there is a Banach space X, defined by Kalton and Peck [180], such 
that <I> 2 (-^) is non-empty, but it is not known whether <I>i(X) is non-empty. 
In general it is not known whether, for every Banach space X and every 
n > 0, the class d>n(X) is non-empty. 



Theorem 7.107. Let X, Y be essentially ineomparable Banaeh spaees, 
and suppose that $i(X) and $i(T) are non-empty. Then for every n G N, 
the elass x Y) is not conneeted. 



Proof Given an integer n G N there exist Aq g d>„_i(X), A\ G d>n(X) and 
Dq g d>i(X). We have that 

( o“ D„ ) ( o' I ) " 

but they cannot be continuously connected by a family of Fredholm opera- 
tors I n* V otherwise ind Aj and indTj would be constant. ■ 

\ Ct L>t J 



5.1. Comments. The concept of inessential operators was introduced 
first by Kleinecke [188] in order to find the largest ideal of Riesz operators. 
The characterization of I{X, Y) as the class of all perturbations of Fredholm 
operators, here established in Theorem 7.22, is owed to Schechter [286], 
which also shows the characterization of I{X,Y) in terms of the nullity a 
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given in Theorem 7.24. The class of Atkinson operators was introduced by 
Atkinson [ 51 ]. The characterization of inessential operators given in Theo- 
rem 7.17 is owed to Pietsch [ 262 ], whilst all the characterizations in terms of 
the defects (5 ov (3 established in Theorem 7.18 and Theorem 7.22 are owed 
to Aiena [ 1 ], [ 4 ] in the case X = Y. Succesively these characterizations 
were extended to different Banach spaces by Aiena and Gonzalez [ 18 ]. The 
examples where L{X,Y) = I(X,Y) are taken from Gonzalez [ 130 ]. 

The two classes of operators and were introduced by 

Aiena in [2], [1] and [4], which established all the results of the second sec- 
tion, except for the duality result of Theorem 7.27, which was proved by 
Volkmann and Wacker [ 312 ], whilst Theorem 7.31 and Theorem 7.33 were 
proved in Aiena and Gonzalez [ 18 ]; for related results see also Harte [ 150 ] 
and [ 151 ]. 

The class of strictly singular operators was introduced by Kato [ 182 ] in 
his treatment of perturbation theory, whilst the class of strictly cosingular 
operators was introduced by Pelczyhski [ 260 ]. These classes of operators 
and the class of inessential operators in the monograph of Pietsch [ 263 ] 
form important examples of operator ideals and have been studied by sev- 
eral authors, see, for instance, Schechter [ 288 ]. An useful class of operators 
associated with an operator ideal is that of operator semi-group in the sense 
of Aiena, Gonzalez, and Martinez- Abejon [ 23 ]. This concept is, in a sense, 
opposite to that of operator ideal and includes most of the classical semi- 
groups. To every operator ideal one may associate several semigroups, for 
instance Fredholm and semi-Fredholm operators are associated with the op- 
erator ideal of all compact operators, whilst the Tauberian and coTauberian 
operators are associated with the operator ideal of weakly compact opera- 
tors, see, for instance, Gonzalez and Martinez- Abejon [ 132 ], [ 133 ], [ 134 ], 
Aiena, Gonzalez, and Martinez- Abejon [ 25 ]. 

The material on subprojective and superprojective Banach spaces is 
modeled after Whitley [ 328 ], Pfaffenberger [ 261 ], Goldberg and Thorp 
[ 128 ]. 

Theorem 7.56 and Theorem 7.57 are taken from Aiena, Gonzalez, and 
Martinon [ 26 ] . The perturbation classes problem which consists in determin- 
ing whether or not SS{X,Y) = P4>+(A, y) and SC{X,Y) = P^-{X,Y) 
can be traced back to results of Kato [ 182 ], Gohberg, Markus, and Fel’dman 
[ 127 ], and Vladimirskii [ 311 ]. These problems have been also treated in 
Garadus, Pfaffenberger and Yood [ 76 ], Pietsch [ 263 ] and Tylli [ 307 ]. The 
negative answers to these problems, here given in Theorem 7.65, have been 
given only recently by Gonzalez [ 131 ]. 

Weis in [ 317 ] studied the perturbation classes for not necessarily con- 
tinuous, closed semi- Fredholm operators, and gave some other examples of 
Banach spaces X for which the corresponding perturbation classes coincide 
with SS{X) or SC{X). However, these perturbation classes for the closed 
semi- Fredholm operators can be smaller than the classes P4>+(X), P4>_(A) 




5. INCOMPARABILITY BETWEEN BANACH SPACES 



421 



in the case of bounded operators. 

The existence of indecomposable Banach spaces was proved by Gowers 
and Maurey [ 137 ] and [ 138 ] and has solved many open questions in Banach 
space theory. Several of these questions, such as the hyperplane problem 
and the unconditional basic sequence problem, were raised by Banach in the 
early 1930s. 

The class of improjective operators was introduced by Tarafdar, [ 305 ] 
and [ 306 ], which showed that all inessential operators are improjective, and 
in most of the classical Banach spaces the two classes of operators are the 
same. For this reason, for a quite long period it has been an open problem 
whether the two classes of operators coincide. The class Imp(X, Y) was 
studied in Aiena and Gonzalez [ 20 ], which reformulated in several ways the 
original Tarafdar problem, and succesively the inequality of these classes 
was proved by Aiena and Gonzalez in [ 21 ]. The crucial result of Theorem 
7.60, which characterizes the Banach spaces which are hereditarily indecom- 
posable or quotient hereditarily indecomposable in terms of semi-Fredholm 
operators, is essentially owed to Weis [ 317 ]. Note that at the time Weis 
proved this result the existence of hereditarily indecomposable or quotient 
hereditarily indecomposable Banach spaces was an open problem. To the 
dissertation thesis of Weis [ 316 ] is also owed the concept of ^-system and its 
dual concept of C-system. The last section on incomparable Banach spaces 
is modeled after Gonzalez [ 130 ], Aiena and Gonzalez [ 21 ], and Tarafdar 
[ 306 ]. 

Note that the notions of incomparability may be also used to define 
families of semigroups, see Aiena, Gonzalez, and Martinez- Abejon [ 24 ]. 
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